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The effect of atomic spontaneous decay on the dynamics

of the negativity of the Wigner function of radiation
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The exact solution of the master equation for the case of a high-Q cavity with atomic decay is found. We use

the negativity of the Wigner function (WF) as an indicator of nonclassicality. It is found that the negative values of

the field WF are very sensitive to any change in the damping parameter. The atomic spontaneous decay leads to the

simultaneous disappearance of both entanglement and nonclassicality of quantum states. Moreover, the purity of the

field states is completely lost.
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1. Introduction

One suitable representation for the quantum state
of a system is the Wigner function (WF).[1,2] The WF
formulism is fully equivalent to the density matrix
representation, thus providing all the accessible infor-
mation about the system for the observer. Several
schemes for direct measuring values of the WF have
been proposed[3,4] and performed experimentally.[5,6]

The negative-valued part is related to the disappear-
ance of the interference pattern in the mesoscopic
quantum superpositions of coherent states due to the
decoherence.[7−9] Physically, the Wigner distribution
function describes a signal in space and frequency si-
multaneously, and it can be considered as the local
frequency of the signal.[10] The applications of the
Wigner distribution function in various areas of sig-
nal processing are presented in Ref. [11].

Recent experimental progress in quantum optics
creates an increasing wealth of light fields with proper-
ties deviating further and further from coherent states
(classical state also includes thermal states and even
squeezed states).[12−14] In particular, since the inven-
tion of the laser, it has become clear that the statis-
tical properties of light may be quite different from
those of the classical sources.[15,16] Such nonclassical
states can be distinguished from the classical ones by
many features. Examples include the sub-Poissonian
photon statistics,[17,18] the squeezing,[19,20] the pho-
ton number oscillations,[21] and the negative values of

the Wigner function.[22,23] Most of these signatures
can be quantified to define the degree of nonclassi-
cality. Studying nonclassical effects of the quantum
superposition of optical fields has recently attracted
renewed attention, because they may play a key role in
understanding the fundamentals of quantum physics
and have many applications in quantum communica-
tion and quantum information technology,[24] such as
quantum teleportation,[25] quantum cryptography,[26]

and quantum computation.[27] The nonclassicality is
a necessary input for the entangled states.

In Ref. [28] a quantitative measure of the nonclas-
sicality based on negative regions of quasi-probability
distributions was introduced. In Ref. [29] a measure of
the nonclassicality of quantum states based on the vol-
ume of the negative part of the Wigner function was
proposed. In our work, we use the negativity of the
Wigner function as an indicator of the nonclassicality.

The decoherence takes place when well-defined
phase relationships disappear due to both the dissi-
pative interaction with the environment and the mea-
surement process. The entanglement is a genuine
quantum feature that gives rise to the most striking
nonclassical effect.[30,31]

These important topics mentioned above and the
experimental results on qubits coupled to the envi-
ronment are the motivation to study the effect of the
dissipation on entanglement, nonclassicality, and pu-
rity.
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2. Physical model and its analytic

solution

The Jaynes–Cummings (JC) model can describe a
two-level system interacting with a quantum harmonic
oscillator. The atomic states are denoted by |e〉 (for
the exited state) and |g〉 (for the ground state). The
creation and the annihilation operators for the har-
monic oscillator are â† and â, respectively. The cav-
ity mode is assumed to be resonant with the atomic
transition frequency, and the strength of the atom–
photon coupling is denoted by λ. Under the rotating
wave approximation, the Hamiltonian in the interac-
tion picture is given by Ĥint = λ(â|e〉〈g| + â†|g〉〈e|).

One of the pioneering potential applications of the
JC model in the context of quantum information is ar-
tificial atoms (qubits). For example, the coupled sys-
tem of the Cooper pair box (artificial atom) and pho-
tons stored in a resonator (cavity mode) is described
by the JC-model Hamiltonian.[32] Because of the size
of the artificial atom, the quantum behaviour in a mi-
cromechanical system will be strongly influenced by
the interaction with the environment. However, a real
quantum system is inevitably influenced by its sur-
rounding environment. The unavoidable mutual in-
teraction often results in the dissipative evolution of
the quantum coherence and the loss of the useful en-
tanglement. Here, we consider only the source of de-
coherence acting on a two-level atom. Therefore, the
two-level system and the harmonic oscillator interact
with a reservoir of harmonic oscillators. The master
equation that describes the time evolution of the sys-
tem is then given by[33,34]

dρ̂(t)
dt

= −iλ[â|e〉〈g| + â†|g〉〈e|, ρ̂(t)]

+ γ(2|g〉〈e|ρ̂(t) |e〉〈g|
− |e〉〈e|ρ̂(t) − ρ̂(t)|e〉〈e|), (1)

where γ is the spontaneous emission rate from |e〉 to
|g〉. The environment is assumed to be at zero tem-
perature (no thermal excitation), i.e., only the spon-
taneous decay term exists, which leads to a purely
dissipative process. The atomic spontaneous emission
from the side of the cavity is similarly treated by cou-
pling the atomic transition to another reservoir. How-
ever, in the optical regime, the spontaneous emission
plays an important role in the atom–field dynamics.
The influence of the atomic spontaneous emission de-
cay on the collapse and the revival phenomena in the
optical regime was first studied in Ref. [35]. It has

been shown that revivals of the atomic inversion are
more sensitive to the cavity damping than to the spon-
taneous emission. The analytic method to obtain the
exact solution of Eq. (1) for the case of a high−Q

cavity (i.e., γ ¿ λ) in the so-called dressed-states
representation,[36−38] i.e., the representation consists
of the complete set of Hamiltonian eigenstates, is used.
The full set of dressed states in the case of exact res-
onance are given by |ψ±

n 〉 = 1√
2
(|e, n〉 ± |g, n + 1〉). In

an invariant subspace spanned by |ϕ+
n 〉 = |e, n〉 and

|ϕ−
n 〉 = |g, n + 1〉, the eigenvalues of Ĥint are given by

Ĥint|g, 0〉 = 0,

Ĥint|ψ±
n 〉 = ±µn|ψ±

n 〉 = ±λ
√

n + 1|ψ±
n 〉.

To solve the equation in the high-Q limit, we write the
atomic operators appearing in Eq. (1) in terms of the
dressed-states (see Refs. [37] and [38]). It is convenient
to proceed in the interaction representation,

˙̂
O(t) = e iĤintt

∂ρ̂(t)
∂t

e−iĤintt + i[Ĥint, Ô(t)],

where Ô is an arbitrary operator of the atomic or the
field subsystem.

In this work, we suppose that the atom is initially
in an excited state, i.e., ρ̂a(0) = |e〉〈e|, and the field is
initially in an even coherent state, i.e.,

|ECS〉 =
∞∑

n=0

pn|n〉,

=
1√

cosh(|ν|2)

∞∑
n=0

ν2n√
(2n)!

|2n〉. (2)

The solution of the master equation in the high-Q
limit with the previous initial states is given by

ρ̂(t) =
∑

m,n=0

( ∑
i,j=+,−

ωij
m,n|ϕi

m〉〈ϕj
n|

)
, (3)

where

ω±±
m,n =



pmp∗n e−γt[cos(µm − µn)t

± cos(µm + µn)t], ∀ m 6= n,

e−γt

2

[(
n̄

γt

)n/2

In(2
√

n̄γt) e−n̄

±|pn|2 cos(2µnt)
]
, ∀ m = n,

(4)

ω+−
m,n = (ω−+

m,n)†

= i pmp∗n e−γt sin(µmt) cos(µnt) ∀ m,n, (5)

In is the modified Bessel function, and n̄ = |ν|2. The
coherence properties, the entanglement, and the dy-
namics of the nonclassicality of quantum states will be
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studied using the eigenvalues of the previous density
matrix ρ(t) and the marginal density matrices of the
field and the atom ρf(a)(t).

3. Nonclassicality, purity, and en-

tanglement

The potential applications of the WF, which are
related to our study, are as follows: the negativity
of the WF used as an indicator for the nonclassical-
ity and the decoherence of the created superposition
states can be further determined by measuring the WF
of the cavity field or the qubit state.[39] Here, we are
interested in the negativity of the WF serving as an
indicator for the nonclassicality and the effect of the
atomic damping on it. The approaches that quantify
the nonclassicality are based on negative regions of the
quasi-probability distributions.[28] Another measure-
ment of the nonclassicality of quantum states based
on the volume of the negative part of the WF is pro-
posed in Ref. [29].

If a two-level particle interacts with a single-
mode field via the single-photon transition process
with atomic damping, the time evolution of the re-
duced density matrix of the field is given by ρ̂f(t) =∑∞

n,m=0 ω++
m,n|m〉〈n| + ω−−

m,n|m + 1〉〈n + 1|. The WF
is usually expressed in an integral form, which is not
always easy to compute. An expression for the WF
in terms of displaced number states to avoid a tedious
phase space integration is given in Refs. [40] and [41].
By using the methods in those references, the time
evolution of the quasi-probability Wigner function is
presented as

W (α, t) =
∞∑

l,m,n=0

∑
s=+,−

2(−1)l

π

×ωss
m,n(t)`l

m+δ−,s
`∗l
n+δ−,s

, (6)

where δ = 1 if i = j, otherwise is equal to zero, and

`n
j =


αn−j

√
j!
n!L

n−j
j (|α|2), n > j,

αj−n
√

n!
j! L

j−n
n (|α|2), n < j,

(7)

where Lm
n is the associated Laguerre polynomial. Be-

cause there are several reconstruction methods that
have been proposed and experimentally demonstrated
to obtain the WF,[43] we simultaneously study the
temporal evolution of the negative values of the WF,

the purity of field states, and the field–atom entangle-
ment under the atomic damping. The entanglement of
final state (3) is quantified by the negativity,[43] which
is defined by N(ρ) = ‖ρT‖−1

2 , where ρT is the matrix
obtained by partially transposing the density matrix
ρ. When N(ρ) = 0, the states are separable. The pu-
rity loss of the field is measured by the cavity entropy,
Sf = −Tr(ρ̂f ln ρ̂f).

In Figs. 1 and 2, the time evolution of the Wigner
function at a particular point α = (Re, Im) = (2, 0) in
the phase space, cavity entropy Sf and negativity N(ρ)
are plotted as functions of scaled time λt for n̄ = 10
with different values of atomic damping parameter γ.
From these curves, we can perceive that the ampli-
tudes of the local maxima and the local minima of the
negativity decrease with the increase of parameter γ.
The negativity vanishes, state (3) finally goes into the
disentanglement state, and its coherence is lost com-
pletely (see Fig. 2). This means that after a particular
time, the atomic damping destroys the entanglement
of the global atom–field state.

Fig. 1. Time evolution of the Wigner function, cavity

entropy, and negativity N(ρ).

Fig. 2. Time evolution of the Wigner function, cavity

entropy, and negativity (Nρ) with γ/λ = 0.1.
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Physically, the considered interaction of the atom
subsystem with the environment leads to the spon-
taneous decay of the excited state, in which the atom
makes a transition from its internal excited state to its
ground state and loses its excess energy. That leads
to the incoherent decay of the atom into the external
reservoir of modes. The photon emitted by the atom
irreversibly escapes into the environment. This pro-
cess of occupying state |g〉 via the spontaneous emis-
sion from state |e〉 is, according to the term e−γt, the
reason for the exponential decay of both the states of
atom and field. Finally, the atom is traced out, and
therefore the entanglement between the atom and the
cavity mode disappears.

If we look at the time evolution of the purity of the
field state, we note that the atomic damping causes
the amplitude suppression of the oscillations of Sf . At
the maximum, the field loses its coherence, and it par-
tially gains its coherence at the minimum. However,
the field loses more coherence than it gains due to
the atomic damping, and finally completely loses its
coherence and falls into a mixed state.

There are two sources for the coherence loss in
the present system. One of them is due to the unitary
atom–field interaction. This process is usually called
the entanglement. And from the point of view of one
of the subsystems, the coherence loss will take place.
Also, this process explains why the coherence of the
field oscillates.

The aim of our work is to observe the effect of the
atomic damping on the temporal evolution of the neg-
ative value of the WF and compare that with its coun-
terparts of the purity and the entanglement. In the
absence of damping (γ/λ = 0), we see that (Fig. 1) the
WF has the local maximum of positive value, which
means that there is no quantum interference between
the states of the field. At λt > 0, the minimum of
the Wigner function oscillates between positive and
negative values. This is due to the unitary cavity–
atom interaction. From the point of view of N(ρ) or
Sf , this process is usually called the entanglement or
the purity loss. This means that in the absence of
the damping, there are entanglement, purity loss, no
quantum interference (positive values of the WF), and
quantum interference (negative values of the WF).

For larger values of γ, say γ/λ = 0.1, negative val-
ues of both the negativity (measure the entanglement)
and the Wigner function (measure the nonclassicality
of quantum states) disappear completely (see Fig. 2).
On the other hand, the death of the nonclassicality

of quantum states is completely consistent with the
purity loss and the falling into a mixed state. The
statistically mixed state has no negative value of the
WF.

To confirm the phenomenon of the death of the
nonclassicality of quantum states, we display in the
inset of Fig. 3 the Wigner function W (X,Y ) in the
phase space at time λt = 0.0, where X = Re(α) and
Y = Im(α). The time evolution of the minimum neg-
ative value of the WF with different damping param-
eters γ/λ = 0.0, 0.05, 0.1 is displayed in Fig. 3. From
Eq. (4), we note that the phenomenon of the death
of the nonclassicality is due to the factor of atomic
damping e−γt, which decays to zero at t → ∞.

Fig. 3. (colour online) Time evolution of minimum neg-

ative value for the WF with different damping parameter

γ/λ = 0.0, 0.05, 0.1. The inset displays the Wigner func-

tion W (X, Y ).

4. Conclusion

The dynamics of the nonclassicality of quantum
states is investigated by using the negative value of
the WF. It is found that the negative value of the
field WF is very sensitive to any change in the damp-
ing parameter. The dissipation simultaneously leads
to the long-time death for both the entanglement and
the nonclassicality of even the coherent state, and the
purity of the field state is lost completely.
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