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Yang–Yang thermodynamics of one-dimensional Bose

gases with anisotropic transversal confinement∗
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By combining the thermodynamic Bethe ansatz and local density approximation, we investigate the Yang–Yang

thermodynamics of interacting one-dimensional Bose gases with anisotropic transversal confinement. It is shown that

with the increase of anisotropic parameter at low temperature, the Bose atoms are distributed over a wider region,

while at high temperature the density distribution is not affected obviously. Both the temperature and transversal

confinement can strengthen the local pressure of the Bose gases.
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1. Introduction

Since the experimental realization of one-
dimensional (1D) quantum gas,[1−5] it has become
a popular platform to study the many-body physics
of strong correlated low-dimensional quantum sys-
tems. Low-dimensional quantum gas can be realized
by confining the atom to the transversal ground state
with a strong anisotropic magnetic trap or a two-
dimensional optical lattice, which can be described
with an effective 1D “toy” model theoretically.[6−8]

The effective 1D interaction can be tuned in the full
interacting regime with Feshbach resonance or con-
finement induced resonance by changing the mag-
netic field. As the Bose gases evolve from a weakly
interacting regime to a strongly interacting Tonks–
Girardeau (TG) regime, the ground state density pro-
files evolve from a Gauss-like density profile to a
Fermi-like shell structure.[9−11] Besides the strongly
interacting TG gases,[12−14] the bound states of atoms
with repulsion[15] and super TG gas[16−21] have also
been realized by a sudden quench of interaction, both
of which have no analog in traditional condensed mat-
ter physics for strong dissipation.

It is the 1D ultracold atomic gases that en-
able us to investigate exotic quantum properties that
are impossible in solid states. Theoretically, the
strongly correlated 1D many-body system cannot be
described by mean-field theory[22,23] and we have to

adopt a non-perturbation method such as the Bethe
ansatz,[8−11,24−26] the Bosonization method,[27] ex-
act diagonalization,[28−30] and the Bose–Fermi map-
ping method (BFM).[31] In particular, the thermody-
namic Bethe ansatz (TBA)[32−34] gives exact results
for the thermodynamic properties of a 1D homoge-
neous many-body system at finite temperature. The
exact theoretical result for the density profiles of in-
teracting Bose gases in 1D has been compared with
the experimental measurement and they match well
quantitatively.[35] More recently, Haller et al. realized
1D quantum gas with tight anisotropic transversal
confinement,[5] which was isotropic before. In this pa-
per, we investigate the density profiles of 1D Bose gas
trapped in a harmonic trap at finite temperature for
different anisotropic transversal confinement by com-
bining the TBA and the local density approximation
(LDA).

2. Model and method

We consider Bose gas consisting of N atoms of
mass m confined in an anisotropic harmonic trap
Vext(r) = m

(
ω2

xx2 + ω2
yy2 + ω2

zz2
)
/2. We also intro-

duce η = ωy/ωz to denote the transversal anisotropic
parameter. When the transversal confinement (y and
z) is strong enough, the system can be described by
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the Hamiltonian in second quantized form as

H1D =
∫

dx

{
~2

2m

∂ψ̂†(x)
∂x

∂ψ̂(x)
∂x

+Vext (x) ψ̂†(x)ψ̂(x)

+
g1D

2
ψ̂†(x)ψ̂†(x)ψ̂(x)ψ̂(x)

}
, (1)

where the interacting constant g1D depending on the
transversal confinement and the atomic s-wave scat-
tering length a3D is[36]

g1D =
2~2a3D

md2
⊥

√
η

1 − C (a3D/d⊥)
, (2)

which can be tuned by magnetically Feshbach reso-
nances from the strong attractive interaction limit to
the strong repulsive interaction limit. The field op-
erator Ψ †(x) (Ψ(x)) creates (annihilates) an atom at
position x. Here, the characteristic oscillator length
in y direction is d⊥ =

√
2~/mωy and the constant C

is determined by the integral

C = −
∫ ∞

0

dt√
πt

[ √
η√

(1 − e−ηt) (1 − e−t)
−√

η − 1
t

]
.

For isotropic transversal confinement (η = 1), we
have C ≈1.4603. It should be noticed that C is not
monotonous with the increase of anisotropic parame-
ter η.

The corresponding first quantized Hamiltonian is

H =
N∑

j=1

[
− ~2

2m

∂2

∂x2
j

+ Vext(xj)

]
+g1D

∑
j<l

δ(xj − xl). (3)

The model in the homogeneous trap is integrable and
its exact solution can be obtained by the Bethe ansatz
method.[37]

Subsequently, we review the Yang–Yang thermo-
dynamics[32] for 1D Bose gas at finite temperature.
The Bethe ansatz equations for the model with a pe-
riodical boundary condition in the absence of an ex-
ternal trap (Vext(xj) = 0) take the formulation of

kjL = 2πIj −
N∑

l=1

tan−1 kj − kl

c
, (4)

with c = mg1D/~2, where {kj} (j = 1, 2, . . . , N) are
quasi-momenta and {Ij} are quantum numbers de-
termining an eigenstate. In the thermodynamic limit

(N,L → ∞ with N/L finite), the Bethe ansatz Eq. (4)
reduces to the form of integral equation

ρ(k) + ρh(k) =
1
2π

+
1
2π

∫ ∞

−∞

2cρ(k′)
c2 + (k − k′)2

dk′, (5)

with the density of k roots ρ(k) and the correspond-
ing hole distribution ρh(k). The energy density of the
system can be expressed as

E/L =
∫ ∞

−∞
ρ (k) k2dk, (6)

with particle density N/L =
∫ ∞
−∞ ρ (k) dk. The en-

tropy of 1D Bose gas at finite temperature can be
written as

S/L

=
∫ ∞

−∞
dk

[(
ρ + ρh

)
ln

(
ρ + ρh

)
− ρ ln ρ − ρh ln ρh

]
.

(7)

While the free energy is defined by

F = E − TS − µN,

where E and S are given by Eqs. (6) and (7), respec-
tively, and the Lagrange multiplier µ is introduced
to conserve the number of total atoms. At tempera-
ture T the thermal equilibrium can be arrived at by
minimizing the free energy with the condition δF = 0
subjected to constraint Eq. (5), which leads to the fol-
lowing nonlinear integral equations, called TBA equa-
tions:

ε (k) = −µ + k2

−Tc

π

∫ ∞

−∞
dk′ ln {1 + exp [−ε (k′) /T ]}

c2 + (k − k′)2
, (8)

where ρh(k) = ρ(k) exp [ε (k) /T ] has been defined.
Thus, Eq. (5) becomes

2πρ(k) {1 + exp [ε (k) /T ]}

= 1 + 2c

∫ ∞

−∞

ρ(k′)dk′

c2 + (k − k′)2
.

When ε (k) is determined, the thermodynamic quanta
such as pressure can be obtained by

P =
T

2π

∫ ∞

−∞
dk′ ln [1 + exp (−ε (k′) /T )] , (9)

with which the free energy can be expressed as F =
−PL + µN .

For the Bose gas in a harmonic trap with Vext =
mω2

xx2/2, we can determine the density distribution of
the 1D Bose gas with anisotropic transversal confine-
ment by using the LDA.[8,38] According to the LDA,
it is assumed that the system is in local thermody-
namical equilibrium at each position x in the exter-
nal trap. The density distribution of the quantum
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gas can be obtained from the local equation of state
µ (x) = µ − mω2

xx2/2 under the Thomas–Fermi ap-
proximation. At specific temperature we firstly ob-
tain ε(k) by solving Eq. (8) with an iteration method
and then the quasimomentum distribution can be ob-
tained with the same method. Combining it with the
LDA, we can determine the local density at point x by
the corresponding local chemical potential formulated
as

n (x) =
∫ ∞

−∞
ρ (µ (x) , x, k) dk. (10)

When the temperature is low enough that kBT ¿
~ωy,z, which is so small that the atoms cannot pop-
ulate at the transversal excited states by thermal ex-
citation, it is enough to consider only the transversal
ground state such as the density distributions of Bose
atoms at finite temperature determined completely by
Eq. (10).

When the temperature is not very low, the
transversal excited states might be occupied with an
unnegligible fraction but the interaction only affects
the density distribution of transversal ground state,
and the atom population in transversal excited states
can be described as ideal Bose gas, i.e.,

n
nry,rz
ex (x)

=
1
2π

∫ ∞

−∞

dk

exp
[(

~2k2

2m
− µry,rz (x)

)
/kBT

]
− 1

,

where the chemical potential of each excited state
µry,rz in thermal equilibrium is given by

µry,rz (x) = µ (x) − (ry~ωy + rz~ωz).

The total density distribution of the 1D Bose gas with
anisotropic transversal confinement can be given by
summing over the transversal ground state and all
transversal excited states as

ntot (x) = n (x) +
∞∑

ry+rz=1

nry,rz
ex (x) .

3. Results and discussion

In the present paper, we investigate the quantum
gas of 133Cs confined in a harmonic trap with longitu-
dinal trap frequency ωx = 2π × 16 Hz and transversal
trap frequency ωz = 2π × 13.2 kHz in the z direc-
tion corresponding to the parameters in the experi-
ment reported by Ref. [5]. The atomic s-wave scat-
tering length in three dimensions is a3D = 270a0 with

a0 being the Bohr radius. By changing the trap fre-
quency ωy in the y direction, we can tune the transver-
sal anisotropic parameter η and thus the effective 1D
interacting constant U = g1D/l~ωx, where the char-
acteristic oscillator length in x direction l =

√
m/~ωx

equals the unit length. In Fig. 1, we plot the effec-
tive interaction regime to be investigated, where the
interaction between atoms is repulsive and U becomes
strong rapidly with the increase of anisotropic param-
eter η. In the following evaluation the unit of energy
is taken as ~ωx, which is equal to the temperature
0.77 nK.

Fig. 1. Effective 1D interacting constant U versus

anisotropic parameter η.

In Fig. 2, we display the total density distribu-
tions for the quantum gas of 200 Cs atoms for η = 1.00
(U = 13.4536) and 5 (U = 30.743) at different tem-
peratures. In both situations the Bose gases are in a
strongly interacting regime. As a comparison we plot
the density profiles of Tonks gases at zero tempera-
ture. It is shown that at low temperature the density
profiles behave as a Gaussian-like Bose distribution.
As the temperature increases, the Bose atoms will be
distributed over a wider region because more and more
atoms are stimulated to the high excited states by the
high temperature, including both the longitudinal ex-
cited states and the transversal excited states. Those
atoms with high energy will be distributed with more
probability in the region away from the centre of the
harmonic trap. In addition, the increased anisotropic
parameter will broaden the density profiles at low tem-
perature, while those at high temperature are not af-
fected obviously. That is to say, when the temperature
is high enough the atom population at different energy
levels will not be affected obviously by the strong in-
teraction.

We exhibit both the density profiles of the
transversal ground state and the transversal excited
states with anisotropic parameter η = 1 and η = 5
in Fig. 3. As we expected, when the temperature is
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low enough all Bose atoms populate at the transversal
ground state even in the strongly interacting regime.
In this case, the result from the TBA can describe the
density plot of the 1D Bose gas. While because the
temperature is in the same order of magnitude as the
transversal confinement, we should consider the atoms
excited to the high transversal energy states. With the
increase of temperature more and more atoms will be
stimulated to the transversal excited states and the
atoms still populated at the transversal ground states

are also distributed in the region away from the centre
of the harmonic trap because the atoms are heated up.
With the increase of anisotropic parameter η, stronger
transversal confinement induces atoms in a smaller re-
gion in the transversal direction and, meanwhile, it
makes the 1D interaction strength larger, which stim-
ulates more atoms to populate at high longitudinal
excited states and thus affects the density distribution
in the longitudinal direction.

Fig. 2. (colour online) Density distribution for the 1D Bose gas with N = 100: (a) η = 1, (b) η = 5.

Fig. 3. (colour online) Density distribution of the 1D Bose gas with N = 200 for anisotropic parameter η = 1 ((a)

and (b)) and η = 5 ((c) and (d)). Left column: transversal ground state; right column: transversal excited states.
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In Fig. 4, we display the atom number in the
transversal ground state and transversal excited states
with the change of temperature. It is shown that when
the transversal confinement is strong enough and the
temperature is not so high (T < 200~ωx), consider-
ing only the transversal ground state is enough and
the TBA can describe the density distributions of 1D
Bose gases very well. Similar to the evaluation of den-
sity profiles, the local pressure can be obtained by
combining Eq. (9) with the LDA. In Fig. 5, we dis-
play the local pressure of the 1D Bose gases trapped
in the harmonic trap. The atoms located at the cen-
tre of the trap exhibit a stronger pressure and both
the increased anisotropic parameter and temperature
strengthen the pressure of the Bose gases obviously.
Although with the increase of temperature the atoms
at the transversal ground state become small, the sys-
tem exhibits stronger pressure. As the transversal
confinement becomes strong, more atoms will stay at
the transversal ground state and exhibit stronger pres-
sure.

Fig. 4. (colour online) The atom number versus temper-

ature for the 1D Bose gas with N = 200 for η = 1 (a) and

η = 5 (b).

Fig. 5. (colour online) The local pressure for the 1D Bose

gas with N = 200 for η = 1 and η = 5.

4. Conclusion

We have investigated 1D Bose gases in a har-
monic trap with anisotropic transversal confinement
at finite temperature. The density profiles and pres-
sure are evaluated by combining the TBA and the
LDA. In the case of low temperature, as the transver-
sal anisotropic parameter increases, the Bose atoms
are redistributed in the trap. More atoms populate
in the region away from the centre of the harmonic
trap, where higher potential energy can be obtained.
The density profiles become broader and decrease to
zero rapidly at the boundary, which is similar to po-
larized Fermi distributions. The system can be de-
scribed well by the TBA. In the case of higher tem-
perature, more atoms populate in the longitudinal ex-
cited states and we have to consider the atoms stim-
ulated to the transversal excited states. The density
distribution will not be affected dramatically by the
transversal anisotropic parameter. The investigation
on the pressure of transversal ground state shows that
although with the increase of temperature the num-
ber of atoms populated at the transversal ground state
becomes small, its pressure becomes strong. The in-
creased transversal confinement also makes the pres-
sure strong.
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J H, Daley A J, Kantian A, Büchler H P and Zoller P 2006

Nature 441 853

[16] Astrakharchik G E, Boronat J, Casulleras J and Giorgini

S 2005 Phys. Rev. Lett. 95 190407

[17] Batchelor M T, Bortz M, Guan X W and Oelkers N 2005

J. Stat. Mech.: Theory Exp. L10001

[18] Chen S, Guan L, Yin X, Hao Y and Guan X W 2010 Phys.

Rev. A 81 031609(R)

[19] Chen S, Guan X W, Yin X, Guan L and Batchelor M T

2010 Phys. Rev. A 81 031608(R)

[20] Guan L and Chen S 2010 Phys. Rev. Lett. 105 175301

[21] Wang L, Hao Y and Chen S 2010 Phys. Rev. A 81 063637

[22] Zhou Q, Lu J F and Yin J P 2010 Chin. Phys. B 19 093202

[23] Wang Z X, Ni Z G, Cong F Z, Liu X S and Chen L 2010

Chin. Phys. B 19 113205

[24] Fuchs J N, Gangardt D M, Keilmann T and Shlyapnikov

G V 2005 Phys. Rev. Lett. 95 150402

[25] Guan L, Chen S, Wang Y and Ma Z Q 2009 Phys. Rev.

Lett. 102 160402

[26] Batchelor M T, Bortz M, Guan X W and Oelkers N 2006

J. Stat. Mech. P03016

[27] Cazalilla M A and Ho A F 2003 Phys. Rev. Lett. 91 150403

[28] Deuretzbacher F, Bongs K, Sengstock K and Pfannkuche

D 2007 Phys. Rev. A 75 013614

[29] Hao Y and Chen S 2009 Eur. Phys. J. D 51 261

[30] Hao Y, Zhang Y, Guan X W and Chen S 2009 Phys. Rev.

A 79 033607

[31] Girardeau M D and Minguzzi A 2007 Phys. Rev. Lett. 99

230402

[32] Yang C N and Yang C P 1969 J. Math. Phys. 10 1115

[33] Yin X, Chen S and Zhang Y 2008 Phys. Rev. A 79 053604

[34] Zhao E, Guan X W, Liu W V, Batchelor M T and Os-

hikawa M 2009 Phys. Rev. Lett. 103 140404

[35] Amerongen A H V, Es J J P V, Wicke P, Kheruntsyan K

V and Druten N J V 2008 Phys. Rev. Lett. 100 090402

[36] Peng S G, Bohloul S S, Liu X J, Hu H and Drummond P

D 2010 Phys. Rev. A 82 063633

[37] Lieb E H and Liniger W 1963 Phys. Rev. 130 1605

[38] Menotti C and Stringari S 2002 Phys. Rev. A 66 043610

090501-6


