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In this paper, we investigate the impulsive synchronization between two coupled complex networks with time-

delayed dynamical nodes. Based on the Lyapunov stability, the linear feedback control and the impulsive control

theories, the linear feedback and the impulsive controllers are designed separately. By using the generalized Barbalat’s

lemma, the global asymptotic impulsive synchronization of the drive–response complex networks is derived and some

corresponding sufficient conditions are also obtained. Numerical examples are presented to verify the effectiveness and

the correctness of the synchronization criteria.
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1. Introduction

Complex networks widely exist in the real world,
including food-webs, ecosystems, metabolic pathways,
the Internet, the world wide web, social networks
and global economic markets. Since the discovery of
the small-world effect[1] and the scale-free feature[2]

of complex networks, the analysis and the control of
the dynamical behaviour in complex networks have
become a very hot topic in various disciplines.[3,4] In
general, a complex network is a large set of intercon-
nected communicating and interacting nodes, and a
node is a fundamental unit having specific contents
and exhibiting dynamical behaviour.

In the past few years, the control and synchroniza-
tion problem of the complex networks has been exten-
sively investigated in various fields due to its many
potential applications.[1−7] Many effective methods,
including the pinning control,[8−11] the adaptive
control,[12−14] and the impulsive control[15−26], have
been used to study the above problem. The syn-
chronization in a network as mentioned above is
called inner synchronization,[27] i.e., the synchroniza-
tion of all the nodes within a network, which has
been investigated recently.[5−26] As a matter of fact,
there are other kinds of network synchronization

in the real world, for example, the synchronization
between two or more complex networks regardless
of the synchronization of the inner network, called
outer synchronization.[27] Therefore, the synchroniza-
tion between different networks is an interesting and
challenging work. Recently, Li et al.[27] pioneered the
study of the outer synchronization between two uni-
directionally coupled complex networks and derived
analytically a criterion for them having the identi-
cal topological structure. Tang et al.[28] discussed the
synchronization between two complex dynamical net-
works with nonidentical topological structures by us-
ing the adaptive control method. Li et al.[29] stud-
ied the synchronization between two networks with
different topology structures and different dynamical
behaviour with the open-plus-closed-loop method. Li
et al.[30] discussed the outer synchronization of a cou-
pled discrete-time network. Wu et al.[31] studied the
problem of the generalized outer synchronization be-
tween two complex dynamical networks with different
topologies and diverse node dynamics. The adaptive-
impulsive synchronization between two complex net-
works with non-delayed and delayed coupling was dis-
cussed in Ref. [32], however, the delays in the dy-
namical nodes were ignored. In fact, time delays are
ubiquitous in natural and artificial systems. One can
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find numerous examples in the real world, which are
characterized by delayed differential equations having
time delays in the dynamical nodes.[33,34] In most lit-
erature, time delays in the couplings are considered.
However, time delays in the dynamical nodes, which
are more complicated, are still relatively unexplored.

To the best of our knowledge, Barbalat’s lemma is
an effective tool to analyse the stability of the adaptive
controlled dynamical system.[35,36] Barbalat’s lemma
requires that the function is differentiable in the in-
terval [0,+∞), thus, it is not suitable for an impul-
sive dynamical system. Zhang et al.[37] proved the
generalized Barbalat’s lemma, in which the function
was right continuous on some certain points and in-
vestigated the adaptive impulsive synchronization for
a non-autonomous chaotic system by using the gener-
alized Barbalat’s lemma. Motivated by the above dis-
cussions and inspired by Ref. [37], we discuss the prob-
lem of the impulsive synchronization between two cou-
pled dynamical networks with identical time-delayed
dynamical nodes by using the generalized Barbalat’s
lemma in the present paper.

2. Model description and prelim-

inaries

In this paper, a complex dynamical network con-
sisting of N identical time-delayed nodes with non-
delayed or delayed coupling is considered, which is
characterized by

ẋi(t) = f(t, xi(t),xi(t − τ1)) +
N∑

j=1

bijΓ1xj(t)

+
N∑

j=1

cijΓ2xj(t − τ2), (1)

where i = 1, 2, . . . , N, xi(t) = (xi1(t), xi2(t), . . . ,
xin(t))T ∈ Rn is the state vector of the i-th node,
f : R × Rn → Rn is a smooth nonlinear function, τ1

is the time delay in the dynamical nodes, τ2 is the time
delay of the coupling, Γ1 ∈ Rn×n and Γ2 ∈ Rn×n are
the inner-coupling matrices, B = (bij)N×N ∈ RN×N

and C = (cij)N×N ∈ RN×N are the weight config-
uration matrices. If there is a connection from node
i to node j (j 6= i), then coupling bij > 0, cij > 0;
otherwise, bij = cij = 0. Particularly, the weight con-
figuration matrix is not assumed to be symmetric, ir-
reducible or dissipative, and the inner coupling matrix
need not to be symmetric.

Before proceeding, we give some necessary pre-
liminaries to derive the main results of this paper.

Assumption 1 (A1) For the vector valued func-
tion f(t, xi(t),xi(t − τ1)), assuming that there exist
positive constants γ1 > 0 and γ2 > 0, such that f

satisfies the semi-Lipschitz condition[38]

(xi(t) − yi(t))T(f(t, xi(t),xi(t − τ1))

− f(t, yi(t),yi(t − τ1)))

≤ γ1(xi(t) − yi(t))T(xi(t) − yi(t)) + γ2(xi(t − τ1)

− yi(t − τ1))T(xi(t − τ1) − yi(t − τ1)),

for all x,y ∈ Rn and t ≥ 0.

Lemma 1 (Generalized Barbalat’s Lemma[37])
The sequence {xk} satisfies 0 ≤ x0 < · · · < xk−1 <

xk < · · · , xk → ∞ as k → ∞. There exists a pos-
itive constant λ such that λ = inf{xk − xk−1} >

0, k = 1, 2 . . . The function f(x) is defined in the
interval [0,+∞) and is differentiable in the interval
[xk−1, xk). Suppose that f(x) and f ′(x) are uniform
bounded in the interval [xk−1, xk), that is, there exist
two positive constants M0 and M1 such that for every
x ∈ [xk−1, xk) both |f(x)| ≤ M0 and |f ′(x)| ≤ M1

hold. If the improper integral
∫ +∞

x0
f(x)dx converges,

then limx→+∞ f(x) = 0.

Lemma 2 For any vectors x,y ∈ Rn and a pos-
itive definite matrix Q ∈ Rn×n, the following matrix
inequality holds, 2xTy ≤ xTQx + yTQ−1y.

3. Synchronization criteria

In this section, we will make drive–response com-
plex dynamical networks with non-delayed and de-
layed coupling achieve impulsive synchronization by
employing the linear feedback control and the impul-
sive control methods.

We refer to model (1) as the drive network. The
response network can be rewritten in the following
form of impulsive differential equation:

ẏi = f(t, yi(t),yi(t − τ1)) +
N∑

j=1

bijΓ1yj(t)

+
N∑

j=1

cijΓ2yj(t − τ2) + ui, t 6= tk,

∆yi = yi(t+k ) − yi(t−k ) = Bik(yi − xi)

t = tk, k = 1, 2 . . . (2)

where yi(t) = (yi1(t), yi2(t), . . . , yin(t))T ∈ Rn(i =
1, 2, . . . , N) is the response state vector of the i-th
node and ui are the linear controllers to be designed
later.
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Define outer synchronization error ei(t) = yi(t)−
xi(t), the error dynamics system is obtained as

ėi = f(t, yi(t),yi(t − τ1)) − f(t, xi(t),xi(t − τ1))

+l

N∑
j=1

bijΓ1ej(t) +
N∑

j=1

cijΓ2ej(t − τ2)

+ui, t 6= tk, (3)

∆ei = Bikei, t = tk, k = 1, 2 . . .

The linear controllers ui are designed as

ui = −diei(t) , i = 1, 2 . . . N, (4)

where the feedback gain di are constants. We choose
the impulsive controller Bik to be an n × n constant
matrix. Then, the objective of this paper is to design
linear feedback controller ui and impulsive controller
Bik, such that the state of drive dynamical network
(1) synchronizes with the state of response dynamical
network (2), that is, limt→∞ ‖ei(t)‖ = 0.

Theorem 1 Suppose that A1 holds. There
exists a positive constant λ > 0 such that λ =

inf{tk − tk−1}, k = 1, 2 . . . Then drive net-
works (1) and response networks (2) can achieve
impulsive synchronization if the following condi-
tions are satisfied: (i) d = minN

i=1(di) = γ1 +
γ2 + λmax(Q) + 1/2λmax(PP T) + 1/2 + ρ; (ii)
λmax

(
(I + Bik)T(I + Bik)

)
< 1, (k = 1, 2, . . .),

where ρ > 0 is a constant, Q = B⊗Γ1, P = C⊗Γ2,
and I ∈ Rn×n denotes the identity matrix. The ⊗
represents the Kronecker product. The λmax gives the
corresponding maximum eigenvalue.

Proof We construct the Lyapunov function as

V (t) =
1
2

N∑
i=1

eT
i (t)ei(t) + γ2

∫ t

t−τ1

N∑
i=1

eT
i (θ)ei(θ)dθ

+
1
2

∫ t

t−τ2

N∑
i=1

eT
i (θ)ei(θ)dθ.

For t ∈ [tk−1, tk), by A1, the Dini derivative of V (t)
along the trajectories of Eq. (3) is

V̇ (t) =
N∑

i=1

eT
i (t)[f(t, yi(t),yi(t − τ1)) − f(t, xi(t),xi(t − τ1))] +

N∑
i=1

N∑
j=1

cije
T
i (t)Γ2ej(t − τ2)

+
N∑

i=1

N∑
j=1

bije
T
i (t)Γ1ej(t) −

N∑
i=1

die
T
i (t)ei(t) +

(
γ2 +

1
2

) N∑
i=1

eT
i (t)ei(t) − γ2

N∑
i=1

eT
i (t − τ1)ei(t − τ1)

− 1
2

N∑
i=1

eT
i (t − τ2)ei(t − τ2)

≤ γ1

N∑
i=1

eT
i (t)ei(t) + γ2

N∑
i=1

eT
i (t − τ1)ei(t − τ1) −

N∑
i=1

deT
i (t)ei(t) + eT(B ⊗ Γ1)e + eT(C ⊗ Γ2)e(t − τ2)

+
(

γ2 +
1
2

) N∑
i=1

eT
i (t)ei(t) − γ2

N∑
i=1

eT
i (t − τ1)ei(t − τ1) −

1
2

N∑
i=1

eT
i (t − τ2)ei(t − τ2).

Let e(t) = (eT
1 (t), eT

2 (t), . . . , eT
N (t))T ∈ RnN , Q = (B ⊗ Γ1), P = (C ⊗ Γ2), then according to lemma 2, we

have

V̇ (t) ≤ γ1e
T(t)e(t) + γ2e

T(t − τ1)e(t − τ1) + eT(t)Qe(t) +
1
2
eT(t)PP Te(t) − deT(t)e(t)

+
(

γ2 +
1
2

)
eT(t)e(t) − γ2e

T(t − τ1)e(t − τ1)

≤
(

γ1 + γ2 + λmax(Q) +
1
2
λmax(PP T) +

1
2
− d

)
eT(t)e(t)

≤ −ρeT(t)e(t) ≤ 0. (5)

On the other hand, for t = tk and t = t−k , we have

V (tk) =
1
2

N∑
i=1

eT
i (tk)ei(tk) + γ2

∫ tk

tk−τ1

N∑
i=1

eT
i (θ)ei(θ)dθ +

1
2

∫ tk

tk−τ2

N∑
i=1

eT
i (θ)ei(θ)dθ
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and

V (t−k )

=
1
2

N∑
i=1

eT
i (t−k )ei(t−k ) + γ2

∫ t−k

t−k −τ1

N∑
i=1

eT
i (θ)ei(θ)dθ

+
1
2

∫ t−k

t−k −τ2

N∑
i=1

eT
i (θ)ei(θ)dθ.

Then, we obtain

∆V (tk) =
1
2

N∑
i=1

eT
i (tk)ei(tk) − 1

2

N∑
i=1

eT
i (t−k )ei(t−k )

=
1
2

N∑
i=1

eT
i (t−k )(I + Bik)T(I + Bik)ei(t−k )

− 1
2

N∑
i=1

eT
i (t−k )ei(t−k )

≤ 1
2

N∑
i=1

[
λmax((I + Bik)T(I + Bik)) − 1

]
× eT

i (t−k )ei(t−k )

≤ 0, k = 1, 2, . . . (6)

Therefore, we have V̇ (t) ≤ 0, thus 0 ≤ V (t) ≤ V (0) for
any t ≥ 0, that is, V (t) is bounded. According to the
Cauchy rule, for every ε > 0, there exists a constant
M > 0, such that when t′′ > t′ > M, V (t′)−V (t′′) <

ε. Then, we have

ρ

∫ t′′

t′

N∑
i=1

eT
i (t)ei(t)dt

= ρ

( ∫ tk1

t′

N∑
i=1

eT
i (t)ei(t)dt

+
∫ tk2

tk1

N∑
i=1

eT
i (t)ei(t)dt + · · ·

+
∫ t′′

tks

N∑
i=1

eT
i (t)ei(t)dt

)
≤ −

( ∫ tk1

t′
D+V dt +

∫ tk2

tk1

D+V dt + · · ·

+
∫ t′′

tks

D+V dt

)
= V (t′) − V (t−k1

) + V (tk1) − V (t−k2
) + · · ·

+ V (tks) − V (t′′)

= V (t′) − V (t′′) < ε.

By the Cauchy rule, ρ
∫ +∞
0

∑N
i=1 eT

i (t)ei(t)dt is con-
vergent, that is,

∫ +∞
0

∑N
i=1 eT

i (t)ei(t)dt is conver-
gent. From expressions (3), (5) and (6), we ob-
tain that

∑N
i=1 ei(t) and

∑N
i=1 ėi(t) are uniformly

bounded in the interval [tk−1, tk), k = 1, 2 . . . . There-
fore,

∑N
i=1 eT

i (t)ei(t) and
∑N

i=1 eT
i (t)ėi(t) are uni-

formly bounded in the interval [tk−1, tk). According
to lemma 1, we have limt→+∞

∑N
i=1 eT

i (t)ei(t) = 0,

i.e., limt→+∞ ei(t) = 0. This implies that error sys-
tem (3) is globally asymptotically stable about zero.
Therefore, the impulsive synchronization between dy-
namical networks (1) and (2) is achieved. The proof
is completed.

When the weight configuration matrix B = 0 or
C = 0, we have the following corollaries.

Corollary 1 When C = 0, network (1) is trans-
formed into

ẋi(t) = f(t, xi(t),xi(t − τ1)) +
N∑

j=1

bijΓ1xj(t). (7)

According to the assumption given in theorem 1,
the drive-response complex networks can also achieve
synchronization, where (i) d = minN

i=1(di) = γ1 +
γ2 + λmax(Q) + ρ, (ii) λmax

(
(I + Bik)T(I + Bik)

)
<

1, k = 1, 2, . . .

Corollary 2 When B = 0, network (1) is trans-
formed into

ẋi(t) = f(t, xi(t),xi(t−τ1))+
N∑

j=1

cijΓ2xj(t−τ2), (8)

then the drive–response complex networks can
also achieve synchronization, where (i) d =
minN

i=1(di) = γ1 + γ2 + 1/2λmax(PP T) + 1/2 + ρ, (ii)
λmax

(
(I + Bik)T(I + Bik)

)
< 1, k = 1, 2, . . .

Remark 1 The synchronization criteria given in
theorem 1 and the corollaries are independent of cou-
pling delay. Moreover, delay τ1 should ensure vector
valued function f(t, xi(t),xi(t−τ1)) is bounded. Oth-
erwise, the A1 is not satisfied, so the synchronization
cannot be realized.

Remark 2 Barbalat’s lemma is an effective tool
to analyse the stability of the adaptive controlled dy-
namical system.[35,36] The lemma also requires func-
tion f(x) to be differentiable in the interval [0,∞),
thus it is not suitable for impulsive dynamical sys-
tems. However, in the generalized Barbalat’s lemma,
function f(x) is only right continuous at some certain
points, so it can be used to study the impulsive dy-
namical systems.

Remark 3 Compared with the other control
methods in the literature, the impulsive controller is
relatively simple and is easy to implement. In the im-
pulsive synchronization method, the synchronization
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impulses are sent only to the response network at dis-
crete impulsive instances, which can reduce the infor-
mation redundancy in the transmitted signal, increase
the robustness and reduce the control cost.

4. Numerical simulations

In this section, numerical simulations are given
to verify and demonstrate the effectiveness of the pro-
posed method for impulsively synchronizing two cou-
pled complex networks with time-delayed dynamical
nodes. The time-delayed Chua oscillator is considered
as the node dynamic.

The time-delayed Chua chaotic system[39] is de-
scribed by ẋ = Ax + f(x,x(t − τ1)), where x =
(x1, x2, x3)T, matrix A and function f respectively
satisfy

A =


−α(1 + m2) α 0

1 −1 1

0 −β −ω


and

f(x,x(t − τ1)) =


−αg(x1)

0

−0.2β sin(0.5x1(t − τ1))

 , (9)

where g(x1) = −0.5α(m1 − m2)(|x1 + 1| − |x1 − 1|),
parameters (α, β, ω,m1,m2) are chosen to be
(10, 19.53, 0.1636,−1.4325, 0.7831), and time delay
τ1 = 0.02. Then, we obtain |g(y1) − g(x1)| ≤
|α(m1 − m2)| |y1 − x1| .

To satisfy A1, considering that we can always
find η > 0 such that |xy| ≤ ηx2/2 + y2/2η, then we
have[18,40]

eT
i (t)[f(t, yi(t),yi(t − τ1))

− f(t, xi(t),xi(t − τ1))]

≤ λmax(Ã)eT
i ei + β/20ηe2

i1(t − τ1)

≤ γ1e
T
i ei + γ2e

T
i (t − τ1)ei(t − τ1),

where Ã = ((A + AT)/2 + diag(|α(m1 − m2)|), 0,

ηβ/20), γ1 and γ2 can be determined by choosing ap-
propriate constant η > 0.

We consider the two coupled complex dynamical
networks, (1) and (3), with coupling delays consisting
of 5 identical time-delayed chaotic systems. We take

the weight configuration coupling matrices to be

B =



−2 1 0 0 1

1 −1 0 0 0

0 0 −2 1 1

0 1 1 −3 1

0 1 1 0 −2


,

C =



−3 2 0 0 1

1 −2 0 1 0

0 1 −2 1 0

0 0 0 −1 1

1 0 0 0 −1


,

In the simulation, the equidistant impulsive in-
terval is tk − tk−1 = 0.1, k = 1, 2, . . . , the impulsive
control matrices are Bik = diag(−0.5,−0.5,−0.5),
the time coupling delay is τ2 = 1 and Γ1 =
Γ2 = I3×3. The calculation yields γ1 =
11.3931, γ2 = 0.9765, λmax(Q) = 0.5545, and
λmax(PP T) = 19.4532. Thus, according to the-
orem 1, we choose d = 25. Let ‖e(t)‖ =√∑N

i=1 [(yi1 − xi1)2 + (yi2 − xi2)2 + (yi3 − xi3)2] be
the 2-norm of the total synchronization error at time t

for t ∈ [0,+∞). Figure 1 displays error ‖e(t)‖ of drive–
response complex networks with non-delayed and de-
layed coupling. The numerical result shows that the
impulsive scheme for the drive–response complex net-
work is effective, as described by theorem 1. Fur-
thermore, when impulsive control matrices Bik =
diag(−0.8,−0.8,−0.8), d = 30, and the other con-
ditions are chosen as the above ones, the simulation
result is shown in Fig. 2. From Figs. 1 and 2, we find
that the control gains and the impulsive control ma-
trices have an effect on the synchronization process of
drive–response complex networks.

Fig. 1. Synchronization error ‖e(t)‖.
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Fig. 2. Synchronization error ‖e(t)‖.

5. Conclusion

In this paper, we investigate the impulsive syn-
chronization problem of two coupled dynamical net-
works with time-delayed dynamical nodes by em-
ploying linear feedback control and impulsive control
strategies. Some criteria for the synchronization are
derived and the linear feedback and the impulsive con-
trollers are designed. By using the generalized Bar-
balat lemma, the drive–response complex network is
proved to be globally asymptotic synchronous. Com-
pared with the other control methods in the literature,
this scheme is efficient and practical in dealing with
the synchronization problem. As an application, nu-
merical simulations of the delayed Chua oscillations
are given to demonstrate the effectiveness and the
practicability of the theoretical results.
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