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In this paper, we propose a controlled quantum state sharing scheme to share an arbitrary two-qubit state using a
five-qubit cluster state and the Bell state measurement. In this scheme, the five-qubit cluster state is shared by a sender
(Alice), a controller (Charlie), and a receiver (Bob), and the sender only needs to perform the Bell-state measurements
on her particles during the quantum state sharing process, the controller performs a single-qubit projective measurement
on his particles, then the receiver can reconstruct the arbitrary two-qubit state by performing some appropriate unitary
transformations on his particles after he has known the measured results of the sender and the controller.
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1. Introduction

In the quantum information theory, entan-

glement plays a key role in most quantum in-

(1,2]

formation processes. Quantum entanglement is

a valuable resource for the implementation of
quantum computation and quantum communica-
tion protocols, such as quantum teleportation,—23!
quantum key distribution,? quantum secure di-
rect communication,?® dense coding,?6~28) quantum
computation,?? and remote state preparation.30—33]
Quantum teleportation is regarded as one of the most
profound results of the quantum information the-
ory. In the original quantum teleportation protocol of
Bennett, ! it was shown that an unknown state of a
qubit can be perfectly transported from a sender Alice
to a remote receiver Bob with the aid of the long-range
Einstein—Podolsky—Rosen (EPR) correlation and the
transmission of two bits of classical information with-
out the transmission of the carrier of the quantum
state.

Recently, the branch for sharing an unknown

quantum state was generated, which is called the

quantum state sharing (QSTS). It is the extension
of the quantum secret sharing of an unknown state
among several agents in use of the multipartite entan-
glement. In 2005, Deng et al.*¥ presented a scheme
for multi-parties arbitrary two-particle state sharing
with the EPR pairs. In the previous work about quan-
tum state sharing, maximally entangled states were
used, and the state could be transferred between the
agents with fidelity 1. [35:36]

In this paper, we propose a controlled quantum
state sharing scheme to share an arbitrary two-qubit
state using a five-qubit cluster state and the Bell state
measurement. In this scheme, the five-qubit cluster
state is shared by a sender (Alice), a controller (Char-
lie), and a receiver (Bob). The sender only needs to
perform the Bell-state measurements on her particles
in the quantum state sharing process, and the con-
troller performs a single-qubit projective measurement
on his particles, then the receiver can reconstruct the
arbitrary two-qubit state by performing some appro-
priate unitary transformations on his particles after
he has known the measured results of the sender and

the controller.
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2. Controlled

sharing of an arbitrary two-

quantum  state

qubit state

Suppose that the sender Alice plans to transmit
the following arbitrary two-qubit entangled state to
Charlie,

‘X>ab = a|00>ab + ﬁ|10>ab + 7|Ol>ab +46 |11>ab ) (1)

where coefficients «, (3, 7, and § are complex num-
bers, and |o|” + |8)* + |y> + 6]* = 1. We also assume
that the quantum channel shared by Alice, Bob, and
Charlie is composed of the following five-qubit cluster

state, (37]

1
|C)s = 5(100000) + [00111) +[11101)
+ |11010)) A, B,BoCA, (2)

where Ay, Ag; By, Bs; and (4 are states known to
Alice, Bob, and Charlie, respectively.

The composite quantum system, which consists
of the seven particles, is described by

[V)s = [X)ab @ [C) A, B,B,cA,

1
5 (@|0000000) + 50010000) -+ ~/100000)

+ 61010000) + |0001011) + 3/0011011)
+ 4|1101110) + 6 |1100101) + «|0101110)
+ |0111110) + ~|1101110) + & |1111110)
+ @]0100101) + 8]0110101) + ~|1100101)
+ §|1110101))an, bA,B, BaC- (3)

Step 1 Alice performs the joint Bell state mea-
surements on her four particles a, A; and b, As re-

spectively. The Bell states are
%) =
[v*)

(|00) +[11)),

I
S\

Sl

~_(jo1) + [10). (4)

Then she announces her results publicly. For example,
if Alice’s measurement results are [¢F), \ [67)y A,
the composite system of particles B;BoCq1Cy will col-

lapse into

)= (@000} + 5 101) 4 O11)+5 [110))5,,0. (5)

The outcomes of the measurement performed by Al-
ice and the corresponding collapse states of Bob and

Charlie’s system are shown in Table 1.

Table 1. Outcomes of the measurement performed by Alice and the corre-

sponding collapse states of Bob and Charlie’s composite system.

Alice’s measuring basis

Corresponding collapse states

|9 )0 a0 197004,
|¢+>3,A1 |¢_>b,A2 (o
|¢+>a,A1 |¢+>b,A2
|¢+>a,A1 |w7>b,A2

(e[000) + B]101) + 7 [011) + 6 [110)) g, 5,
|000) + 8101

7v011) = 6[110))g, B,

(a]011) 4 B]110) + v [000) 4 5 [101)) g,
(«]011) + 8]110

¥]000) — 8 [101)) 5 5.

)

)= )

) )

)= )
67 ) an, 19 )p 0, (@ ]000) — B]101) + v [011) — §[110))5, 5, ¢
167 )0, 197 V0, (r[000) = B]101) = 7]011) + 5 [110)),
67 Van, [ )0, ([011) = B[110) +]000) — §]101)), 5,
167 Y an, [ Von, ([011) = B[110) = 7]000) + 8]101)), g,
[t aay 19700 A, (e [101) + B1000) + v [110) + 6 [011))g, B, ¢
) a, 197 b a, (e [101) + 8]000) — v[110) — 6 011)) 5, p, ¢
9 )0 ay 19 D m, (ar[110) + B1011) + 7 [101) + 6 |000)) g, p
[N N (@ [110) + 5 [011) —7[101) = §]000)) 5, 3,
¥ Yan, 9700 A, ([101) — 5 ]000) +[110) = §[011))p, ¢
[ a6 )00, ([101) = 81000) — 7[110) + 8]011)) 5, 5,
9 Y ay 1600, ([110) = B1011) +[101) = §]000)) 5, g,
K (a[110) — 3|011) — 7[101) 4 §]000)) g, ,

Step 2

In order to transmit state |x).p to Charlie, Charlie should perform a single-qubit projective

measurement on his particle in a set of mutually orthogonal basis vectors {|X), }, which are

IX), = %om 1)), (6)
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After Charlie’s measurement, the composite system of particles B;Bo will collapse into

|’(/}>scb = + <X| w>sc

ﬁ(a 100) + B[10) +~(01) + 5 [11))5, 5, (7)

The outcomes of the measurements performed by Alice and Charlie and the corresponding collapse states of

Bob are shown in Table 2

Table 2. Outcomes of the measurements performed by Alice and Charlie and the corresponding collapse states of Bob.

Alice’s result Charlies Collapse states of Bob Alice’s result Charlie’s Collapse states of Bob
result result

65 ) an, 16T 00a, XDy @l00) +B110) +v100) +8110) [ [67), 4 [67)ya, X al00) —B[10) —01) + 5 [11)
65 ) an, 16700 a, 1K)y @l00) + B110) = v100) = 8110) [ [6), 4 |6 )y a, XD @l00) = B10) +01) — 5 [11)
65 ), [0, 1K)y l00) = B110) +4101) — 8 [11) | |6), 4 |oF), o, X0 @00) + 3[10) —[01) - §[11)
65 ), [0 D, XDy l00) = B110) =7 [01) +8[11) | |6), o 67, h, 1X)_ @00) + B[10) +[01) + 8[11)
107 ) an, 19 0ba, XD al01) +B[11) +7[00) +6[10) | [¢7), oy [6T), o, XD —a]01) +B[11) +~]00) — §10)
6 Y um, 9 Da, XD @l0D) 4 8110) = 7]00) = 610 [ [67), o |6 )y, |1X)_  —al0L) + B[11) — 7(00) + 5[10)
6 Y a, )0 a, X4 @l0D) = BIIL) +v]00) = 5[10) | [67), o [0+, o, 1X)_ —a o) — B[11) 4 7]00) + 5]10)
6 Va9 0ba,  1X)4 @l01) = B111) = ~[00) +8[10) | [#=), 5 [ )y a,  1X)_  —al01) = B]11) —~]00) — 5[10)
[0 )aay 9004, 1K) @10)+B[00) +[11) +58[01) | [oF), \ |6F), 4, [X)_  —al10) +B]00) +v]11) — 5 01)
a6 00, XDy l10) 4 8100) —y[11) 8101 | [4H), o [67) 0, 1K) —ar[10) +B[00) —v[12) + 6 Jo1)
W) n, [0 oA, X))y @l10) = B100) +y[11) =5 (01) | [F), o [v )y, [X)_  —al10) = B|00) +~(11) +&[01)
0 n, a4 @l10) = BJ00) =y 1) +8100) | [ut), o [ )y L IX)_ —a]10) — B00) —[11) — 5 [01)
0 Dun, 160, 1K)y 10+ B101) +7[10) +8100) | [6=), o [6%), 4, X0 all) - 3[01) — v[10) + 5[00)
0 ) 16 a4 @l1D) + B100) = v[20) = 5100) | [6), o 67D, o 1X)_ ali1) — B[01) +]10) — 5|00)
0 un, a1, @l1) = BI01) 44 [10) = 5100) | |67, o [oF)y 0, IX)_ all1)+5]01) —~[10) — & J00)
[ ) any [0 Do, XD @l11) = B101) = [10) +8100) | [v=) , |¥7), o, [X)_  alll)+B[01)+~[10) +§00)

Step 3 After Alice and Charlie announce the measurement results publicly over the classical channel, Bob
performs the unitary operations on his two particles. The correspondence between the measurement results and

the operations are shown in Table 3.

Table 3. Correspondence between measurement results and operations.

Alice’s result Charlie’s Unitary transformation Alice’s result Charlie’s Unitary transformation
result of Bob result of Bob
1000 10 00
0100 0-1 00
+ +

!d) >a,A1 |¢ >b,A2 |X>+ 0010 |¢+>a,A1 |¢+>b,A2 |X>— 00 —-10
0001 00 01
10 0 0 1 000
01 0 O 0-10 0

ot ¢~ X) s ¢~ X)_
9 )aar 197000, X4 00 -1 0 1970 187000, 10 0010
000 -1 000-1
0010 00 —-10
0001 00 01

+

|¢+>a,A1 |¢+>b,A2 |X>+ 1000 }d) >an,A1 }w+>b,A2 1X) 10 00
0100 0 -1 0
0 010 0 0-10
_ 0 0 01 _ 0001
{¢+>a,A1 W’ >b,A2 |X>+ 1000 |¢+>a,A1 W) >b,A2 1X)_ ~10 0 O
0 -100 0100
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Table 3 Continued

Alice’s result Charlie’s Unitary transformation Alice’s result Charlie’s Unitary transformation
result of Bob result of Bob
1000 100 0
0-10 0 010 0
- + - +
[0 D, 1650, X4 00 1 [ ans 10700, 10 001 0
00 0-1 00 0 —1
10 00 1000
- ~ 0-100 _ _ 0100
|¢ >a,A1 {qﬁ >b,A2 |X>+ 00 -10 }d) >a,A1 |¢ >b,A2 %) - 0010
00 01 0001
0010 00—-1 0
00 0-1 000 —1
- + - +
(67 s [ 0a, 104 Lo o 197 o (97D, 1) 100 0
0-10 010 0
001 0 -10
~ ~ 0 00-1 _ _ 00 -1
|¢ >a,A1 |1/} >b,Az |X>+ ~100 |¢> >a’A1 W) >b’A2 X -1 0 0 O
0100 0 -1 0 0
0100 0-100
1000 1 00
+ + + +
|¢ >a,A1 |¢ >b,A2 |X>+ 0001 }lﬂ >a’A1 |¢ >b’A2 IX)- 0 01
0010 00 —-10
01 0 0-10 0
10 0 1000
N ~ _
[ ) aay [0 pa,  1X)4 00 0 1 [ )an [0 Dba, XD 00 0-1
00—-1 0 0010
0001 00 01
0010 00 —-10
+ + + +
|'¢' >a,A1 !"/} >b,A2 |X>+ 0100 |w >a,A1 |'¢' >b,A2 |X>* 0 —1 0
1000 10 0
0 01 0001
- 0 10 B 0 0-10
|¢+>3’A1 |¢ >b,A2 |X>+ 0 —100 }w+>a,A1 |’¢Y >b,A2 |X>_ 1 0
-1000 -1000
0100 0 -100
100 0 -1000
- + - +
‘¢ >a,A1|¢ >b,A2 |X>+ 0 1 |’¢) >a,A1|¢ >b,A2 |X>7 0 0 01
00-10 0 010
0100 0 -100
-100 0 100
|¢_>a’A1 |¢_>b,A2 |X>+ 0 00 —1 |w_>a,A1 |¢_>b,A2 |X>— 0 —1
0010 -10
0001 0 001
0 0-10 0 010
- + - +
|¢ >a,A1 |’[’b >b,A2 |X>+ 0100 }w >a,A1 ‘¢ >b,A2 |X>7 0 —-100
10 0 0 -1 0 00
00 01 0001
- ~ 00 -10 _ _ 0010
[ Yaa, ¥ ba, XD 0-10 0 [ )0 mn [ D0n, 10 0100
10 00 1000
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3. Conclusion

In summary, we have proposed a controlled quan-
tum state sharing scheme to share an arbitrary two-
qubit state using a five-qubit cluster state and the Bell
state measurement. Using the five-qubit cluster state,
the receiver recovers the original state with a certain
fidelity. In the quantum state sharing scheme for shar-
ing an arbitrary two-qubit state, Alice can in principle
prevent the receiver from eavesdropping on her quan-
tum state, as Alice can share a quantum channel with
the receiver beforehand.

Compared with the previous quantum state shar-
ing schemes, the present one has the following advan-
tages. First, our protocol has investigated the prob-
abilistic quantum state sharing of an arbitrary two-
qubit state from a sender to the receiver, while the
previous quantum state sharing schemes considered
only the quantum state sharing with two parties from
a sender to a receiver. Second, the quantum channels
are different in form. In our present scheme, the five-
qubit cluster state is used as the quantum channel,
whereas the quantum channel in the previous schemes
was composed of the EPR pairs or the Greenberger—
Horne—Zeilinger (GHZ) states. Nowadays, it has been
shown that the five-qubit cluster state is important for
the sharing scheme and can be utilized to construct a
controlled quantum channel, which may be useful in

the future quantum computation.
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