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1. Introduction

In quantum optics, optical frequency conversion is
a typical nonlinear process and is worth studying, for
example, a second harmonic frequency generation will
generate a squeezed state.[l2] In this work, we tackle
the evolution of an initial coherent state in a Raman
dispersion process which is also a nonlinear process.
The process involves the inelastic scattering of a pho-
The photon
loses some of its energy to the molecule or gains some

ton when it is incident on a molecule.

from it, and so leaves the molecule with a lower or a
higher frequency. The lower frequency components of
the scattered radiation are called the Stokes lines and
the higher frequency components are called the anti-
Stokes lines. The Hamiltonian governing its dynamics

isfl

H = wa];al + wagag + wagag + gl(ala; + aJ{ag)
+92(02a§ + aéas), (1)

which involves the pairwise interactions of three sep-
arate field modes through the effect of nonlinear po-
larization. Here, g; and g» are the interaction con-
stants, the photon operators obey the commutative
relation [a;, a;] = 0;,;. To our knowledge, the problem
of how an initial coherent state evolves in this Raman
dispersion process has not been exactly solved in the
literature till now. The reason perhaps lies in the diffi-
culty of theoretically disentangling the time evolution
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operator

et = exp{—itlwala; +walay + walas

+g1(aral + alas) + gz (asal + afas)]}. (2)

In this work, we shall adopt the technique of in-
tegration within an ordered product (IWOP) of
operators*~7 to convert e '** into its normally or-
dered form, then the problem can be solved analyti-

cally.

2. A useful multimode operator
identity

To begin with, let us present a useful multimode

operator identity,
exp(al Aija;) =: explal (e* — I)ija;] :, (3)

where the subscripts ¢ and j can be from 1 to n, A
is an invertible n x n matrix, the repeated index in
a term implies summation from 1 to n, the symbol

: denotes normal ordering. To prove Eq. (3), we
introduce the n-mode coherent state

1
5= | - gl rala]on @

with the completeness relation!8—10
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where we have used
|0;)(0;] =: exp(—ajai) :

and the integral formula

e
/ — exp(Claf® + Ea + na*)

Re¢ < 0.
Then we use the Baker-Hausdorff formulal*!]
e’Be ™ = B+[A,B] + %[A, (A, B]]
A A A B+

to derive

¥

exp(a;(/lijaj)ak exp(—aj/lijaj) = a;f(eA)ilal.

It then follows from
exp(—ita] A;5a,)[0;) = |0;),
and by using the IWOP technique, we have

exp(a] A;ja;)

2 d2Zi
= [T exvlaldgalen e
=1

nd?y
— /H TZ exp(al Ayja;) exp(alz;)
i=1

|zi|?
2

X exp(—az/lijaj)|0i)<zi| exp ( —

n dQZ,'
/H TL sexp(—|zi)? + zial + zfa; —
i=1
L,

-ton(-)
¢ ¢)’

ala;) :

(5)

n d2Zi ., )
- /H — explal (e?);21]|0:) (zi] exp (_ |2|>
=1

mod?z;
JTTEE it + ol
=1

* P
+2la; —a,a;]:

I)l-jaj] T

(6)

=: exp[al(e"‘ - (11)

Thus, Eq. (3) is proved. It then follows in the coherent
state representationm’m]

exp(a] Aija;)|z)
I)ija;] : |zi)

(7)

 explal (e —

(12)

1
exp —§\Zi|2+aj-(e/l)ijzj 0;).

3. The

coherent state in the Raman

(8) evolution of three-mode

() dispersion process

Now writing Eq. (1) asl'4~16]

(10) ay
H=(dal a} al)A| ay = al A;;a;,
as
w 0 g1
A= 0 w g |, (13)
g1 g2 w

where the repeated index in a term implies summation
from 1 to 3, and using Eq. (3), we have the normally

ordered expansion of e~ 7t
|
et — exp(—ita] Aija;) =: explal (e — 1);5a;] :
w 0 g a
= :exp (aj{ a; a;r)) expd —it| 0 w go —-TI as (14)
91 92 W as
The matrix A can be diagonalized as ‘Where
A=PAP !, (15) 9 _ 9 (17)
where Vi + 93 Vi + g3
—pp—v/p A 0 0 with the eigenvalues
P=| vy 1 , A=10Xx 0 |,
’ M =w—/gi + 93,
1 1 0 0 0 As
X =w+4/gl+93, I3=w 18
—p/2 —v/2 1/2 ? R (18)
P = w/2 v/2 172 |, (16) Using Eq. (15), we derive
—pv p* 0
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> (—itAp)*
$2 (Zith)” ,1) 0 0
> (—itA)k R (—itho)*
) - —it B X (—itAg -1
exp(—itA) = kZ_OT =P 0 kgoT 0 P
B < (—itw)k
0 0
Z K
- u —v/p exp(—itA1) 0 0 w/2 —v/2 1/2
=| -v v 1 0 exp(—itAq) 0 w/2  v/2  1/2
1 1 0 0 0 exp(—itw) —uv p? 0
1 . 1 . 1
5”26 + V2e—1tw 5,“/”5 _ ,U,Ve_ltw 5/”7
1 . 1 . 1
— 5””6 _ 'uye—ltw §U2€ + ’u26—1tw §V77 = VV7 (19)
1 1 15
z 2y Z
plal 2" 2
where
f — e_itA1 + e—it/\z7 77 — e—it)\g _ e_it)\l. (20)
When the initial state is a 3-mode coherent state |21, 29, 23), then at time ¢ it evolves into
21
e HY 5 20, 23) = exp (aJ{ a; a; W —1I] | 2z 21,29, 23)
z3
N i
Z; +
= exp [— 5 ] exp |(al al af )W | 2z [] |000), (21)

=1
z3

the final state keeps a coherent state.

4. The partition function for Raman dispersion process
From Eq. (19), it will be very convenient for us to derive the partition function Trexp(—BH) of the system

described by the Hamiltonian in Eq. (1). According to Eq. (19), let it — 3, we have
/

1 1 1
#251 + 2o~ Bw i'mjgl _ #Ve*ﬂw 5'[”]

2
1 1 1
exp(—fA) = §,LLZ/EI _ Myefﬁw 51/251 + M2efﬁw 51/7]/ =W, (22)
1 / 1 / 1 !
H 51 5¢
where
¢ = e PM e—3>\2’ n = e Pr2 _ g=PAM (23)
From Egs. (21) and (23), we can obtain
2 [d2z
Z =Tre PH = / —_— —PH
e Z1;[1 - (21, 22, 23le |21, 22, 23)
ai
[ &= . ol al .
= H - (21,22, 23] 1 exp ¢ (a] ab al)[exp{—=BA} —I] | ay 2|21, 29, 23)
i=1
as
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exp

exp

3 _d2Z¢
_/1:[1 .

_ [det(I . W’)]71 _ 4[(1 _ efﬁu))(E/Q _

Substituting Eqgs. (18) and (23) into Eq. (24), we have

Z = {(1— e P)[1 4 e~ P(e=P _ VAT

—e VAT (25)
In particular, when g; = g2 = 0, Z reduces to
Z — (1 —eP)=3, (26)

which is just the partition function of three indepen-
dent harmonic oscillators. Using

B
U——%an,

we derive the internal energy of the system

- )

(27)

U = Z{we P[1 +e (e v — *
+e P — e ) (w — k)e*
+ (w+ k)e Pk — 2we™ )}

where k = \/¢? + g3.

(28)

5. Conclusion

In summary, we have derived the normally or-

dered time evolution operator and the partition func-

3
=zl 4 (2 2 )W 2
i=1

21

z3

21

—(zf 25 )T =W') | 2

z3

4¢" — 't +4) 7L (24)

tion for the Raman process, this again exhibits the
merit of using the IWOP technique.
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