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Vibrational frequency of a strong-coupling polaron in a

quantum rod at finite temperatures∗
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The Hamiltonian of a quantum rod with a boundary is presented after a coordinate transformation that changes the

original ellipsoidal boundary into a spherical one. We then study the effect of temperature on the vibrational frequency

and the ground state binding energy of the strong-coupling polaron in the rod. The two quantities are expressed as

functions of the aspect ratio of the ellipsoid, the transverse and the longitudinal effective confinement lengths, the

temperature and the electron–phonon coupling strength by linear combination operator and unitary transformation

methods. It is found that the vibrational frequency and the ground state binding energy will increase rapidly with

decreasing transverse and longitudinal effective confinement lengths. They are increasing functions of the electron–

phonon coupling strength but become decreasing ones of the temperature and the aspect ratio.
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1. Introduction

Ever since the shape-controlled colloidal quan-
tum rod was realized by modifying its synthesis,[1,2]

it has become a major focus of attention because of
the freedom it offers in material tailoring and wide
functional applications, such as biological labeling
[3,4]and optoelectronic devices.[5] Its novel electronic
structures, optical properties and linearly polarized
emission have become a hot field of investigation in
solid-state condensed matter physics. Many inves-
tigators studied the properties of the quantum rod
in many aspects by a variety of experimental[6−8]

and theoretical methods[9−11]. Li and Xia[12] in-
vestigated the electronic structure and the optical
properties of a wurtzite quantum rod in the frame-
work of effective-mass envelope-function theory. Us-
ing a theory based on the dielectric continuum ap-
proach, Comas et al.[13] analysed surface polar-optical
phonons in a semiconductor quantum rod. The inter-
actions between electrons and the electron–hole pairs
in semiconductor nanorods embedded in dielectric me-
dia were investigated by Climente et al.[14] in terms of
the configuration-interaction method. Experimental
data were compared by Talaat et al.[15] with those cal-
culated from two different theoretical models, i.e., the

effective mass approximation and the semi-empirical
pseudopotential method. Theoretical values for the
energy bandgap at varying radii were found to be in
agreement with experimental results within 0.08 eV.
To our knowledge, the polaron properties in a quan-
tum rod, however, have not been studied so far by
employing the linear-combination operator method;
furthermore, the effect of temperature on the prop-
erties of the vibrational frequency of the polaron in a
quantum rod have never been investigated.

In the present paper, we investigate the ef-
fect of temperature on the vibrational frequency
and the ground state binding energy of a strongly
coupled polaron in a quantum rod, by using the
linear-combination operator combined with the uni-
tary transformation methods, taking the aspect ratio
of the rod, the transverse and longitudinal effective
confinement lengths and the electron–phonon coupling
strength into account. It should be noted that as long
as the boundary potential of the quantum rod is trans-
formed from the ellipsoidal form into a spherical one,
we can conveniently use the linear-combination oper-
ator in the framework of the effective-mass approxi-
mation to calculate the relevant physical quantities,
and do not have to use the real electron boundary
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condition.

2. Theoretical model

The electron under consideration is moving in
a polar crystal quantum rod with three-dimensional
anisotropic harmonic potential and is interacting with
bulk longitudinal optical (LO) phonons. The Hamil-
tonian of the electron–phonon interaction system in
the rod can be written as
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where m is the band mass, ω‖ and ωz are the mea-
sures of the transverse and longitudinal confinement
strengths of the potential in the xy plane and the z di-
rection, respectively. The a+
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(annihilation) operator of the bulk LO phonons with
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For a quantum rod, the boundary condition is differ-
ent from that of a spherical quantum dot. In order to
simplify our boundary condition, we introduce a coor-
dinate transformation to change the original bound-
ary into a spherical one, which has a better symmet-
rical characteristic.[12] The transformation is x′ = x,

y′ = y, z′ = z/e′, where e′ is the aspect ratio of the el-
lipsoid, (x, y, z) is the actual coordinate and (x′, y′, z′)
is the transformed one. The electron–phonon system
Hamiltonian in the new coordinate is changed to H ′.
We subsequently introduce the following linear combi-
nations of the momenta and positions of the electron
as operators b+ and b:
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2

] 1
2 (
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where j = x, y, z, λ are the variational parameters,
and b+ and b are Boson operators satisfying the Boson
commutative relation. Equation (3) is then inserted
into H ′ and a unitary transformation is performed to
H ′ with the following unit operator:

U = exp

[∑
q

(
a+

q fq − aqf∗
q

)]
, (4)

where fq(f∗
q ) is the variational function. We choose a

trial wavefunction for |ψ〉 at a finite temperature with

|ψ〉 = | {nq}〉a| {nj}〉b, (5)

where |{nq}〉a and |{nj}〉b are respectively the wave-
functions for the phonon and the polaron states with
{nq} and {nj} being the numbers of bulk LO phonons
and the polarons. We now obtain
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In the above calculating procedures, we have ne-
glected the higher-order small quantity terms of the
wave vector. We can obtain fq by applying the varia-
tional method to f∗

q . Inserting fq into F and replacing
the summation by the integral, we have
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where n̄q and n are the average number of the bulk LO
phonons and the number of the polaron. The A (e′) is
written as
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Performing the variation of F (λ) with re-
spect to λ and choosing the usual polaron unit
(~ = 2m = ωLO = 1), we have
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where λ is the vibrational frequency of the polaron,
and l‖ =

√
~/mω‖′ , lz =

√
~/mωz′ are the trans-

verse and longitudinal effective confinement lengths,
respectively. Solving Eq. (11), we obtain

λ = λ0. (12)

By minimizing the expectation value of the Hamilto-
nian, that is, substituting λ0 into Eq. (9), we obtain
the polaron ground state energy E0. If Ee and Ep

denote the energies of the uncoupled electron and the
phonon, respectively, then the ground state binding
energy of the strong-coupling polaron is given by
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3. Temperature effects

At finite temperature, the electron–phonon sys-
tem is no longer entirely in the ground state. The

lattice vibrations excite not only the real phonon but
also the electron in a parabolic potential well. The
properties of the polaron are statistical averages over
various states. According to the quantum statistics
theory, the statistical average number of the bulk LO
phonons and the polaron are given by

n̄q = [exp (δ) − 1]−1
,

n̄ = [exp (δλ) − 1]−1
, (14)

where δ = ~/kBT is the temperature parameter and
kB is the Boltzmann constant. With the considera-
tions mentioned above, the value of λ0 determined by
Eq. (11) relates not only to the value of n but also
to n̄, which should be self-consistently calculated with
Eq. (14) to obtain the relations between λ, Eb and n,
T .

4. Numerical results and discus-

sion

Now we perform numerical calculations to show
the effects of the aspect ratio e′ of the ellipsoid,
the transverse and longitudinal effective confinement
lengths l‖ and lz, the electron–phonon coupling
strength α and the temperature parameter δ on the
strong-coupling polaron vibrational frequency λ and
the ground state binding energy Eb.

Figures 1 and 2 show the relationship between the
vibrational frequency λ and the ground state binding
energy Eb of the polaron varying with the aspect ra-
tio of the ellipsoid e′ for fixed δ = 0.8, lz = 0.8 and
l‖ = 0.7, respectively. From the two figures we can
see that the vibrational frequency λ and the ground
state binding energy Eb increase with decreasing e′.
This result is in agreement with those obtained in
Refs. [12], [16] and [17]. For ellipsoidal quantum
rods, we can define the aspect ratio of the ellipsoid
as e′ = L/2R, where L and R are the longitudinal
length and the transverse radius of the rod, respec-
tively. With the increase of e′, that is, by increasing
the longitudinal length L of the rod, the electron
thermal motion energy and the interaction between
electrons and the phonons, which take the phonons
as medium, are reduced because of the larger motion
space of the particles. As a result, the polaron vibra-
tional frequency and the ground state binding energy
all decrease with increasing e′. This result is similar to
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Fig. 1. Variations of the vibrational frequency λ with the

aspect ratio e′ for fixed δ = 0.8, lz = 0.8 and l‖ = 0.7.
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Fig. 2. Variations of the ground state binding energy Eb

with the aspect ratio e′ for fixed δ = 0.8, lz = 0.8 and

l‖ = 0.7.

that of the quantum wire, which was early obtained
in Ref. [18]. Conversely, with the decrease of the as-
pect ratio, the electron thermal motion energy and the
electron–phonon interaction are enhanced because of
the smaller particle motion space. Correspondingly,
the vibrational frequency and the ground state bind-
ing energy all increase due to the interesting quantum
size effects. This result is also similar to that of the
quantum well case in Ref. [19]. This indicates that
when the aspect ratio is quite small, the shape of the
rod approaches a two-dimensional quantum well. At
the extreme case of the aspect ratio being 1, the rod
becomes a zero-dimensional dot; if the aspect ratio
is large enough, the rod resembles a one-dimensional
quantum wire. In other words, quantum rods consti-
tute a bridge between two-dimensional quantum wells,
zero-dimensional quantum dots and one-dimensional
quantum wires. Studies of the transition regime from
quantum wells to quantum dots and to quantum wires
are of particular interest in the case of colloidal semi-
conductor quantum rods because size and shape con-
trol enable the synthesis of quantum rods with precise

length and diameter. Therefore, by tuning the aspect
ratio of the ellipsoid, one can follow the transition from
two- to zero- to one-dimensional systems. This prop-
erty offers the opportunity for designing new quantum
devices. From the two figures one can also see that
the vibrational frequency and the ground state bind-
ing energy are increasing functions of the electron–
phonon coupling strength. This is because the larger
the electron–phonon coupling strength is, the stronger
the electron–phonon interaction is. Therefore, it leads
to the increase of the electron energy and makes the
electrons interact with more phonons, resulting in in-
creased vibrational frequency and ground state bind-
ing energy. It is known that the electron–phonon in-
teraction strength α is different in different crystal
materials. Thus, the vibrational frequency and the
ground state binding energy can be tuned by chang-
ing α. In quantum bit, the electron–phonon interac-
tion strength will increase when the system is con-
fined, resulting in larger transition frequency and the
destroying of the super state (decoherence).[20−22] The
present result of controlling the super state by tuning
ground state may have practical applications in quan-
tum information processes.

Figures 3 and 4 depict the vibrational frequency λ

and the ground state binding energy Eb as functions
of the temperature parameter δ for fixed e′ = 1.4,
lz = 0.8 and α = 4.0. From the two figures we can
see that λ and Eb increase with decreasing temper-
ature since the confusion extent of the lattice ther-
mal motion is enhanced by increasing temperature
and weakening electron-lattice polarisation field. In
other words, the height of the parabolic potential for
the strong-coupling polaron is lowered. With the in-
crease of the temperature, the thermal motion of the
phonons around the electron is enhanced, which weak-
ens the interaction strength between the electron and
the phonons and consequently reduces the polaron vi-
brational frequency and the ground state binding en-
ergy. This indicates that we provide a new way of con-
trolling the rod’s vibrational frequency and the ground
state binding energy via the system temperature. In
fact, the temperature effect plays an important role
in low-dimensional materials, for example, both the
decoherence and the electron density are affected by
the temperature. Finding a suitable two-state system
by adjusting the system temperature is crucial in con-
structing a quantum bit.[23] From the two figures one
can also see that the vibrational frequency and the
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ground state binding energy are decreasing functions
of the transverse effective confinement length.
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Fig. 3. Variations of the vibrational frequency λ with the

temperature parameter δ for fixed e′ = 1.4, lz = 0.8 and

α = 4.0.
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Figures 5 and 6 present the vibrational frequency
λ and the ground state binding energy Eb as func-
tions of the transverse and longitudinal effective con-
finement length l‖ and lz for fixed δ = 0.8, e = 1.4
and α = 4.0. From the two figures one can see that
the vibrational frequency and the ground state bind-
ing energy increase rapidly with decreasing transverse
and longitudinal effective confinement lengths. From
the expressions of l‖ =

√
~/mω‖′ and lz =

√
~/mωz′ ,

we can see that the effective confinement length l‖ and
lz are reciprocal with the square root of the confine-
ment strength ω‖′ and ωz′ , and then the vibrational
frequency and the ground state binding energy will in-
crease with increasing confinement strengths since the
motion of the electrons is confined by the confining po-
tential. With the increase of the confining potential
(ω‖′ , ωz′), that is, with decreasing ρ′, z′, the thermal

motion energy of the electrons and the interaction be-
tween an electron and the phonons are enhanced be-
cause of the smaller particle motion space. As a result,
the vibrational frequency and the ground state bind-
ing energy of the polaron all increase, which can also
be attributed to the quantum size effects. From an-
other point of view, since the presence of the parabolic
potential is equivalent to introducing another confine-
ment on the electrons, which leads to greater elec-
tron wavefunction overlapping with each other, the
electron–phonon interactions will be enhanced, and
the vibrational frequency and the ground state bind-
ing energy appears more obviously as shown in Figs. 5
and 6 in which the curves increase with increasing con-
finement strength.
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5. Conclusion

Based on the linear combination operator
method, we have investigated the effect of temper-
ature on the vibrational frequency and the ground
state binding energy of a strong-coupling polaron in
a quantum rod. It is found that the vibrational fre-
quency and the ground state binding energy will in-
crease rapidly with decreasing transverse and longitu-
dinal effective confinement lengths. They are increas-
ing functions of the electron–phonon coupling strength
while become decreasing ones of the temperature and
the ellipsoid aspect ratio.
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