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The propagation properties of partially coherent Hermite–Gaussian beams through non-Kolmogorov atmospheric

turbulence are studied. The effects of non-Kolmogorov turbulence and beam nonparaxiality on the average intensity

evolution and the beam-width spreading are stressed. It is found that the evolution of the average intensity distribution

and the beam-width spreading depends on the generalized exponent factor, namely, on the non-Kolmogorov turbulence

strength for the paraxial case. For the non-paraxial case the effect of the turbulence is negligible, while the beam-width

spreading becomes very large. The analytical results are illustrated numerically and interpreted physically.

Keywords: non-Kolmogorov turbulence, partially coherent paraxial and non-paraxial Hermite–
Gaussian beams, propagation

PACS: 42.68.Ay, 42.68.Bz, 42.25.Dd, 42.25.Fx DOI: 10.1088/1674-1056/20/9/094210

1. Introduction

Beam propagation through atmospheric turbu-
lence has been extensively studied owing to its im-
portance in basic science and attractive applications
in optical communications and remote sensing.[1−8] It
is believed that the use of spatial partially coherent
beams can improve the performance of free-space com-
munications, because partially coherent beams are less
sensitive to the effects of turbulence than fully coher-
ent ones.[9−14] The Kolmogorov power spectrum of re-
fractive index fluctuation has been widely used for a
long time for studying optical and radio wave propa-
gation through the atmosphere. However, some exper-
imental results show deviations from the predictions
of the Kolmogorov model.[15−17] Recently, Toselli et
al.[18,19] analysed the angle of arrival fluctuation and
the optical system performance of a free-space laser
beam propagating through the atmosphere by intro-
ducing a non-Kolmogorov model, in which a general-
ized exponent factor was used to replace the standard
exponent value 11/3 in the Kolmogorov model. The
propagation of the Gaussian–Schell model (GSM) and
the cosh-Gaussian beams through non-Kolmogorov
turbulence was illustrated by Wu et al.[20] and Chu

et al.,[21] respectively, by using different turbulence
models.

The motivation of this paper is to study the ef-
fect of non-Kolmogorov turbulence on the propagation
properties of partially coherent Hermite–Gaussian (H–
G) beams. The present paper is organized as follows.
In Section 2, the analytical expression for the average
intensity of the partially coherent H-G beam propa-
gating through non-Kolmogorov turbulence is derived
based on the extended Huygens–Fresnel principle and
the non-Kolmogorov power spectrum introduced by
Toselli et al.,[18] and is used to analyse the evolution of
the average intensity distribution in non-Kolmogorov
turbulence. In Section 3, the beam-width spreadings
of the partially coherent paraxial and nonparaxial H–
G beams are studied. Finally, some conclusions drawn
from the present study are presented in Section 4.

2. Average intensity of partially

coherent H G beams in non-

Kolmogorov turbulence

The electric field of H–G beams in the source
plane z = 0 is written as[22]
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where w0 denotes the waist width of the corresponding
Gaussian beam, ρ = (ρx, ρy) is the two-dimensional

position vector, Hj denotes the Hermite polynomial of
the j-th order (j = m, n) and an unimportant ampli-
tude factor has been omitted.

Introducing the Schell-model correlator, the
cross-spectral density of the partially coherent H–G
beams in the plane z = 0 is expressed as[23]
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where σ0 is the correlation length, and ρi = (ρix, ρiy) (i = 1, 2, unless otherwise stated).
As shown in Ref. [24], based on the Rayleigh–Sommerfeld diffraction integral, the extended Huygens–Fresnel

principle can be derived, which is generally applicable to both nonparaxial and paraxial cases and is given by
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where ρ′
i = (ρix, ρiy) represents the two-dimensional position vector in the z plane, k denotes the wave number

related to wavelength λ by k = 2π/λ, symbol ∗ denotes the complex conjugate and

Ri = [(ρ′ix − ρix)2 + (ρ′iy − ρiy)2 + z2]1/2. (4)

The ψ(ρ′
i,ρi) represents the random part of the complex phase of the spherical wave due to the existence of

the turbulence, whose average over the ensemble of the turbulence medium reads[1,10]

〈exp[ψ∗(ρ′
1,ρ1) + ψ(ρ′

2,ρ2)]〉

= exp
{
− 4π2k2z

∫ 1

0

∫ ∞

0

dκdξκΦn(κ, α)[1 − J0(κ |(1 − ξ)(ρ′
1 − ρ′

2) + ξ(ρ1 − ρ2)|)]
}

= exp
{
−π2k2z

3

∫ ∞

0

κ3Φn(κ, α)dκ[(ρ′
1 − ρ′

2)
2 + (ρ′

1 − ρ′
2)(ρ1 − ρ2) + (ρ1 − ρ2)2]

}
= exp

{
−T (α, z)[(ρ′

1 − ρ′
2)

2 + (ρ′
1 − ρ′

2)(ρ1 − ρ2) + (ρ1 − ρ2)2]
}

, (5)

with J0 being the Bessel function of the first kind and
zero order and

T (α, z) =
π2k2z

3

∫ ∞

0

κ3Φn(κ, α)dκ. (6)

The Φn(κ, α) is the spatial power spectrum of the
refractive-index fluctuation of the turbulence and for
the non-Kolmogorov turbulence introduced by Toselli
et al.[18] is given by

Φn(κ, α) = A(α)C̃2
n
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where Γ(x) is the Gamma function, L0 and l0 are the
outer and the inner scales of the atmospheric turbu-
lence, respectively, and C̃2

n is the generalized structure
constant. For α = 11/3, L0 = ∞, and l0 = 0, we have
A(11/3) = 0.033, C̃2

n = C2
n and the power spectrum

Φn(κ, 11/3) = 0.033C2
nκ−11/3, which has reduced to

the ideal Kolmogorov power spectrum. It can be seen
that T (α, z) describes the strength of the turbulence,
namely, the larger T (α, z) corresponds to the stronger
turbulence.

From Eqs. (6) and (7), we have
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T (α, z) =
π2k2z

6(α − 2)
A(α)C̃2

n

{
−2κ

(4−α)
0 + exp

(
κ2

0

κ2
m

)
κ(2−α)

m [(α − 2)κ2
m + 2κ2

0]Γ
(

2 − α

2
,

κ2
0

κ2
m

)}
. (12)

Under condition Ri À λ, equation (3) reduces to
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By inserting ρ′
1 = ρ′

2 = ρ′ and r1 = r2 = r into Eq. (15), the average intensity of the partially coherent
H–G beams propagating through the non-Kolmogorov turbulence is expressed as
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Recalling the integral formula[27]
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B = ε +
k2w2

0
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Equation (21) indicates that the average intensity at
(ρ′, z) depends on beam parameters, such as waist
width w0, beam orders m, n, wavelength λ, tur-
bulence strength T (α, z) including generalized expo-
nent factor α, and the inner and outer scales l0 and
L0. Equation (21) is applicable to partially coherent
scalar nonparaxial H–G beams propagating through
non-Kolmogorov turbulence, and is also valid for par-
tially coherent paraxial H–G beams. For α = 11/3,
L0 = ∞ and l0 = 0, Eq. (21) reduces to the case
of the propagation through Kolmogorov turbulence.
For m = n = 0, Eq. (21) is simplified to the aver-
age intensity of GSM beams in non-Kolmogorov tur-
bulence. Specifically, the on-axis average intensity of
partially coherent TEM11-mode H–G beams in non-
Kolmogorov turbulence is expressed as
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Within the framework of paraxial approxima-
tion, the average intensity of partially coherent parax-
ial H–G beams in non-Kolmogorov turbulence can
be derived based on the extended Huygens–Fresnel
principle[1] and is given by
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In numerical calculations, we take partially coher-
ent TEM11-mode H–G beams as illustrative examples.

The λ = 1.06 µm, σ0 = 4 cm, C̃2
n = 10−14 m3−α,

L0 = 1 m, and l0 = 0.001 m are kept fixed. The
evolution of the normalized average intensity distri-
butions I(ρ′, z)/I(ρ′, z)max (I(ρ′, z)max is the max-
imum intensity) of a partially coherent paraxial
TEM11-mode H–G beam in non-Kolmogorov tur-

bulence with a slanted axis ρ′r (ρ′r =
√

ρ′2x + ρ′2y)
is plotted in Figs. 1(a) and 1(b) for the general-
ized exponent factors of α = 3.5 and α = 3.073,
respectively, and w0 = 3 cm. It is shown that for
the paraxial case of w0 = 3 cm, Eqs. (26) and (21)
deliver the same result, and for our considered par-
tially coherent TEM11-mode H–G beams, the parax-
ial approximation holds true when w0 ≥ 4λ. From
Fig. 1(a), we can see that partially coherent paraxial
TEM11-mode H–G beams propagating through non-
Kolmogorov turbulence undergo several stages of evo-
lution. The average intensity profile has a central dip
at plane z = 0. At propagation distance z0.5dip =
930 m, the intensity in the centre increases and

Fig. 1. Evolution of normalized average intensity distri-

butions of partially coherent paraxial TEM11-mode H–G

beams through non-Kolmogorov turbulence for (a) α = 3.5

and (b) α = 3.073. The calculation parameters are given

in the text.

equals half of the maximum intensity. Furthermore, a
flat-topped intensity profile appears at zflat = 1342 m
and finally evolves into a Gaussian profile at zGau =
1480 m. In Fig. 1(b) (α = 3.073), the corresponding
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evolution distances become z0.5dip = 513 m, zflat =
716 m and zGau = 770 m. As will be shown in Fig. 4,
the turbulence at α = 3.073 is stronger than that at
α = 3.5. Therefore, the evolution behaviour of the
average intensity distribution depends on the turbu-
lence and an increase in the turbulence accelerates the
evolution process.

Figure 2 shows the evolution of the normalized
average intensity distribution of a partially coher-
ent nonparaxial TEM11-mode H–G beam in non-
Kolmogorov turbulence with slanted axis ρ′r. The cal-
culation parameters are w0 = 2λ and α = 3.5. As can
be seen, the nonparaxial beam hardly changes shape
during its propagation through the turbulence. The
physical reason is that the diffractive propagation in
the free space plays the dominant role for such a case,
and the effect of the turbulence is negligible (see Sec-
tion 3),

Fig. 2. Evolution of normalized average intensity distri-

bution of the partially coherent nonparaxial TEM11-mode

H–G beam through non-Kolmogorov turbulence.

The on-axis average intensity of a partially co-
herent paraxial TEM11-mode H–G beam in non-
Kolmogorov turbulence versus generalized exponent
factor α is depicted in Fig. 3 for different propagation
distances (z = 0.5 km, 1 km and 4 km). The other
calculation parameters are the same as those in Fig. 1.
It can be seen that, generally, the variation of I(0, 0,
z) with α is non-monotonic for the paraxial case and,
additionally, it is dependent on the propagation dis-
tance z. The results can be interpreted as follows.
From Eq. (24), we have

∂I(0, 0, z)
∂α

= (16kw0z
2)2

∂T (α, z)
∂α

[1/σ2
0 + 2T (α, z)]

[C + 8z2T (α, z)]4

×
[
C − 4z2T (α, z) − 6z2

σ2
0

]
. (29)

Letting [∂I(0, 0, z)]/∂α = 0 leads to

∂T (α, z)
∂α

= 0, (30)

or

T (α, z) =
1

w2
0

− 1
2σ2

0

+
k2w2

0

4z2
. (31)

Fig. 3. On-axis intensities of a partially coherent paraxial

TEM11-mode H–G beam through non-Kolmogorov tur-

bulence versus generalized exponent factor α at different

propagation distances.

The T (α, z) versus α is plotted in Fig. 4 for differ-
ent propagation distances (z = 0.5 km, 1 km, 2 km,
and 4 km). Figure 4 shows the non-monotonic be-
haviour of T (α, z) versus α at a fixed propagation dis-
tance z. At α = 3.073, T (α, z) reaches its maximum
T (α, z)max determined by [∂T (α, z)]/∂α = 0, which is
independent of z. In the region 3 < α < 3.073, T (α, z)
increases as α increases, while T (α, z) decreases with
the α increasing in the region 3.073 < α < 4. The
larger T (α, z) means the stronger turbulence. For
w0 = 3 cm at z = 0.5 km Fig. 4 indicates that
Eq. (31) has no solution. From Eq. (30), we obtain
that there exists a maximum for I(0, 0, 0.5 km), which
is achieved at α = 3.073. At propagation distance
z = 1 km, the maximum T (α, z)max at α = 3.073
corresponds to the minimum of I(0, 0, 1 km). In ad-
dition, it follows from Eq. (31) and Fig. 4 that there
are two maxima for I(0, 0, 1 km) located at α = 3.004
and α = 3.334, respectively. At propagation distance
z = 4 km, Eq. (31) has no solution, and Eq. (30)
points out that I(0, 0, 4 km) takes its minimum at
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α = 3.073.

Fig. 4. The T (α, z) versus α at different propagation dis-

tances.

Figure 5 shows the variation of I(0, 0, z) with α

for a partially coherent nonparaxial TEM11-mode H–
G beam through non-Kolmogorov turbulence at differ-
ent propagation distances (z = 0.5 km and 4 km). The
other calculation parameters are the same as those in
Fig. 2. As can be seen, I(0, 0, z) shows similar vari-
ation behaviour with α at different propagation dis-
tances for the non-paraxial case, because as shown in
Fig. 4 that T (α, z) does not satisfy Eq. (31) for such
a case and there exists only one maximum for I(0, 0,
z) at α = 3.073 determined by Eq. (30).

Fig. 5. On-axis intensities of a partially coher-

ent nonparaxial TEM11-mode H–G beam through non-

Kolmogorov turbulence versus generalized exponent factor

α at different propagation distances.

3. Beam-width spreading of par-

tially coherent H G beams in

non-Kolmogorov turbulence

The root mean squared (RMS ) beam width is
defined as[10]

w(z) =

√∫∫
ρ′2I(ρ′, z)d2ρ′∫∫
I(ρ′, z)d2ρ′

=
√

w1

w2
, (32)

where

w2 = πw2
02

n+m−1m!n!. (33)

For the nonparaxial case, a general analytical expres-
sion for w1 could not be found. However, for the
paraxial case, the substitution of Eq. (26) into Eq. (32)
yields

w(z) =
{

(m + n + 1)
w2

0

2
+

2z2

k2

×
[
(m + n + 1)

1
w2

0

+
1
σ2

0

]
+

4z2

k2
T (α, z)

}1/2

= (I + II + III)1/2. (34)

Equation (34) contains three terms on the right-hand
side. The first two terms, I and II, under the square
root on the right-hand side represent the diffractive
beam-width spreading in free space. The first term is
independent of propagation distance z, nd increases
with the increases of waist width w0 and beam or-
ders m, n. The second term is proportional to z2

and decreases with the increases of w0 and σ0 and
the decreases of m and n. The third term, III, which
is proportional to z3, describes the spreading due to
non-Kolmogorov turbulence. It is readily seen that
the larger T (α, z), namely, the stronger turbulence,
will result in the larger beam-width spreading.

As shown in Ref. [11], the relative beam width
can be introduced to quantitatively describe the resis-
tance of a beam to non-Kolmogorov turbulence and
is defined as the ratio of the beam width w(z)turb of
a partially coherent beam in non-Kolmogorov turbu-
lence to the beam width w(z)free of the same beam in
free space (T (α, z) = 0). The smaller relative beam
width means the reduced influence of the turbulence
on the beam-width spreading. From Eq. (34) we ob-
tain

w(z)turb/w(z)free = [1 + III/(I + II)]1/2. (35)

The beam width in turbulence w(z)turb, the
beam width in free space w(z)free and the relative
width w(z)turb/w(z)free of partially coherent paraxial
TEM11-mode H–G beams versus waist width w0 are
plotted in Figs. 6(a) and 6(b) for different propagation
distances (z = 5 km and 30 km), respectively. The
other calculation parameters are the same as those in
Fig. 1. Figure 6(a) indicates that w(z)turb and w(z)free
decrease and w(z)turb/w(z)free increases as w0 in-
creases in the region of w0 ∈[1 cm, 4.10 cm). In the re-
gion of w0 ∈(4.10 cm, 6 cm], w(z)turb and w(z)free in-
crease and w(z)turb/w(z)free decreases as w0 increases.

094210-6



Chin. Phys. B Vol. 20, No. 9 (2011) 094210

The results can be explained by using Eqs. (34) and
(35). From Eq. (34) and ∂w(z)/∂w0 = 0, we see that
the minimum of the beam width is achieved when
w0 = 4

√
4z2/k2 = w0,min. The first term I is smaller

than the second term II for w0 < w0, min and is larger
than the second term II for w0 > w0,min. The first
term I is equal to the second term II for w = w0,min.
Additionally, the third term III is independent of w0.
At z = 5 km in Fig. 6(a), w0, min = 4.10 cm From
Eqs. (34) and (35), it turns out that the first term
I is smaller than the second term II in the region
of w0 ∈[1 cm, 4.10 cm), thus, the second term II
plays the dominant role and w(z)turb and w(z)free
decrease and w(z)turb/w(z)free increases with the w0

increasing. The minima of w(z)turb and w(z)free and
the maximum of w(z)turb/w(z)free are achieved at
w0 = w0,min = 4.10 cm. In the region of w0 ∈(4.10 cm,
6 cm], the first term I is larger than the second term

Fig. 6. Beam widths w(z)turb, w(z)free and relative width

w(z)turb/w(z)free of partially coherent paraxial TEM11-

mode H–G beams through non-Kolmogorov turbulence

versus waist width w0 at different propagation distances:

(a) z = 5 km, (b) z = 30 km.

II. As a result, w(z)turb and w(z)free increase and
w(z)turb/w(z)free decreases with the w0 increasing.

Furthermore, it can be shown that at a sufficiently
long propagation distance, for example, at z = 30 km
in Fig. 6(b), the third term III will dominate the

beam-width spreading, i.e, the third term III is much
larger than the sum of the first and the second terms,
thus the influence of w0 on the beam width w(z)turb

can be neglected and w(z)turb is nearly independent
of w0. In addition, for such a case, w0,min = 10.06 cm.
In the region [1 cm, 6 cm], w0 < w0, min and the first
term I is larger than the second term II, so w(z)free
decreases and w(z)turb/w(z)free increases with the w0

increasing.
Figure 7 shows the beam widths w(z)turb and

w(z)free and the relative width w(z)turb/w(z)free of
the partially coherent TEM11-mode H–G beams at
z = 5 km versus w0/λ. The other calculation param-
eters are the same as those in Fig. 1. It can be seen
that for small values of w0, w(z)turb and w(z)free are
not distinguishable, and w(z)turb/w(z)free is hardly
dependent on w0/λ, as shown in Fig. 7. It means
that for the non-paraxial case with w0 < 4λ and small
values of w0 as shown in Fig. 7, the diffractive beam-
width spreading in free space plays the dominant role,
and the effect of the turbulence on the spreading is
negligible. In particular, the beam widths w(z)turb

and w(z)free increase remarkably and become very
large with w0 decreasing for the non-paraxial case with
w0 < 4λ.

Fig. 7. Beam widths w(z)turb, w(z)free and relative

width w(z)turb/w(z)free of the partially coherent TEM11-

mode H–G beams through non-Kolmogorov turbulence at

z = 5 km versus waist width w0.

The relative width w(z)turb/w(z)free of the par-
tially coherent paraxial TEM11-mode H–G beam ver-
sus α is plotted in Fig. 8 for different propagation
distances (z = 0.5 km, 2 km and 4 km). The
other calculation parameters are the same as those
in Fig. 1. Figure 8 implies that relative width
w(z)turb/w(z)free depends on generalized exponent
factor α and propagation distance z for the parax-
ial case. At z = 0.5 km, the diffractive effect domi-
nates the beam-width spreading, so the relative width
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w(z)turb/w(z)free is nearly independent of the turbu-

lence strength. With the gradual increase of the prop-

agation distance, say, z = 2 km and 4 km, the effect

of the turbulence becomes obvious, w(z)turb/w(z)free
varies non-monotonically with α and the maximum

w(z)turb/w(z)free is achieved at α = 3.073. The result

can be understood by using Eq. (35) and Fig. 4. Tur-

bulence strength T (α, z) increases with α increasing

in the region of α ∈(3, 3.073) and reaches its maxi-

mum at α = 3.073, then decreases with α increasing

in the region of α ∈(3.073, 4). Therefore, at z = 2 km

and 4 km, the values of w(z)turb/w(z)free vary with α

in a similar way to that of T (α, z), because for such

a case the third term III in Eq. (35) dominates the

beam-width spreading.

Fig. 8. Relative width w(z)turb/w(z)free of a partially

coherent paraxial TEM11-mode H–G beam through non-

Kolmogorov turbulence versus generalized exponent factor

α at different propagation distances.

The relative width w(z)turb/w(z)free of the par-

tially coherent nonparaxial TEM11-mode H–G beam

versus α are depicted in Fig. 9 for different propa-

gation distances (z = 0.5 km and 4 km). The other

calculation parameters are the same as those in Fig. 2.

From Fig. 9, we see that w(z)turb/w(z)free = 1 at

z = 0.5 km and 4 km. It means that the effect of the

turbulence on the beam-width spreading is negligible

for the non-paraxial case, which is consistent with the

result in Fig. 7. In fact, for any substantial original

beam, the beam-width spreading of the partially co-

herent beams in free space reduces the influence of the

turbulence, and for the very large original beam, the

beam-width spreading of the partially coherent beams

in free space for the non-paraxial case greatly reduces

the effect of the turbulence.

Fig. 9. Relative width w(z)turb/w(z)free of a partially

coherent nonparaxial TEM11-mode H–G beam through

non-Kolmogorov turbulence versus generalized exponent

factor α at different propagation distances.

4. Conclusion

In this paper, based on the extended Huygens–
Fresnel principle, the propagation properties of par-
tially coherent H–G beams through non-Kolmogorov
turbulence are studied analytically and numerically.
The effects of the non-Kolmogorov turbulence and
beam nonparaxiality on the average intensity evolu-
tion and the beam-width spreading are discussed. It
is found that the evolution of the average intensity
distributions of the partially coherent paraxial H–
G beams depends on generalized exponent factor α,
namely, on turbulence strength T (α, z). The larger
the turbulence strength T (α, z) is, the faster the av-
erage intensity evolves for the paraxial case, whereas
the beams hardly change shape during their propaga-
tion through the turbulence for the non-paraxial case.
Depending on waist width w0 and generalized expo-
nent factor α, the relative widths of the partially co-
herent H–G beams at different propagation distances
vary in different ways for the paraxial case. For the
non-paraxial case, the effect of the turbulence is neg-
ligible, while the beam-width spreading becomes very
large. The results are interpreted by using the ana-
lytical expressions derived in this paper and the prop-
erty of the non-Kolmogorov turbulence. The results
obtained in this paper would be useful for understand-
ing the propagation properties of the partially co-
herent paraxial and non-paraxial beams through the
non-Kolmogorov turbulence and for their potential ap-
plications, such as parameter optimization in optical
communications.[3,28]
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