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Gain calculation of a free-electron laser operating
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Amplification of an electromagnetic wave by a free electron laser (FEL) with a helical wiggler and an ion channel

with a periodically varying ion density is examined. The relativistic equation of motion for a single electron in the

combined wiggler and the periodic ion-channel fields is solved and the classes of possible trajectories in this configuration

are discussed. The gain equation for the FEL in the low-gain-per-pass limit is obtained by adding the effect of the periodic

ion channel. Numerical calculation is employed to analyse the gain induced by the effects of the non-uniform ion density.

The variation of gain with ion-channel density is demonstrated. It is shown that there is a gain enhancement for group I

orbits in the presence of a non-uniform ion-channel but not in a uniform one. It is also shown that periodic ion-channel

guiding is used to reach the maximum peak gain in a low ion-channel frequency (low ion density).
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1. Introduction

Free electron lasers (FELs) are devices that am-
plify intense electromagnetic waves by passing elec-
tron beams through a wiggler and converting the ki-
netic energy of the relativistic electron beam to that
of the electromagnetic wave.[1] The ion channel in a
FEL is used to confine the electrons against the self-
repulsive forces generated by the beam. To create
a stable ion channel, an electron beam must be in-
jected into a neutral plasma in a blow-out regime
when the electron beam density is higher than the
plasma density.[2,3] In this regime, within less than a
recombination time, the plasma electrons inside the
path of the beam are expelled electrostatically by the
beam space charge and form the ion channel. The
plasma channel is wide and focusing is approximately
linear.[4] Unfortunately, the density of a relativistic
electron beam cannot be very high because of tech-
nological reasons. This leads to a serious limitation
on the gain in the radiated power, which is quadratic
in plasma density. A way to overcome the blow-out
regime relies on the use of a high power laser to ion-
ize a gas and form a plasma column along the beam
line. The ponderomotive force of the laser, together
with the beam space charge, expels the plasma elec-

trons and creates the ion channel.[5−7] A relativistic
electron running along the ion channel undergoes be-
tatron oscillations about the channel axis due to the
restoring force acting on the electron by the uncom-
pensated ion charge. Relativistic electrons executing
betatron oscillations in the ion channel emit short-
wavelength electromagnetic radiation.[8] The success-
ful utilization of an ion channel in a plasma to wig-
gle an electron beam to obtain broadband X-ray ra-
diation is reported in Ref. [9]. The propagation of a
relativistic electron beam in the ion-channel field has
been studied extensively for many years. It is known
that if the channel is also present, the combined wig-
gler and channel fields can have profound effects on
growth rate and gain.[10−13] The use of ion channels
with a periodic variation in ion density has been pro-
posed as a possible method of transporting and in-
ducing oscillations in a propagating electron beam.[14]

Several methods have been suggested to create the
periodic ion-channel. Differential pumping of a back-
ground gas or the use of gas puffs can create a periodic
neutral gas density. Laser ionization will then result
in a periodic ion-channel.[14,15] Alternatively, a uni-
form gas density could be periodically ionized using
periodic laser beamlets. The other method is gen-
erated by a large number of laser beamlets incident
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perpendicular to the electron beam or with a surface
flashover plasma source coupled to the beam pulsed
power source.[14−17] The periodic ion-channel is sim-
ilar to a uniform ion-channel guide, in that no mag-
netic field is required but it does ensure more effective
transverse oscillation. Therefore, a periodic ion chan-
nel may be used to guide electron beams and excite
its transverse oscillations over distances on the order
of several betatron lengths of the beam.[14,17] In the
present paper, we attempt to investigate the effects
of a non-uniform ion-channel on the electron trajec-
tories and the gain of an FEL with a helically polar-
ized magnetic wiggler field. The ion-channel density
is assumed to vary sinusoidally in the axial direction.
The paper is organized as follows: a description of the
configuration is given in Section 2, along with a dis-
cussion of the single-particle trajectories of an electron
in the presence of a helical wiggler and non-uniform
ion-channel. In Section 3, the interaction of an elec-
tron with an electromagnetic radiation field is studied
and the small signal gain is then derived in the FEL
interaction region. Finally, the results of a numerical
study of the electron orbits and gain are discussed.

2. Single particle orbits

A relativistic electron beam propagating through
a combined helically polarized magnetic wiggler field
and an ion-channel with sinusoidal density variation,
ni(z) = ni(1 + cos kz)/2, where z is the axial coordi-
nate and k = 2π/λ is the periodic ion-channel wave
number, will be considered. The wiggler field in one-
dimensional approximation may be described by

Bw = Bw[êx cos kwz + êy sin kwz], (1)

where Bw and kw are the amplitude and the wave
number of the wiggler magnetic field, respectively.

The plasma channel generates an electrostatic
field. In cylindrical coordinates, it is given by[14]

Ei(r, z) = πenir[1 + 2K1(kr)I1(kr) cos kz]êr

+
2πeni

k
[1 − krK1(kr)I0(kr)]

× sin kzêz, (2)

where In and Kn denote the modified Bessel functions
of the first and second kinds, respectively. In the limit
in which the electron displacements from the axis of
symmetry are small in comparison with a channel pe-
riod (i.e. kr ¿ 1), the wiggler field is mostly radial.[1]

In this limit, the electrostatic field can be given in the
particularly simple form

Ei = πeni(1 + cos kz)(xêx + yêy). (3)

In the model presented above, the dynamic of the elec-
tron beam is described by the relativistic cold-fluid
momentum and energy equations

d
dt

(γmv) = −e

[
Ei +

1
c
v × Bw

]
, (4)

and
dγ

dt
= − e

mc2
v · E, (5)

where e, m and v denote the charge, mass and the ve-
locity of the electron, respectively. The Lorentz factor
corresponding to velocity v is γ = (1− v2/c2)1/2. We
shall find it convenient to work in the wiggler frame
and we define

ê1 = êx cos kwz + êy sin kwz, (6)

ê2 = −êx sin kwz + êy cos kwz, (7)

ê3 = êz. (8)

On expressing the normalized velocity β = v/c in
terms of the orthogonal vectors ê1, ê2 and ê3 and
defining χ = kwx, τ = ckwt, k = k/kw, Ωw ≡
eBw/mγc2kw, and ωi ≡ (2πe2ni/γmc2k2

w)1/2, one can
rewrite Eq. (4) as

d(γβ1)
dτ

= −γω2
i

2
(1 + cos kiχ3)χ1 + γβ2β3, (9)

d(γβ2)
dτ

= −γω2
i

2
(1 + cos kiχ3)χ2 − γβ1β3 − γΩwβ3,

(10)
d(γβ3)

dτ
= γβ2Ωw, (11)

dγ

dτ
= −γ

ω2
i

2
(1 + cos kiχ3)(β1χ1 + β2χ2). (12)

The relations between the normalized transverse posi-
tion coordinates in the wiggler frame and the normal-
ized velocity components are as follows:

β1 =
dχ1

dτ
− β3χ2, (13)

β2 =
dχ2

dτ
+ β3χ1. (14)

The steady-state solutions (γ = γ0 = const) of
Eqs. (9)–(12) with constant normalized axial velocity
β3 = β‖ (to the first order in the wiggler amplitude)
is obtained as

β1 =
β2
‖Ωw

ω2
i (1 + cos kiχ3) − β2

‖
= βw, (15)
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β2 = 0, (16)

β‖ = (1 − γ−2
0 − β2

w)1/2. (17)

In the limit of an uniform ion-channel (i.e., k →
0), Eqs, (15) and (17) reduce to the well-known
result,[10,11] which is characterized by two distinct
classes of trajectories (i.e., for ωi > β‖ and ωi < β‖).
The simultaneous solution of Eqs. (15) and (17) yields
an expression for the normalized axial velocity, β‖. To
find the quasi steady-state trajectories, we first take
the average of Eq. (17) to eliminate rapid oscillations
over an FEL interaction length L. The result is

2(kL)−1β2
‖ tan(kL/2)[−Λ ± Ωwγ

√
Λ] + ω2

i Λ = 0,

(18)

Λ = −1 − γ2(β2
‖ − 1). (19)

Although it is easy to evaluate ω2
i from Eqs. (18) and

(19), once β‖ is given, the inverse problem, finding β‖

when ω2
i is known, can only be solved numerically.

3. Gain formula

We consider a relativistic electron propagating in
an FEL interaction region under the influence of radi-
ation fields, which may be written in the wiggler frame
as Er

Br

 = Er

cos ψ − sinψ

sinψ cos ψ

 ê1

ê2

 , (20)

where ψ = ((kr + 1)χ3 − ωr)τ + φ is the phase,
kr = kr/kw and ωr = ωr/ckw are the normalized wave
number and angular frequency, respectively. The ef-
fects of radiation modify the transverse equations of
motion of the electron as

d(γβ1)
dτ

= −γω2
i

2
(1 + cos kiχ3)χ1 + γβ2β3

− γẼr(1 − β3) cos ψ, (21)
d(γβ2)

dτ
= −γω2

i

2
(1 + cos kiχ3)χ2 − γβ1β3

− γΩwβ3 + γẼr(1 − β3) sin ψ, (22)

where

Ẽr ≡
eEr

γmc2kw
. (23)

Considering βz to be close to 1 (or γ À 1), the last
term in Eqs. (21) and (22) generated by the electro-
magnetic radiation fields can be safely neglected in

comparison with others. The last terms in Eqs. (21)
and (22) can be safely neglected in comparison with
the other terms. As a result, the solutions of the above
equations yield the same results as the steady-state
equations, Eqs. (9) and (10). An expression for the
χ3 in the presence of the radiation field can be ob-
tained as follows.

The energy exchange of the electron with the ra-
diation field is given by

γ̇ =
dγ

dτ
= − e

mc2kw
β · Er = −βwγẼr cos ψ. (24)

Differentiating Eq. (18) with respect to the normalized
time, we have β̇3 = −γ̇η, where

η =
±β3Ωw

2
√

Λ − 2(1 + Λ)
√

Λ ± γΩw(−1 + Λ + γ2)
.

(25)

By employing the method used in Ref. [18], that is

χ3(τ) = β‖τ +
∫ τ

0

∫ τ ′′

0

β̇3(τ ′)dτ ′dτ ′′, (26)

and substituting Eqs. (24) and (25) into Eq. (26), we
obtain

χ3(τ) = β‖τ +
ηβwγẼr

α2

× [− cos(ατ + φ) + cos φ − ατ sinφ],

(27)

where

α = (kr + 1)β‖ − ωr.

Using the corrected formula for χ3, Eq. (27) and dis-
carding the small terms in Eq. (24), we have

〈γ̇〉φ =
1
2π

∫ 2π

0

γ̇dφ

= −β2
wγ2

2α2
Ẽr

2
η(1 + kr)

× (− sinατ + ατ cos ατ). (28)

Integrating Eq. (28) over the electron transit time
through the wiggler, we obtain the average change in
γ per electron as

〈∆γ〉φ =
∫ Lkw/β‖

0

〈γ̇〉φdτ

= −β2
wγ2

2α3
Ẽr

2
(1 + kr)η

× (2 − 2 cos ατ − ατ sinατ). (29)

The FEL gain is defined as the fractional change in
radiation energy. It can be evaluated as

G =
8πnbe2mc2

E2
r

β‖〈∆γ〉φ
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=
2γηω2

b

β2
‖

(1 − γ−2
0 − β2

‖)k
3
wL3(1 + kr)g(ατ), (30)

where nb is the density of the electron beam and the
function g(ατ) describes the frequency dependence of
the gain as

g(ατ) =
1

(ατ)3
(2 − 2 cos ατ − ατ sinατ). (31)

The maximum gain occurs at ατ = 2.6, corresponding
to the normalized frequency

ωr =
β‖

(1 − β‖)

[
1 ∓ 2.6

kwL

]
. (32)

Substituting Eqs. (31) and (32) for ατ = 2.6 into
Eq. (30) gives the maximum gain equation as

Gm =
±0.27ω2

b

β2
‖

(1 − γ−2
0 − β2

‖)γk3
wL3η

×
[
1 +

β‖

1 − β‖

(
1 ∓ 2.6

kwL

)]
, (33)

where ω2
b = 2πnbe2/(γmc2k2

w) is the normalized elec-
tron beam frequency. The ± signs must be chosen to
give a positive gain in the gain formula.

4. Numerical results and discus-

sion

In this paper, we have examined the amplification
of an electromagnetic wave by an FEL with a helical
wiggler and a cosine modulation of the ion density for
a cold beam in the low-gain-per pass limit. Numerical
studies of the electron trajectories and gain have been
carried out in this section. The average of the normal-
ized axial velocity, β‖, and the maximum gain of the
system have been computed by using Eqs. (18) and
(33), respectively. The following values of the param-
eters were chosen. The normalized wiggler magnetic
field frequency Ωw was taken to be 0.008, the Lorentz
relativistic factor γ was chosen to be 25 and the FEL
interaction length was taken to be 7λ. For calculation
of the gain, the normalized axial velocity was taken
to be close to 1 (0.95 < β‖ < 1). The numerical re-
sults are illustrated in Figs. 1–3. Numerical solutions
for β‖ versus ω2

i for both uniform ion-channel guid-
ing (dashed lines) and the periodic ion channel (solid
lines) are shown in Fig. 1. The solution will be termed
the group I and group II orbits, characterized by con-
ditions β‖ > ωi and β‖ < ωi , respectively. Numerical

Fig. 1. Graph of the normalized axial velocity versus

ω2
i with a uniform ion-channel (dashed lines)and periodic

ion-channel (solid lines).

calculation shows that three real values of axial veloc-
ity exist in the region ωi < 0.796. In contrast, there
is just one value for β‖, corresponding to any value
of ωi . To demonstrate the effect of the periodic ion-
channel on the gain, it is useful to introduce Gu and
G0, which describe the peak gain of the system in the
presence of a uniform ion-channel and in the absence
of it, respectively. If the parameter k or ωi is set equal
to zero in Eq. (18), β‖ will be obtained for a helical
wiggler with uniform ion-channel (without an ion-
channel) guiding. Inserting the obtained value of β‖

into Eq. (33), Gu and G0 are calculated. The ratio of
peak gain with nonuniform ion-channel, Gm, to peak
gain without an ion-channel, Γ = Gm/G0, as a func-
tion of ω2

i is depicted in Fig. 2. It is apparent from this

Fig. 2. Graphs of the normalized gain Γ as a function of

ω2
i with Ωw = 0.008, L = 7λ and γ = 25.

curve that for group I orbits, the normalized gain
increases monotonically from 1 at ωi = 0 and then
goes up to its peak (100.44) near the resonant fre-
quency ωi = 0.796. For group II orbits, if ωi < 0.862,
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then β‖ and the condition of β‖ being close to 1
(our assumption for the derivation of the gain equa-
tion) breaks down. For ωi > 0.862, the normalized
gain Γ is equal to 17.85 at ωi = 0.862, goes to 1 at
ωi = 1.162 and then starts decreasing to zero with
increasing ωi . Consequently, gain enhancement is ob-
tained relative to the absence of an ion-channel for
ωi < 1.162. The ratio of the peak gain for a peri-
odic ion-channel to that for a uniform ion-channel,
∆ = Gn/Gu, as a function of ω2

i is given in Fig. 3.

Fig. 3. Graphs of the gain ratio ∆ as a function of ω2
i

with Ωw = 0.008, L = 7λ and γ = 25.

It is evident from the figure that throughout the en-
tire range (ωi < 0.796 and 0.803 < ωi < 0.901) the
value of gain ratio, ∆, is greater than 1, so gain en-
hancement is obtained due to the periodic ion-channel
relative to the uniform ion-channel. By increasing
the ion-channel frequency, this gain enhancement in-
creases approximately monotonically up to reach its
maximum corresponding to the vicinity of the trans-
verse velocity resonant frequency. This is why periodic
ion-channel guiding is used to reach the maximum
gain in low ion-channel frequencies (low ion-channel
densities).
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