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Physical properties of hexagonal WN2 under pressure∗
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A first-principles study on the mechanical stability, elastic and thermodynamic properties of WN2 with P63/mmc

and P -6m2 phases are reported using the pseudo potential plane wave method within the generalized gradient approx-

imation. The calculated equilibrium parameters are in good agreement with the available theoretical data. A complete

elastic tensor and crystal anisotropies of the ultra-incompressible WN2 are determined in the wide pressure range. By

the elastic stability criteria, it is predicted that P63/mmc and P -6m2 phases in WN2 are not stable above 175.1 GPa

and 170.1 GPa, respectively. Finally, by using the quasiharmonic Debye model, the isothermal and adiabatic bulk

modulus, and the heat capacity of WN2 are also successfully obtained.
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1. Introduction

Transition metal dinitrides have attracted con-
siderable attention from both theoretical and exper-
imental studies due to their extreme hardness and
durability as well as outstanding mechanical, optical
and electronic properties.[1−4] They are widely used
in many applications, such as abrasives, cutting tools
and scratch resistant coatings. Recently, by inserting
N atoms into the interstitial sites of transition metals
with a high valence-electron density (VED), platinum-
metal (such as Pt, Ir, Os and Pd) dinitrides[5−8] were
successfully synthesized under high pressure and tem-
perature (in the range of 60 GPa and 2000 K). Their
ultrahigh bulk moduli and anomalously low compress-
ibility observed in experiment (428 GPa for IrN2

[7])
make them potential candidates as superhard materi-
als. Meanwhile, a few theoretical studies[9−14] have fo-
cused on finding all of their possible structures, which
are very important in the search for new superhard
materials.

Until now, however, WN2 is still not synthesized
in crystalline form. For a long time it was been specu-

lated that it would adopt a fluorite-type structure.[15]

Kroll et al.[16] proposed two structures of baddeleyite
and cotunnite types, which are superior to the fluorite-
type structure. The calculated phase diagram showed
that WN2 should be synthesized above 2000 K and
30 GPa. The elastic constants and electronic struc-
tures of the monoclinic structure of WN2 have been
investigated by ab initio calculations.[17] The physi-
cal properties of tetragonal ReN2 and WN2 have been
studied from first-principles calculations. It was found
that the tetragonal phase should be more stable than
hexagonal ones above 175 GPa.[18] Two hexagonal
P63/mmc and P -6m2 structures[19,20] of WN2 with
N–W–N sandwiches layers, which are more stable than
the cotunnite and baddeleyite ones, are predicted by
the first-principles calculations. The elastic properties
of two hexagonal structures are also explored.[20] How-
ever, to our knowledge, few studies have reported on
the elastic and thermodynamic properties of hexago-
nal structures of WN2 under pressure. In particular,
the elastic constants under pressure are very impor-
tant to determine the response of the crystal to ex-
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ternal forces, as characterized by the bulk and shear
modulus, and they obviously play an important role
in determining the strength and hardness of materials.
Moreover, it is essential for many practical applica-
tions, such as load deflection, thermoelastic stress and
fracture toughness.[21] The physical properties under
high pressures and temperatures have important guid-
able significance in accelerating the synthesis of WN2.

Therefore, in this work, we focus on structural,
elastic and thermodynamic properties of WN2 with
P63/mmc and P -6m2 structures under pressures of
up to 200 GPa by first-principles calculations. The
elastic properties of two hexagonal structures of WN2

under pressure are investigated for the first time, from
which the mechanical stability are also determined. In
order to further investigate WN2, the thermodynamic
properties, such as the heat capacity, thermal expan-
sion, Debye temperature and Grüneisen parameters,
are obtained by the Debye model. The rest of this
paper is structured as follows. In Section 2, we give
a brief description of the theoretical method. The re-
sults and some discussions of the structural, elastic
and thermodynamic properties of WN2 under pres-
sure are presented in Section 3. Conclusions derived
from our calculations are drawn in the last section.

2. Theoretical methods

2.1.Total energy electronic structure

calculations

In our calculations, we adopt the non-local ul-
trasoft pseudopotential (USPP) introduced by Van-
derbilt[22] for the interactions of the electrons with
the ion cores, together with the Perdew–Burke–
Ernzerhof (PBE) generalized gradient approximation
(GGA) exchange-correlation functional.[23] The elec-
tronic wave functions are expanded in the plane-wave
basis set with a cutoff energy of 800.0 eV. Pseudo
atomic calculations are performed for N 2s22p3 and
W 5s25p65d46s2. As for the Brillouin-zone sampling,
we use the Monkhorst–Pack mesh with 12×12×12 k-
points, where the self-consistent convergence of the
total energy is set to be 10−7 eV per atom. These pa-
rameters are sufficient in leading to a well-converged
total energy. All the electronic structure calculations
are implemented with the CASTEP code.[24,25]

2.2. Elastic properties and Debye tem-

perature

Elastic constants are defined by means of a Taylor
expansion of the total energy, Et(V , δ), for the system
with respect to a small strain δ of the lattice primi-
tive cell volume V . The energy of a strained system
is expressed as follows:[26]

Et(V, δ)

= Et(V0, 0) + V0

∑
i

τiξiδi +
1
2

∑
ij

Cijδiξiδj

 , (1)

where Et(V0, 0) is the energy of the unstrained sys-
tem with equilibrium volume V0, τi is an element in
the stress tensor and ξi is a factor to take care of the
Voigt index. It is known that there are five indepen-
dent components of the elastic tensor for hexagonal
structure WN2, i.e., C11, C12, C13, C33 and C44.

The mechanical anisotropy of WN2 can be ob-
tained using the bulk moduli along the a and c axes,
Ba and Bc respectively, defined as

Ba = a
dp

da
=

Λ

2 + α
, (2)

Bc = c
dp

dc
=

Ba

α
, (3)

Λ = 2(C11 + C12) + 4C13α + C33α
2, (4)

α =
C11 + C12 − 2C13

C33 − C13
. (5)

The Debye temperature may be estimated from
the average sound velocity vm

[27]

Θ =
h

k

[
3n

4π

(
NAρ

M

)]1/3

vm, (6)

where h is Planck’s constants, k is Boltzman’s con-
stant, NA is Avogadro’s number, n is the number
of atoms per formula unit, M is the molecular mass
per formula unit, ρ is the density and vm is obtained
from[27]

vm =
[
1
3

(
2
v3
s

+
1
v3
l

)]−1/3

, (7)

where vs and vl are the shear and longitudinal sound
velocities, respectively.

For the hexagonal structure of WN2, the isotropic
bulk BV and shear moduli GV are expressed as

BV =
1
9

[2 (C11 + C12) + C33 + C13] , (8)

GV =
1
30

(C11 + C12 + 2C33 − 4C13

+ 12C44 + 12C66). (9)
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The isotropic bulk BR and shear moduli GR are
expressed as

BR =
(C11 + C12) C33 − 2C2

13

C11 + C12 + 2C33 − 4C13
, (10)

GR

=
5
2
(
(C11 + C12) C33 − 2C2

13

)2
C44C66

/[
3BVC44C66

+ ((C11 + C12) C33 − 2C2
13)

2(C44 + C66)
]
, (11)

respectively, where

C66 =
1
2

(C11 − C12) . (12)

The arithmetic average of the Voigt and Reuss
bounds is called the Voigt–Reuss–Hill (VRH) average
and is commonly used to estimate elastic moduli of
polycrystals. The VRH averages for shear modulus
(G) and bulk modulus (B) are

G =
1
2

(GR + GV) , B =
1
2

(BR + BV) . (13)

The polycrystalline moduli are the arithmetic mean
values of the Voigt and Reuss moduli:[28]

GH =
1
2
(GR + GV), BH =

1
2
(BR + BV). (14)

Therefore, the probable values of the average shear
and longitudinal sound velocities can be calculated
from Navier’s equation[29]

vs =

√
GH

ρ
, vl =

√
(BH + 4GH/3)

ρ
. (15)

The polycrystalline Poisson’s ratio (ν), Young’s mod-
ulus (E) and Lamè constants (λ) are often used
for polycrystalline materials when investigating their
hardness. These quantities are calculated from the
following formula:

E =
9BG

3B + G
, ν =

3B − E

6B
,

λ =
νE

(1 + ν)(1 − 2ν)
. (16)

2.3.Thermodynamic properties

To investigate the thermodynamic properties of
WN2, we apply the quasi-harmonic Debye model,[30]

in which the phononic effect is considered, and the
non-equilibrium Gibbs function G∗(V ;P, T ) takes the
form of

G∗(V ;P, T ) = Et(V ) + PV + AVib(Θ(V );T ), (17)

where Et(V ) is the total energy per unit cell, PV cor-
responds to the constant hydrostatic pressure condi-
tion, Θ(V ) is the Debye temperature and AVib is the
vibrational Helmholtz free energy that can be written
as

AVib(Θ;T )

= nkT

[
9
8

Θ

T
+ 3 ln(1 − e−Θ/T ) − D(Θ/T )

]
, (18)

where D(Θ/T ) is the Debye integral, n is the number
of atoms per formula unit and Θ is the Debye temper-
ature defined by Eq. (6).

By solving the following equation with respect to
V , we have (

∂G∗(V ;P, T )
∂V

)
P,T

= 0, (19)

one could obtain the thermal equation of state, V (P ,
T ) and the thermal expansion coefficient α as follows:

α = γCV /(BTV ), (20)

where the isothermal bulk modulus BT, the heat ca-
pacity CV and the Grüneisen parameter γ are ex-
pressed as

BT(P, T ) = V

[
∂2G∗(V ;P, T )

∂2V 2

]
P,T

, (21)

CV = 3nk

[
4D(Θ/T ) − 3Θ/T

eΘ/T − 1

]
. (22)

The method has been applied to some materials
successfully.[31−35]

3. Results and discussion

We performed the total energy electronic struc-
ture calculations in the range of primitive cell volume
V from 0.74 V0 to 1.20 V0. No constraints are im-
posed on the c/a ratio, i.e., the lattice constants a

and c are optimized simultaneously. For each volume,
the corresponding equilibrium ratio c/a of WN2 was
determined by performing total energy calculations on
a series of different c/a. Through these calculations,
we can obtain the equilibrium parameters a, c, and
the corresponding equilibrium ratio c/a of WN2 under
arbitrary pressures. The calculated lattice parameters
are shown in Table 1, together with other theoretical
results.[20] By fitting the calculated energy-volume
data to the third-order Birch–Murnagham equation
of state,[36] we obtained the bulk modulus B0 and
its pressure derivative B′

0 (listed in Table 1). It is
clear that our results are in good agreement with the

093101-3



Chin. Phys. B Vol. 20, No. 9 (2011) 093101

other theoretical results.[20] Generally, high hardness
materials have a large bulk modulus. The calculated
bulk modulus of P63/mmc and P -6m2 phases of WN2

(366 GPa and 371 GPa, respectively) are higher than
those of synthesized ultra-incompressible materials
such as ReB2 of 354 GPa,[37] OsN2 of 359 GPa,[38]

IrN2 of 327 GPa[39] and PtN2 of 272 GPa.[40]

Table 1. Calculated equilibrium parameter a, c, ratio

c/a, bulk modulus B0 and pressure derivative bulk modu-

lus B′
0 of two hexagonal WN2 compared with theoretical

results at 0 GPa and 0 K.

a/Å c/Å c/a B/GPa B′
0

P63/mmc

2.9384a) 7.7993a) 2.6545a) 366.2a) 4.52a)

2.934b) 7.790b) 2.6550b) 364d)

2.887c) 7.711c) 2.6709c) 411d)

P -6m2

2.9233a) 3.9151a) 1.3993a) 371.1a) 4.42a)

2.928b) 3.916c) 1.3374 364d)

2.881c) 3.875c) 1.3450 411d)

a) Present work,b) theoretical data from GGA,[20] c) theo-

retical data from LDA,[20] d) the results determined from

elastic constants.

These results suggest the ultra-incompressible charac-
teristic of hexagonal WN2. To check our conjecture,
the normalized volume V/V0 of P63/mmc and P -6m2
phases of WN2 under different pressures and temper-
atures are exhibited in Fig. 1. It is easily found that
at a given temperature the relative volume V/V0 de-
creases with pressure and the relative volume V/V0 at
higher temperature is less than that at a lower tem-
perature at the same pressure. Thus, the effects of

Fig. 1. The relative volume V/V0 versus pressure for

WN2, in which solid and hollow points denote P63/mmc

and P -6m2 phases, respectively.

decreasing temperature of WN2 are just the same as
that of increasing pressure. For P63/mmc and P -6m2
phases of WN2, it is also seen from Fig. 1 that the
relative volume V/V0 of two structures of WN2 are al-
most linear with pressure and have a nearly identical
incompression in the range of pressure (0–200 GPa) at
300 K, which indicates the incompressibility of WN2.

At higher temperature (2000 K) the P63/mmc phase
is more incompressible than the P -6m2 phases. The
results indicate that this material has very low com-
pressibility, which makes it a potential superhard ma-
terial.

The five independent elastic constants of WN2

using a stress-strain relation are obtained from the
method described above. In Table 2 we list the elas-
tic constants of the hexagonal phases of WN2 at 0 K
and 0 GPa. It is shown that our results are in good
agreement with the data (GGA) reported in Ref. [20].
However, the differences between our results and that
of Ref. [20] (LDA) are rather large. From Table 2,
we can also see that the calculated C33 of hexagoanl
WN2 is larger than c-BN of 818 GPa,[41] approaching
diamond of 1106 GPa.[41] The large C33, which mea-
sures the c-direction resistance to linear compression,
can be mainly attributed to the N2 dimers along the
c-direction.

Table 2. Elastic constants Cij (GPa) at 0 GPa and 0 K.

C11 C33 C44 C12 C13

P63/mmc

Present work 559.5 953.5 228.0 177.2 190.0

Ref. [20](GGA) 579 973 233 195 211

Ref. [20](LDA) 642 1078 262 217 252

P -6m2

Present work 578.8 972.9 225.5 181.6 192.0

Ref. [20](GGA) 588 973 232 191 206

Ref. [20](LDA) 654 1082 260 213 248

The elastic constants of two hexagonal structures
in WN2 under pressure up to 200 GPa at 0 K are pre-
sented in Fig. 2. We can see that the five independent
elastic constants of two hexagonal structures in WN2

increase monotonously with pressure except for C44.
C11 and C33 vary rapidly with increasing pressure,
and C12 becomes moderate as well as C13. However,
C44 firstly increases with pressure up to about 50 GPa
and then decreases under higher pressure. We also see
that C33 > C11 under pressure, which suggests that
it is more difficult to compress along the {001} plane
than along the {100} plane. The calculated values of
Ba and Bc under pressure are given in Fig. 3. It can
be seen that the curves of Ba and Bc versus pressure
in two structures appear nearly coincident, and Ba

and Bc increase monotonously with pressure.
The materials are often used in polycrystalline ag-

gregates; therefore, it is useful to estimate the cor-
responding parameters of the polycrystalline species.
Moreover, the polycrystalline shear modulus G,
Young’s modulus E and other elastic tensors have
been considered to be very important parameters
governing the indentation hardness. In particular,
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Young’s modulus is defined as the ratio between stress
and strain, which is closely relevant to the stiffness of
the solid, i.e., the larger the value of E, the stiffer
the material. For these purposes the bulk modulus
B, shear modulus G, Young’s modulus E and Lamè
constants λ of WN2 under pressure, are also exhibited
in Fig. 3. At 0 K and 0 GPa, the obtained high shear
modulus of two hexagonal structures indicate high
hardness comparable to C–BN. The Young’s modu-
lus at 0 K and 0 GPa of WN2 in P63/mmc(P -6m2)
phase is 566 GPa (563 GPa), which suggests that WN2

is a stiff material. From Fig. 3 it can be also easily
observed that the shear modulus G and Young’s mod-
ulus E increase incipiently and decrease gently with
pressure, which is due to the variation of C44 with
pressure. In addition, the Lamè constants λ increase
as the pressure increases.

Fig. 2. Elastic constants under pressure of WN2, in which

solid and hollow points denote the P63/mmc and P -6m2

phases, respectively.

Fig. 3. The relevant elastic tensors of polycrystalline

for WN2, in which solid and hollow points denote the

P63/mmc and P -6m2 phases, respectively.

Poisson’s ratio ν is an important parameter to de-
scribe the property of a material, the relation of Pois-
son’s ratio ν and pressure is displayed in Fig. 4(a),
from which it can be seen that Poisson’s ratio ν in-
creases monotonously under pressure. Debye tem-
perature correlates with many physical properties

of materials, such as specific heat, elastic constants
and melting temperature. The Debye temperatures
are derived from elastic constants under pressures
(Fig. 4(b)). At zero pressure and temperature the
Debye temperature of a P63/mmc structure in WN2

is higher with OsN2 of 696 K,[38] IrN2 of 649 K[39] and
PtN2 of 585 K.[40] Unfortunately, no experimental and
theoretical data of elastic tensor under pressure are
available for our comparison.

Fig. 4. (a) Poisson ratio and (b) Debye temperture under

different pressures.

The ratio between the bulk and the shear mod-
ulus B/G are used to predict the brittle or duc-
tile behaviour of materials. According to the Pugh
criterion,[42] the ductile behaviour is predicted when
B/G > 1.75, otherwise the material behaves in a brit-
tle manner. The relations of B/G and pressure in
WN2 is exhibited in Fig. 5(a). It is obvious that the
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curves of the P63/mmc and P -6m2 phases nearly su-
perpose under pressure. The ration of B/G in hexag-
onal structures of WN2 increases with pressure, which
is less than 1.75 under low pressure (around 24 GPa).
The results indicate that hexagonal WN2 is prone to
brittleness at low pressure and is strongly prone to
ductility at high pressure.

Fig. 5. (a) B/G and (b) C44 − P versus pressures.

As is known, for hexagonal crystals, the mechan-
ical stability under isotropic pressure can be judged
from the following criterion:[43]

C̃44 > 0, C̃11 >
∣∣∣C̃12

∣∣∣ , C̃33(C̃11+C̃12) > 2C̃13, (23)

where C̃αα = Cαα − P (α = 1, 4), C̃12 = C12 + P ,
C̃13 = C13 + P . By fitting C̃44 data to second-order
polynomials, we have the following relations:

C̃44 = α + βP − γP 2. (24)

Figure 5(b) shows C̃44 versus pressures for WN2.
When the pressure C̃44 > 0 is no longer fulfilled,
indicating that the P63/mmc and P -6m2 phases in
WN2 are not mechanically stable at pressures of about
175.1 GPa and 170.1 GPa, respectively. The results
are in good agreement with those reported in Ref. [18].

It is known that acoustic velocities are ob-
tained from elastic constants by solving the Christoffel
equation.[44] For the hexagonal phase the anisotropy
of compressional wave is obtained from

∆p =
C33

C11
. (25)

The anisotropies of the wave polarized perpendic-
ular to the basal plane (S1) and the polarized basal
plane (S2) are calculated

∆S1 =
C11 + C33 − 2C13

4C44
, ∆S2 =

2C44

C11 − C12
. (26)

The dependences of the calculated three types of
anisotropies of elastic waves ∆p, ∆S1 and ∆S2 on
pressure for P63/mmc and P -6m2 phases are listed
in Table 3. From Table 3 it can be observed that ∆p

and ∆S2 decrease with increasing pressures, in which
∆S2 changes sharply but ∆p is relatively moderate.
However, ∆S1 increases rapidly with pressure. This
indicates the strong covalent bonding between N–N
bonding in the nitride layer in WN2.

Table 3. Anisotropy factors ∆p, ∆S1 and ∆S2 for hexag-

onal P63/mmc and P -6m2 phases of WN2 as a function

of pressure.

P63/mmc P -6m2

∆p ∆S1 ∆S2 ∆p ∆S1 ∆S2

0 1.7048 1.2412 1.1937 1.68339 1.29889 1.1335

40 1.5995 1.3611 1.0141 1.5925 1.42073 0.97233

80 1.5517 1.5775 0.8419 1.54162 1.66667 0.79397

120 1.5232 1.9025 0.6778 1.51147 1.99083 0.64785

150 1.5085 2.2413 0.5694 1.49693 2.39583 0.52966

180 1.5078 2.7735 0.4613 1.48286 2.97546 0.4201

By the quasi-harmonic Debye model, the thermo-
dynamic properties of P63/mmc and P -6m2 phases
in WN2 are calculated at arbitrary pressures and
temperatures. We investigated the thermodynamic
quantities of P63/mmc and P -6m2 phases in WN2

under different pressures and temperatures (in the
range of 0–170 GPa and 0–2000 K). Figure 6 displays
the dependences of isothermal and adiabatic bulk
modulus (BT, BS) on temperature at zero pressure.
It is easily found that BT and BS are equal in amount
from 0 K to 100 K and then decrease almost linearly
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with increasing temperature, as is obvious from the
relationship BS = BT(1 + αγT ). BT and BS coincide
at low temperature and then diverge with rising T .

Fig. 6. Temperature dependence of isothermal (BT) and

adiabatic (BS) zero-pressure bulk modulus for WN2: (a)

P63/mmc, (b) P -6m2.

It is found that the relationships between bulk modu-
lus and pressure are nearly linear at various temper-
atures. The bulk modulus decreases with increasing
temperature at a given pressure and increases with
increasing pressure at a given temperature. These re-
sults are due to the fact that the effect of increasing
pressure on the material is the same as that of de-
creasing temperature on it.

The knowledge of the heat capacity of a crystal
not only provides essential information on its vibra-
tional properties but also is mandatory for many
applications. The relations of the heat capacity at
constant pressure CP and at constant volume CV

with temperature and pressure are shown in Fig. 7.

Fig. 7. Variation of heat capacity CP and CV un-

der different pressures and temperatures for WN2: (a)

P63/mmc, (b) P -6m2.

It is seen that the difference between the constant-
pressure heat capacity CP and constant-volume heat
capacity CV is almost zero from 0 K to 600 K at the
same pressure, but under higher temperatures the dif-
ference increases almost linearly with temperature. As
the pressure increases, the differences between them
decrease. Moreover, due to the anharmonic approxi-
mations of the Debye model at higher temperatures,
the constant-volume heat capacity CV is very close to
a constant, which is the so-called Dulong–Petit limit.

4. Conclusions

In summary, the elastic and thermodynamic prop-
erties of ultra-incompressible P63/mmc and P -6m2
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phases in WN2 under different pressures have been
predicted by first-principles calculations for the first
time. With a generalized gradient approximation for
exchange and correlation, the ground state properties
and equation of state of two hexagonal structures in
WN2 were obtained, which is in good agreement with
theoretical calculations. The elastic constants Cij , the
aggregate elastic modulus B, G, E, Possion ratio ν,
Debye temperature Θ and elastic anisotropies (∆p,
∆S1, ∆S2) of the hexagonal WN2 at different pres-
sures are also predicted. To the best of our knowl-
edge, there is no experimental data available for these
quantities. By the high pressure elastic constants,
P63/mmc and P -6m2 phases in WN2 are not me-
chanically stable at pressures above 175.1 GPa and
170.1 GPa, respectively. The elastic anisotropies ∆p

and ∆S2 decrease except for ∆S1 in the whole range of
studied pressures. Experiments are expected to val-
idate the present numerical data. In addition, the
thermodynamic properties of P63/mmc and P -6m2
phases in WN2 are also predicted successfully. The
dependences of heat capacity, and isothermal and adi-
abatic bulk modulus on pressure and temperature are
obtained systematically in the ranges of 0–170 GPa
and 0–2000 K. Our results will stimulate further ex-
perimental and theoretical work looking for new su-
perhard materials in the future.
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