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Holder continuity of generalized chaos
synchronization in complex networks*
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A complex network consisting of chaotic systems is considered and the existence of the Hélder continuous gen-

eralized synchronization in the network is studied. First, we divide nodes of the network into two parts according to

their dynamical behaviour. Then, based on the Schauder fixed point theorem, sufficient conditions for the existence of

the generalized synchronization between them are derived. Moreover, the results are theoretically proved. Numerical

simulations validate the theory.
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1. Introduction

Chaos synchronization, including complete syn-
chronization (CS), phase synchronization (PS), lag
synchronization (LS), anticipated synchronization
(AS) and generalized synchronization (GS), has been

s.179 Given

extensively studied over the past 20 year
two dynamical systems, X and Y, if there exists a
manifold S = {(X,Y)|X = &(Y)}, which includes at
least one attractor, then X and Y carry out the GS,
and & is called the GS map. The GS therein is an in-
teresting and more important topic, which extends the
notion of the CS and includes many synchronization
phenomena observed in laboratory experiments.[*0—14]
In 1995, Rulkov et al. first described the GS phe-
nomenon and presented the idea of mutual false near-
est neighbors to detect the GS.I*% In 1996, Abarbanel
et al. suggested an auxiliary system method to study
the GS in driving-response systems,!'® and the theory
In 2005,
Hramov et al. proposed a modified system approach
to study the GS.'8! Recently, based on the modified
system method, we have presented some theoretical
results about the GS in Refs. [19]-[25]. However, only
two or three systems were considered in above refer-

about that method was given in Ref. [17].

ences.
In this paper, we will further study the GS of
chaotic systems in complex networks. Networks ex-
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ist everywhere, for example, each person is a unit of
a network of social relationships. Therefore the re-
search of the synchronization in complex networks is
most valuable. Some references, such as Refs. [26]-
[29], have presented some related results. However,
for the GS, only numerical simulations were given in

many available literatures.[3"!

This paper will give a
strict proof of the existence of the Holder continuous
GS in networks. Additionally, the network model con-

sidered here is very universal.

2. Holder continuity of GS

For a function f(x), if it satisfies |f(x;) —
f(x2)| < L|x —x2|%, where || denotes the Euclidean
norm, 0 < a < 1, L > 0, then it is considered to have
a order Holder continuity.

Consider a complex network consisting of N
chaotic systems described by

N

d(IZZ'

T Az + fi(xi) — Kijz::lcijmjv
i=1,2,....N, (1)

where x; € R", A; denote n X n constant matrices,
fi(x;) are smooth maps, K; € R™*™ represent the
coupling strength and C = (¢;;) € RV*Y is the link-
ing matrix, i.e., if there is a connection between nodes

*Project supported by the National Natural Science Foundation of China (Grant Nos. 11002061 and 10901073) and the Fundamental
Research Funds for the Central Universities, China (Grant No. JUSRP11117).

TCorresponding author. E-mail: aihuahu@126.com

(© 2011 Chinese Physical Society and IOP Publishing Ltd

http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn

090511-1



Chin. Phys. B Vol. 20, No. 9 (2011) 090511

i and j (¢ # j), then ¢;; = ¢j; = —1, otherwise ¢;; =
¢ji = 0, and ¢;; = — Z;‘V:Lj;éi Cij = — Z;V:Lj;ﬁi Cji-
We divide the nodes of network (1) into two parts, X
and Y, and consider the GS between them. Without
loss of generality, suppose that X consists of the first p
nodes of network (1) and that the others compose Y.
In order to simplify the discussion, we classify the GS
between X and Y into several types according to their
modified system dynamical behaviour. For each node
of network (1), the modified system can be written as

d:l?i
dt

We mainly investigate two types of GS in the following
sections.

2.1. The first kind of Holder continuous
GS

In Eq. (2), we assume that the modified systems
of Y are chaotic and X has equilibrium points x; = 0
(i=1,2,...,p) (If &; # 0, we can use the linear trans-
formation to make O to be their equilibrium points).
Then the first p systems in Eq. (2) can be rewritten
as
da:i
dt

= Az, — Kciz; + fi(x;) + f(0)x; — f/(0)x;

- Bzwz+F2(wz)7 i:1327"'up7 (3)

where B; = A; — K;c;; + f{(O), Fl(acz) = fi(ﬂli) —
fl(0)x;. In addition, the real parts of all the eigen-
values of matrix B; are negative.

For clarity, we introduce y; (i = p+1,p+2,...,N)
to replace ¢; (i=p+1,p+2,...,N). Now, network
(1) can be rewritten as

Suppose f; in network (1) satisfies the Lipschitz
condition, i.e., |fi(u;) — fi(u})| < Llu; — u}|, where
L is a positive constant, |- | denotes the vector norm;
| e(Ai—Kicit || < M, eSt, where My >0, ¢ > 0,t > 0,
| - || denotes the matrix or the operator norm. When
t < 7, yi(r) = m;, the solutions y;(t) = y;(t;7,m:)
(i=p+1,p+2,...,N) of Eq. (4) exist for any con-
tinuous function x : (—o0,7] = U C R™ on (—o0, 7].
And for any n;, n;, z;, ; (j = 1,2,...,p), the fol-
lowing inequality is satisfied:

lyi(t;7,m:) — yi(t 7, m7)
< My eV, — | + Ml/ ey [Lyi -y
t

p
+ || K |l Z |eij(x; — )]
j=1

N

+ I Kill Y

(0 - )| . ©
Jj=p+1
The proof of inequality (6) is reported in Appendix A.

Now, we present sufficient conditions for the exis-
tence of the first kind of Holder continuous GS mani-
fold as theorem 1.

Theorem 1 In systems (4) and (5), f; : R" —
R™ (i = 1,2,...,N) and F; R — R* (I =
1,2,...,p) are smooth functions. We assume that the
following conditions are satisfied:

P N
|Fi(x)— K, Z a;z;— K Z iy —Fi(z))
J=1,j#1 j=p+1

p N
+ K Z Clj:l?;- + K, Z cljy;|
J=15#1 j=p+1
P N
< AM, {Z |z — x| + Z ly; — y;|“},
j=1 j=p+1
0<a<l, (7)

P N
|Fi(z)-K, Y cjei—Ki Y ajy| <N, (8)
Jj=1,5#1 Jj=p+1
[P < Me ", (9)

the solutions of systems (4) and (5) exist on (—oo, 7),
and inequality (6) holds for any n;, ;. Additionally,

N
dy;
Y = Ayt fily) - K > iy
Jj=p+1
p
—Kizcijwjv
j=1
Z:p+1,p+277N7 (4)
dx; 5
X : T = Bix; + Fi(z;) — K; A Z i
Jj=1,j#i
N
Jj=p+1
\
MN
|wl| < D7 — = D’

AMMa<1 + Ap)\/ﬁ(Ml)a

AMMa+/2p n AM Mo (1 + Ap) ypIMi(N —p—1) | K || ev2/¢]”
g B—al—aM[L+ | K| c¢(N—-p—-1)(Ap+1)]

< A,

<A

B—aC—ab[Ll+ || K [|c(N—p-1)(Ap+1)] =
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where |¢;;| <e¢, || K; ||<|| K ||, A, M, M, N, 3, ¢, D and A are non-negative constants. Then there exists a
Holder continuous GS manifold between systems (4) and (5),

S = {($17m27'--7mp7'yp+1ayp+27~-'7yN)|(w17$27“-amp) = O—(yp+17yp+27~-'7yN)afoO <t < +OO}'

Moreover, To make use of the Schauder fixed point theorem in
Appendix A, we will prove the following three results.

0 =(01,02,...,0p), (a) The operator G maps Fp A to Fp a.
01 (Yp+1, Ypt2,- - YN)| < D, In fact, |Gi(o)(r,m:)| < [T e P9 MNds =
MN/ﬂ < D, if 0 and o’ are two maps satisfying
the inequality (10), n; and n} € R™. Let y;(t) =

01 (Ypt 15 Yps2, - UN) — 01 Yps 1 Ypyor - UN) Bt Tomi), yi(t) = yi(t; 7, m;), based on the inequality

N a (6), we have
A( > Iyi—y£|>

i=p+1

and

My ey, —nl| + M, / ey, — yl

IN

are satisfied.
Proof Suppose o is a Holder continuous (de-

noted by o € Fp ) if and only if + | K| Z lcij(z; — )
|Ul(yp+17yp+27~-~,yN)‘ D
|Ul(yp+layp+27"'ayN) (yp+1’yp+27"'?y§\/')| + || K” Z |C’L] yj |}d8
N a j=p+1
< A( > lyi- y;|) : (10) < My eST D —ggl] + My eSO |

e xK | ev2|o—d| /¢
Define the distance s /T eC(S*t){L|yi B y;|
t

|lo—do | = SUPyieRn{Z 101 (Yp+1: Ypt2s- - -, YN) N ,
=1 + | K [ [cdp Y |y —jll
_Ul(y;)+17y;;+27'-~7y§\f)|2}1/2a J=ptl
N
it is easy to verify that Fp o is a complete metric + || K| Z cly; — vl ds,
space. Now we define a Holder space C%®, whose j=p+l1
norm and distance are described as: and then
lo(y)—o(y')| N
0|0.o. = Sup,,|o +Sup,, £, ———————, (11 _r
170 = Supylo @+ 8uPyzy g g™ (11 > Syt — w7
llo1 =l
g N
= Sup,|o1(y) — o2(y)| / / < Z Mi|ni —n}] + Mi(N — P —1)
B O e LA R D [ et
o -yl < Ke | V2o ol /¢
where Yy = (yp+17yp+27~ .. 7yN) For any o € FD,A) M T C(s—7)
lolloe < A+D,ie., Fp a is a close ball in the space + M ] ¢ Z i — wil
0,c i=p+1
coe. . N
The operator G is defined as + | K ||e(N—p—1) {Ap Z ly; — |
Jj=p+1
Gi(o)(7,m:) N
o /
- / BB (01(Yp41(5), Ypra(s)s -, yn (s))) + > lyi— yjl] }ds
—0o0 j=p+1
P N . . .
_K, Z ciyzi(s) — K Z ey (s))ds. (13) ?Bas'ed on' Lemma 1 in Appendix A, the follow inequal-
G=1,jl j=p+1 ity is satisfied:

090511-3



Chin. Phys. B Vol. 20, No. 9 (2011) 090511

N
3 Dyt mm) — yl(t T m))|
i=p+1

N
< { Z Mi|n; —ni| + My(N — P —1)
i=p+1

< | Kel|Va)o—d | /c}
x exp{Mi[L+ || K || ¢(N —p—1)
x (Ap+ 1)](m —1)}.
Then
{ > Iyi(t;ﬂm)—yz’-(t;r,né)l}

1=p+1

N
< { > Miln;—m=;|+M(N-P-1)
i=p+1

< | Ke|[Valo—o | /4]
x exp{aMi[L+ || K || ¢(N —p—1)
x (Ap+ )]+ a}(r —¢t).

Consequently,

1Gi(o) (ryms) — Gi(0") (s )
_ ‘ / B (B0 (Y1, Upsas - YN )

p N
—Kl Z Clj.’I}j—Kl Z Cl;Y;

J=1.j#1 j=p+1

_F‘l(o—l/(yéﬂ»lv yéJer sy y;V))

p N
+K; Z Clj.’B;»—FKl Z cljy;ds

J=1,j#l Jj=p+1
T P
< M)\Ma / eﬁ(TS){Z[Uj(yp-‘rlvyp-‘rQa"'7yN)
oo =
_J;'(y;/H»lﬂ y;la+2’ ) ;\/)]
N «@
+( > 1y —y§|> }ds
Jj=p+1
AM M2
< MMM gt

AM M, (1 + Ap)
f—af—aM[Llt || K[| (N —p—1)(Ap+1)]

N
< [My > |y — )|
Jj=p+1

+M(N =P —1) | Kc| V2] o—d| /¢

+

If|oc—0o ||<1,then || o —0o||<|| o — 0o ||* where
0 < a < 1, and we have

| Gi(o) = Gi(a”) ||

- AM M2
- B
+

lo—a"||*

AM My (1 + Ap)
B—aC—abh[L+ || K || ¢(N—p—1)(Ap +1)]

N
X {Ml > Inj—njl

Jj=p+1

CMUN - P 1) ||Kc||ﬂ||oo’||/<} .

Then

| Glo)m) - G |

[Z | Gio) () — Gl H
=1

AMMq (1 + Ap) yB(My SN Iy —m) )

= B—at—adh[Lt | K | e(N—p-1)(Ap+ 1]
(14)

1/2

IA

Thus the operator G' is a bounded map on Fp a.
Based on the Schauder fixed point theorem, we have

1G (@) ]l0,a
|G(0)(y) — G(o)(y')]
ly —y'|*

<D+ A,

i.e., G maps Fp A to Fp a.
(b) G is a continuous map.
For Ve > 0, J|o1(y) — o2(y)| < /34, |o1(y) —
o2 (W/ly—y'|* <e/34, [o1(y') —o2(y)l/ly—y'|* <
€/34A, we have
1G(o1) — G(o2)l0.a
— Sup, G(1()) — G(02(v))|
+5upy 2, {[[G(01(y)) — Glo2(y))]
=[G(o1(y) = Glo2(y)I/ly — ¥'|*}
< e.

(¢) G maps bounded sets to compact sets in
CO’Q/Q N FD,A-

According to inequality (14), |G(o)(y) —
G(o)(Y)| < Aly —y'[*?. When |y —y/| < § =
(e/A)%/<, the family of functions {G(c(y))} with pa-
rameter y are uniformly bounded. By using the Arzela
theorem in Appendix A, there exists a convergent
function sequence {G(0,)} in {G(0)} on C**NFp .
Let gmn(y) = G(om(y)) — G(on(y)), we have

Igmn(y) — Jmn(Y')]
PRI
_ [1G(om(y)) =G(on(y)) =Glom(y')+Glon(¥))]
ly -y

o
2c
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X ‘gmn(y) - g'rrm(y/”lia/zo"

Since C%* N Fp A is bounded,

G(om(y)) —G(on(y) = Glom(y") +G(an(y"))]
ly —y'l®

is also bounded. Suppose the upper bound is K, then

Hgmn”O,a/Z
‘gmn(y) — Imn (y/)|

Sup,, [gmn (Y)| + Supy.4,

ly —y'|*/?
< Supy[Gmn ()| + KSUDy Ly [9mn (¥) = g (¥)]
> 1/2
< Ngmnllo + 2K || gmnlls®. (15)

It means that if {G(0,)} is a Cauchy function se-
quence in C% it is also a Cauchy function sequence in
C%/2 then {G(c,)} is convergent in C%*/2 N Fp A.

According to the above results (a), (b), (c),
and the Schauder fixed point theorem, the op-
G(o) in
coe/2 0 Fp A, ie., there exists a Holder continu-
ous GS manifold between systems (4) and (5): S =
{(z1,22,..., Tp, Yp+1, Yp+2,-- -, YN)|(T1, T2, ..., &p) =
0(Yp+1, Yp+2s- - -, YN), —00 < t < +oo}, which satis-
fies inequality (10).

erator G has a fixed point ¢ : o =

In addition, the manifold S is invariant. Sup-
pose (3310, L20, - -5 Lp0, y(P+1)07 y(p+2)07 LRI >yN0> S S;
Zi0 = 01(Y(p+1)0> Y(p+2)05 - - - » YN0), for equation

diL’l

— = Bix; + Fi(x

a1 1] i(1)

P
- K Z 1§05 (Yp+1, Yp+2:- - -, YN)
J=1,j#l

N

- K, Z c;y;, xi(to) = xi0,
Jj=p+1
l=1,2,...,p,

let z;(t) = o1(yp+1(t), Yp+2(t), ..., yn(t)), there ex-

ists the unique solution

¢
x(t) = / e B [ F(01(Ypr1, Ypt2, - - - YN))

P
- K; Z 105 (Yp+1: Ypt2s - - -
J=L#l
N
—Kl Z cljyj]ds.

Jj=p+1

7yN)

Moreover, x;(t) is bounded when ¢ — oco. It means
that .S is invariant.

2.2. The second kind of Holder continu-
ous GS

In this subsection, we assume that the first p sys-
tems of Eq. (2) have asymptotically stable periodic
solutions Z;(t) = z;(t + T;), T; > 0. Let z(t) =
(z1(t), @a(t), ..., 2p(t)), Z(t) = (®1(t + T1), Z2(t +
Ty),...,&,(t + Tp)), and ei(t) = x(t) — &(t), | =

1,2,...,p, then
del -
= Ay + fi(z) — K, ;Cljwj

N
— Az + fi(z) — Kiepz] — K, Z clyYj

Jj=p+1
p
= A|(t)e; + Fi(x, @) — K| Z Clj(f:j + Ej)
J=1,j#l
N
- K, Z a;j(y; +€j), (16)
Jj=p+1

where A;(t) = A, — Kicy + Dfi(x)), Fi(z,, &) =
fl(.’Bl) — fl(‘il) — Dfl(izl)el. By using lemma 2 in
Appendix A and e;(t) = Z; '(t)w(t), we transform
Eq. (16) into

dw _
= B+ 2Rt 27 (un(0) + (1)
p
X |:— K, Z Clj(il_,'j + Zj_le)
J=1,j#l
N
K ) oy + Zjle)]. (17)
j=p+1

Then the corresponding GS manifold x;(t) = &;(t) +

o1 (Yps1(t), Ypia(t),. ..
formed to

,yn(t)) near x;(t) is trans-

el(t) = Z;  (wi(t) = or(Yps1(t), Ypsa(t), ..., yn (b)),
where
wi(t) = Zi(t)or(t, Ypr1(t), Ypi2(t), ..., yn(t))

= Si(Yp+1(8), Yp+2(t), ... yn (1))

Obviously, the existence of the first kind of Holder
GS manifold between systems (4) and (17) implies the
existence of the second kind of Hélder GS manifold be-
tween systems (4) and (5). With lemmas 2 and 3 in
Appendix A, we derive the following theorem, which
is similar to theorem 1.

Theorem 2 In systems (4) and (17), if the fol-
lowing conditions are satisfied:

P
ZR(Z7 w) - 2K Y ay(@; + 25 w;)
j=1j#l

090511-5
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N
—- 2K, Y ey -

N
Z Fy(Z;  w)) - 2K, Yy <N,
j=p+1 j=p+1
p N leBrt] < Me™Pt
+ 2K Y i@+ 27 wh) + 2K Y ey
Jj=1,j#l Jj=p+1
» N and solutions wy;(t) = wy;(t;7,m:) (¢ = p+ L,p +
< AM, {Z lw; — wj| + Z ly; — y§|“], 2,...,N) of Eq. (4) exist on (—oo,7), moreover, for
=1 J=ptl any 7); and 7., the following inequalities are satisfied:
0<a<l,
—1 ~
|2 F\(Z] ) — 21K, Z cjx; 25 | <D, MN <D
J=1,j#l B
|
AMMay2p MMM+ Ap)p{M(N —p—1) || Ke |l v2/G* _ |

g B—a¢—aM(L+ || Kc| (N —p—1)(Ap+1))
AM M, (1 + Ap)/pM{"

F—al —abh(Lt [ K (N —p-D@piD) ==

where X\, M, My, N, 3, ¢, D, and A are non-negative constants, then a first kind of Holder continuous GS

manifold

S = {(’UJh'LUQ, sy Wps Ypi 1, Ypt2, - - -

there
exists a second kind of Holder continuous GS
o t) =
zi(t) +

exists between systems (4) and (17), i.e.,

manifold between systems (4) and (5):

jl(t) + Ul(yp+l(t)7yp+2(t)v s ,yN(t)) -
Z7 OZu(Yp1 (1), Ypr2(t), - Yn (1)

3. Numerical simulations

In order to illustrate the aforementioned theoreti-
cal analysis clearly, we take a dynamical network with
10 nodes for example, the first 5 nodes are the Rossler
systems, the other 5 nodes are the Lorenz systems.
The network is descried by the following Egs. (18)
and (19).

q —Qa2 a2
Yi
dtL =1b =1 0 |¥+ |—yays
0 Yi1Yi2
- K; Zc”yj K, Zc”a:], (18)
where i = 677a R} 107 Y, = (yi17yi2ayi3) € R37 ma-

trix K; denotes the coupling strength, and ¢;; is the
linking parameter. We know that when as = 10, b5 =

7yN)|(w17w27"'

7wp) = Z(yp+17yp+27"'ayN)7_oo <t < +OQ}

\
28, co = 8/3, the Lorenz system is chaotic.

0-1 -1 0
% =11 0 | x + 0
a |t " :
00 — Ti1%i3 + by
5 10
—Klchjwj —Klchjyj, (19)
j=1 =6
where | = 1,2...,5, & = (211,212, 713) € R3. When

a1 = 0.2,b; = 0.2,¢c; = 5.7, the Rossler system is also
chaotic.

From Egs. (18) and (19), we have two parts of the
modified systems,

_7(12 a2 0 0
dy;
Q& b =1 0 |Yi+ |—viyis
i 0 0 —c Yi1Yi2
— K¢, (20)
[0 -1 -1 0
d:cl
ﬂ =11la; O T + 0
_O 0 —C1 xﬂxig-i-bl
— Kjcjx;. (21)

We use the auxiliary system approach to verify the GS
between systems (18) and (19). The auxiliary system
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of Eq. (19) is introduced as

4 0-1 -1 0
X
Al X
dt 1 al 0 1+ 0
00 —c; Xi1 X3+ b1
5 10
j=1 =6
The diagonal elements of matrix C' = (c¢;ij)10x10

are chosen to be (1, 2, 1, 1, 2, 2, 3, 4, 4, 4), the
initial values of systems (19) and (21) are chosen
as (0) = (21(0),22(0),...,25(0)) = ((0.2,0.4.0.6),
(0.8,1.0,1.2), ..., (2.6,2.8,3.0)), the initial values of
systems (18) and (20) are y(0) = (y5(0), ys(0), ...,
y10(0)) = ((3.2,3.4,3.6), (3.8, 4.0, 4.2), ..., (5.6, 5.8,
6.0)), and for system (22), X (0) = (X1(0), X2(0), ...,
X5(0)) = ((0.1,0.2.0.3), (0.4, 0.5, 0.6), ..., (1.3, 1.4,
1.5)).

yia(t)

0

Yy (@) 20

yiat)

-200

Fig. 1. (colour online) Graphical representations of the
modified systems (20) (¢ = 6,7,...,10, and five chaotic
attractors with different colors coincide with each other).

The first kind of GS In this case, the solu-
tions of Eq. (21) have an asymptotically stable equi-
librium and the systems in (20) are chaotic. We select
K, = diag{0.5,0.5,0.5}, (I = 1,2,...,5) and K; =
diag{0.05,0.05,0.05}, (i =6,7,...,10). Then we find
that the systems in Eq. (21) approach asymptoti-
cally stable equilibrium, which are (—0.0084, —0.0280,
0.0322), (-0.0132, —0.0166, 0.0298), (—0.0084,
—0.0280, 0.0322), (—0.0084, —0.0280, 0.0322) and
(—0.0132,—-0.0166,0.0298), respectively, while the
systems in Eq. (20) are still chaotic (see Fig. 1).
The systems in Eq. (19) and the auxiliary systems
in Eq. (22) carry out the CS, which is shown in Fig. 2.
Based on the auxiliary system method, we show that
systems (18) and (19) realize the GS.

2.5

2.0

1.5

ei(t)

1.0

0.5

0 L

—0.5 L L L L H L L L
0 200 400 600 800 1000
t

Fig. 2. Graphical representations of errors between sys-

tems (19) and (22). e(t) = /S0, (2ni(t) — Xiu(8)2,
1=1,2,...,5.

The second kind of GS In this case, the sys-
tems in Eq. (21) collapse to orbital asymptotically sta-
ble periodic solutions and the systems in Eq. (20) are
still chaotic. We choose K; = diag{0.06,0.06,0.6},
(1=1,3,4), K; = diag{0.03,0.03,0.3}, (I = 2,5), and
K; = diag{0.05,0.05,0.05}, (i =6,7,...,10). The re-
sults are shown in Figs. 3-5. Especially, in Fig. 3, we
can see a colourful curve. In fact, it is coincided with
five curves, which have different colours and represent
the periodic solutions of the modified systems (21).

10

Rz
® —10—-10 :mkﬂ

Fig. 3. (colour online) Graphical representations of the
modified systems (21) (I =1,2,...,5, and five curves with
different colours coincide with each other).

30
10/
=

> _10/
—30.
20

i
iy Z) —200 ym(ﬂ

Fig. 4. (colour online) Graphical representations of the
modified systems (20) (i = 6,7, ..., 10, and five chaotic at-
tractors with different colours coincide with each other).
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2.5

er(t)

0 1000 2000 3000

t

Fig. 5. Graphical representations of errors between the

systems (19) and (22). ¢;(t) = \/Z 1 (i (t) — X43(¢))2,
l=1,2,...,5.

On the whole, from the results of the above sim-
ulations, it can be seen that the chaotic systems in
network (1) achieve the two kinds of GS.

4. Conclusion and discussion

Although the GS phenomenon exists in nature
universally, the mathematical mechanism of the GS of
chaotic systems has been unclear over the years due to
its complexity. Theoretical analysis of the GS in com-
plex dynamical networks, which are being studied in
many fields of science and engineering today, is still in-
sufficient. The problem is solved partly in this paper.
However, theorems derived here give the sufficient but
not the necessary conditions. It is valuable to point
out that some other kinds of GS can be analyzed in the
same way, for example, a network in which some mod-
ified systems collapse to orbital asymptotically stable
quasi-period solutions, while the others are chaotic.
There are still many problems to be solved, such as
the problem where all modified systems are chaotic.
We will focus on such topics in the future.

Appendix A

Proof of inequality (6) Due to

dy;
dr = Ay + fi(y:) — K; Z cijy; — K; ZCZJ.’E],
Jj=p+1
i=p+1,p+2,...,N,
dy;
dt = Azyz+.fz yz - K; Z Czjy] K; Zcz] L,

Jj=p+1

i=p+1,p+2,...,N,

then
dy; — dy;

= A;(y;
T (y.

—y;) + filyi) — fi(yi)

N
- K; Z cij(yj

J=p+1
p

_Ki E cij(wj
j=1

The solution of the equation can be described as:
e(AifKiCii)(Tft) (nz _ T’;)
+ [ AT )~ £i(w)

N
- K; Z

Jj=p+1,j#i

P
- K; Z cij(z; — aj)]ds,
=1

i=p+1,p+2,...,N.

yryé =

cij(y; — )

Consequently, the inequality (6) holds.

Lemma 1P Suppose é(t), 9 (t), and w(t) are
w(t) >0, ¢(t) is
a monotonous non- negative and non-decreasing func-
tion, if ¢(t) < ) + f s)ds, then ¢(t) <
(1) el ee)ds

Schauder fixed point theorem!3!! Let M be a
non-empty, closed and convex bounded subset of a Ba-

continuous functions defined on [a, ],

nach space B, and suppose F' : M — Mis a compact
operator, then F' has a fixed point.

Arzela theorem[®!! Suppose 2 is a bounded
region in R”, M is the subset of Co(£2). If (i) for
any f € M, there exists a constant K such that
Supgcolf(x)] < K; (i) for any fixed ¢ > 0, there
exists § > 0, |t —y| < 6, ¢, y € Q such that
|f(x) — fy)| < &, Vf € M, then there exists the
function sequence {f,} in M C Cy(£2) converges to f.

(32]

Lemma 2 For a linear periodic differential

equation described as:

dz

— = A(t)z,

a (A1)

where A(t) is a continuous function, A(t +T) = A(t),

T > 0. Then there exists a continuous function Z(t)
with period T, and the equation (Al) can be trans-

formed into (A2) using w(t) = Z(t)x,
dw

where B is a constant matrix.
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Lemma 3032

Suppose the real parts of the

eigenvalues of the matrix B in the equality (A2)

are (31, 32,..., 3, the eigenvalues of %[A(t) + A*(t)]
are aq(t),as(t),...,an(t). Then there exists a
unitary matrix S(t) = [S;;(t)] such that 3, =

T .
% fO Z;Lzl |Si7j (t)|2ai7j (t)dt7 i=1,2,...,n

References

(1]
2]
(3]

(4]
(5]
[6]

Pecora L M and Carroll T' L 1990 Phys. Rev. Lett. 64 821
Lu J Q and Cao J D 2007 Physica A 382 672

Hu M F and Xu Z Y 2008 Nonlinear Anal. Real World
Appl. 9 1253

Zhou J, Xiang L and Liu Z R 2007 Physica A 384 684
Wu J S and Jiao L C 2008 Physica A 387 2111

Lu J Q and Cao J D 2007 Nonlinear Anal. Real World
Appl. 8 1252

Li R H, Chen W S and Li S 2010 Chin. Phys. B 19 010508
Fu S H and Pei L J 2010 Acta Phys. Sin. 59 5985 (in
Chinese)

Liu Y Z, Jiang C S and Lin C S 2007 Acta Phys. Sin. 56
707 (in Chinese)

Hu A H and Xu Z Y 2008 Phys. Lett. A 372 3814
Gonzélez-Miranda J M 2002 Phys. Rev. E 65 047202
Uchida A, McAllister R, Meucci R and Roy R 2003 Phys.
Rev. Lett. 91 174101

Rogers E, Kalra R, Schroll R, Uchida A, Lathrop D P and
Roy R 2004 Phys. Rev. Lett. 93 084101

Li G H 2007 Chin. Phys. 16 2608

Rulkov N F, Sushchik M M and Tsimring L S 1995 Phys.
Rev. E 51 980

[16]

(17]
(18]

[19]
[20]
[21]
[22]

23]
24]

(25]

[26]
27]

(28]
29]
(30]

(31]

(32]

090511-9

Abarbanel H D I, Rulkov N F and Sushchik M M 1996
Phys. Rev. E 53 4528

Kocarev L and Parlitz U 1996 Phys. Rev. Lett. 76 1816

Hramov A E and Koronovskii A A 2005 Phys. Rev. E 71
067201

Li F, Hu A H and Xu Z Y 2006 Acta Phys. Sin. 55 590
(in Chinese)

Guo L X and Xu Z Y 2008 Acta Phys. Sin. 57 6086 (in
Chinese)

Hu A H, Xu Z Y and Guo L X 2009 Acta Phys. Sin. 58
6030 (in Chinese)

Zhang R and Xu Z Y 2008 J. Sys. Sci. Math. Scis. 28
1509 (in Chinese)

Guo L X and Xu Z Y 2008 Chaos 18 033134

Hu A H, Xu Z Y and Guo L X 2009 Nonlinear Anal.
Theory Methods Appl. 71 5994

Hu A H, Xu Z Y and Guo L X 2009 Phys. Lett. A 373
2319

Wu J S and Jiao L C 2008 Physica D 237 2487

Wu J S and Jiao L C 2008 IEEE Trans. Circ. Syst. 11 55
932

Zhang Q L and Li L 2011 Chin. Phys. B 20 010510

Qi W and Wang Y H 2009 Chin. Phys. B 18 1404

Hung Y C, Huang Y T, Ho M C and Hu C K 2008 Phys.
Rev. E 77 016202

Wang R H and Wu Q Z 1979 Lectures on Ordinary Dif-
ferential Equations (Beijing: Peopel Eduation Press) (in
Chinese)

Ling Z S 1986 Almost Periodic Differential Equation and
Integral Manifold (Shanghai: Shanghai Science and Tech-
nology Press) (in Chinese)



