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1. Introduction

In quantum optics, optical frequency conversion is
a typical nonlinear process and is worth studying, for
example, a second harmonic frequency generation will
generate a squeezed state.[1,2] In this work, we tackle
the evolution of an initial coherent state in a Raman
dispersion process which is also a nonlinear process.
The process involves the inelastic scattering of a pho-
ton when it is incident on a molecule. The photon
loses some of its energy to the molecule or gains some
from it, and so leaves the molecule with a lower or a
higher frequency. The lower frequency components of
the scattered radiation are called the Stokes lines and
the higher frequency components are called the anti-
Stokes lines. The Hamiltonian governing its dynamics
is[3]

H = ωa†
1a1 + ωa†

2a2 + ωa†
3a3 + g1(a1a

†
3 + a†

1a3)

+ g2(a2a
†
3 + a†

2a3), (1)

which involves the pairwise interactions of three sep-
arate field modes through the effect of nonlinear po-
larization. Here, g1 and g2 are the interaction con-
stants, the photon operators obey the commutative
relation [ai, a

†
j ] = δi,j . To our knowledge, the problem

of how an initial coherent state evolves in this Raman
dispersion process has not been exactly solved in the
literature till now. The reason perhaps lies in the diffi-
culty of theoretically disentangling the time evolution

operator

e−iHt = exp{−it[ωa†
1a1 + ωa†

2a2 + ωa†
3a3

+ g1(a1a
†
3 + a†

1a3) + g2(a2a
†
3 + a†

2a3)]}. (2)

In this work, we shall adopt the technique of in-
tegration within an ordered product (IWOP) of
operators[4−7] to convert e−iHt into its normally or-
dered form, then the problem can be solved analyti-
cally.

2. A useful multimode operator

identity

To begin with, let us present a useful multimode
operator identity,

exp(a†
iΛijaj) =: exp[a†

i (e
Λ − I)ijaj ] :, (3)

where the subscripts i and j can be from 1 to n, Λ

is an invertible n × n matrix, the repeated index in
a term implies summation from 1 to n, the symbol
: : denotes normal ordering. To prove Eq. (3), we
introduce the n-mode coherent state

|zi〉 = exp
[
− 1

2
|zi|2 + a†

izi

]
|0i〉, (4)

with the completeness relation[8−10]∫ n∏
i=1

d2zi

π
|zi〉〈zi|
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=
∫ n∏

i=1

d2zi

π
: exp(−|zi|2 + zia

†
i + z∗i ai − a†

iai) :

= 1, (5)

where we have used

|0i〉〈0i| =: exp(−a†
iai) : (6)

and the integral formula∫
d2α

π
exp(ζ|α|2 + ξα + ηα∗) = −1

ζ
exp

(
− ξη

ζ

)
,

Reξ < 0. (7)

Then we use the Baker–Hausdorff formula[11]

eABe−A = B + [A,B] +
1
2!

[A, [A,B]]

+
1
3!

[A, [A, [A,B]]] + · · · (8)

to derive

exp(a†
iΛijaj)a

†
k exp(−a†

iΛijaj) = a†
i (e

Λ)ilal. (9)

It then follows from

exp(−ita†
iΛijaj)|0i〉 = |0i〉, (10)

and by using the IWOP technique, we have

exp(a†
iΛijaj)

=
∫ n∏

i=1

d2zi

π
exp(a†

iΛijaj)|zi〉〈zi|

=
∫ n∏

i=1

d2zi

π
exp(a†

iΛijaj) exp(a†
izi)

× exp(−a†
iΛijaj)|0i〉〈zi| exp

(
− |zi|2

2

)

=
∫ n∏

i=1

d2zi

π
exp[a†

i (e
Λ)ijzl]|0i〉〈zi| exp

(
− |zi|2

2

)

=
∫ n∏

i=1

d2zi

π
: exp[−|zi|2 + a†

i (e
Λ)ijzl

+ z∗i ai − a†
iai] :

= : exp[a†
i (e

Λ − I)ijaj ] : . (11)

Thus, Eq. (3) is proved. It then follows in the coherent
state representation[12,13]

exp(a†
iΛijaj)|zi〉

= : exp[a†
i (e

Λ − I)ijaj ] : |zi〉

= exp
[
− 1

2
|zi|2 + a†

i (e
Λ)ijzj

]
|0i〉. (12)

3. The evolution of three-mode

coherent state in the Raman

dispersion process

Now writing Eq. (1) as[14−16]

H = ( a†
1 a†

2 a†
3
)Λ


a1

a2

a3

 = a†
iΛijaj ,

Λ ≡


ω 0 g1

0 ω g2

g1 g2 ω

 , (13)

where the repeated index in a term implies summation
from 1 to 3, and using Eq. (3), we have the normally
ordered expansion of e−iHt,

e−iHt = exp(−ita†
iΛijaj) =: exp[a†

i (e
−itΛ − 1)ijaj ] :

= : exp

( a†
1 a†

2 a†
3
)

exp

−it


ω 0 g1

0 ω g2

g1 g2 ω


 − I




a1

a2

a3


 : . (14)

The matrix Λ can be diagonalized as

Λ = PAP−1, (15)

where

P =


−µ µ −ν/µ

−ν ν 1

1 1 0

 , A =


λ1 0 0

0 λ2 0

0 0 λ3

 ,

P−1 =


−µ/2 −ν/2 1/2

µ/2 ν/2 1/2

−µν µ2 0

 , (16)

where

µ =
g1√

g2
1 + g2

2

, ν =
g2√

g2
1 + g2

2

, (17)

with the eigenvalues

λ1 = ω −
√

g2
1 + g2

2 ,

λ2 = ω +
√

g2
1 + g2

2 , λ3 = ω. (18)

Using Eq. (15), we derive
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exp(−itΛ) =
∞∑

k=0

(−itΛ)k

k!
= P



∞∑
k=0

(−itλ1)k

k!
0 0

0
∞∑

k=0

(−itλ2)k

k!
0

0 0
∞∑

k=0

(−itω)k

k!

 P−1

=


−µ µ −ν/µ

−ν ν 1

1 1 0




exp(−itλ1) 0 0

0 exp(−itλ2) 0

0 0 exp(−itω)




µ/2 −ν/2 1/2

µ/2 ν/2 1/2

−µν µ2 0



=


1
2
µ2ξ + ν2e−itω 1

2
µνξ − µνe−itω 1

2
µη

1
2
µνξ − µνe−itω 1

2
ν2ξ + µ2e−itω 1

2
νη

1
2
µη

1
2
νη

1
2
ξ

 ≡ W , (19)

where

ξ = e−itλ1 + e−itλ2 , η = e−itλ2 − e−itλ1 . (20)

When the initial state is a 3-mode coherent state |z1, z2, z3〉, then at time t it evolves into

e−iHt|z1, z2, z3〉 = exp

( a†
1 a†

2 a†
3
)[W − I]


z1

z2

z3


 |z1, z2, z3〉

= exp
[
−

3∑
i=1

|zi|2

2

]
exp

( a†
1 a†

2 a†
3
)W


z1

z2

z3


 |000〉, (21)

the final state keeps a coherent state.

4. The partition function for Raman dispersion process

From Eq. (19), it will be very convenient for us to derive the partition function Tr exp(−βH) of the system
described by the Hamiltonian in Eq. (1). According to Eq. (19), let it → β, we have

exp(−βΛ) =


1
2
µ2ξ′ + ν2e−βω 1

2
µνξ′ − µνe−βω 1

2
µη′

1
2
µνξ′ − µνe−βω 1

2
ν2ξ′ + µ2e−βω 1

2
νη′

1
2
µη′ 1

2
νη′ 1

2
ξ′

 ≡ W ′, (22)

where

ξ′ = e−βλ1 + e−βλ2 , η′ = e−βλ2 − e−βλ1 . (23)

From Eqs. (21) and (23), we can obtain

Z = Tr e−βH =
∫ 3∏

i=1

[
d2zi

π

]
〈z1, z2, z3|e−βH |z1, z2, z3〉

=
∫ 3∏

i=1

[
d2zi

π

]
〈z1, z2, z3| : exp

( a†
1 a†

2 a†
3
)[exp{−βΛ} − I]


a1

a2

a3


 : |z1, z2, z3〉
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=
∫ 3∏

i=1

[
d2zi

π

]
exp

−
3∑

i=1

|zi|2 + ( z∗1 z∗2 z∗3 )W ′


z1

z2

z3




=
∫ 3∏

i=1

[
d2zi

π

]
exp

−( z∗1 z∗2 z∗3 )(I − W ′)


z1

z2

z3




= [det(I − W ′)]−1 = 4[(1 − e−βω)(ξ′2 − 4ξ′ − η′2 + 4)]−1. (24)

Substituting Eqs. (18) and (23) into Eq. (24), we have

Z = {(1 − e−βω)[1 + e−βω(e−βω − eβ
√

g2
1+g2

2

− e−β
√

g2
1+g2

2 )]}−1. (25)

In particular, when g1 = g2 = 0, Z reduces to

Z → (1 − e−βω)−3, (26)

which is just the partition function of three indepen-
dent harmonic oscillators. Using

U = − ∂

∂β
lnZ, (27)

we derive the internal energy of the system

U = Z{ωe−βω[1 + e−βω(e−βω − eβk − e−βk)]

+ e−βω(1 − e−βω)[(ω − k)eβk

+(ω + k)e−βk − 2ωe−βω]}. (28)

where k =
√

g2
1 + g2

2 .

5. Conclusion

In summary, we have derived the normally or-
dered time evolution operator and the partition func-

tion for the Raman process, this again exhibits the
merit of using the IWOP technique.

References

[1] Hillery M 1987 Opt. Commun. 62 135

[2] Fan H Y and Fan Y 2002 Chin. Phys. Lett. 19 159

[3] Hasegawa A 1983 Opt. Lett. 8 650

[4] Fan H Y 2003 J. Opt. B: Quantum Semiclass 12 R147

[5] Fan H Y and Fan Y 1996 Phys. Rev. A 54 958

[6] Hu L Y and Fan H Y 2009 Chin. Phys. B 18 902

[7] Fan H Y 2010 Chin. Phys. B 19 050303

[8] Klauder J R and Skagerstam B S 1985 Coherent State

(Singapore: World Scientific Publishing Co.)

[9] Glauber R J 1963 Phys. Rev. 130 2529

[10] Fan H Y and Klauder J R 1994 Phys. Rev. A 49 704

[11] Fan H Y, Lu H L and Fan Y 2006 Ann. Phys. 321 480

[12] Marlan O S and Suhail Z M 1997 Quamtum Optics (Cam-

bridge: Cambridge University Press)

[13] Meng X G, Wang J S, Liang B L and Li H Q 2008 Chin.

Phys. B 17 1791

[14] Guo Q 2007 Chin. Phys. 16 2544

[15] Fan H Y 1992 J. Phys. A: Math. Gen. 25 1013

[16] Fan H Y 2002 Phys. Rev. A 65 064102

090302-4


