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In this paper, the extended Padé approximant is used to construct the homoclinic and the heteroclinic trajectories

in nonlinear dynamical systems that are asymmetric at origin. Meanwhile, the conservative system, the autonomous sys-

tem, and the nonautonomous system equations with quadratic and cubic nonlinearities are considered. The disturbance

parameter ε is not limited to being small. The ranges of the values of the linear and the nonlinear term parameters,

which are variables, can be determined when the boundary values are satisfied. New conditions for the potentiality and

the convergence are posed to make it possible to solve the boundary-value problems formulated for the orbitals and to

evaluate the initial amplitude values.
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1. Introduction

The formation of the homoclinic and the hetero-
clinic orbitals is taken as one of the criteria for the
transition from regular to chaotic behaviour in solu-
tions of a dynamical system.[1−5] The study of the
homoclinic and the heteroclinic bifurcations[6−8] in a
nonlinear dynamic system has great theoretical value
to the analysis of the global behaviour of that system.
The available analytical methods for studying the ho-
moclinic and the heteroclinic bifurcations, e.g., the
well-known Melnikov method,[9] have universal prob-
lems such as limited application and short precision.
It is necessary to improve the existing analytical meth-
ods to study the global dynamic behaviour of nonlin-
ear systems.

In the construction of the homoclinic and the
heteroclinic orbitals for nonlinear dynamical systems,
numerical simulations are used in most cases. In
contrast analytical approaches are rarely used. The
Padé approximants (PA) were successfully used for
the homoclinic orbitals of two-dimensional axisym-
metric breathers by Vakakis.[10] The quasi-Padé ap-
proximants (QPA) were used to construct the homo-

clinic orbitals in a nonlinear Schrodinger equation sys-
tem by Mikhlin.[11] The analytic homoclinic orbitals in
the nonautonomous Duffing equation and in the Van
der Pol–Duffing equation with weakly coupled nonlin-
ear oscillators were computed in Ref. [12]. Zhang et
al.[13,14] used the extended normal form method to an-
alyze the homoclinic and the heteroclinic bifurcations
of a strongly nonlinear oscillator. Recently Chen et
al.[15,16] used the hyperbolic perturbation method to
determine the homoclinic solution of certain strongly
quadratic nonlinear autonomous oscillators. However,
an effective analytic approximation of the heteroclinic
orbitals is difficult and has not been solved so far, so
is the homoclinic orbitals in the asymmetric system at
origin.

In this paper, we use the extended PA to gener-
ate solutions that satisfy the boundary value of the
homoclinic and the heteroclinic solutions and then
derive the critical values of the bifurcations in the
corresponding conservative, autonomous, and nonau-
tonomous systems with quadratic and cubic nonlinear
oscillators, in which the parameters of the linear and
the nonlinear terms are variable. The comparison of
the analytical orbitals with variable parameters de-
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rived in our approach with the results of numerical
simulations confirms that the accuracy of the solutions
is improved significantly when the extended approach
is used to analyze the problem of the analytical homo-
clinic and heteroclinic orbitals in the strongly asym-
metric nonlinear systems.

2. Conservative systems

Consider equation

ẍ + c1x + ε(c2x
2 + c3x

3) = 0 (1)

where c1, c2, c3, and ε are arbitrary, and ε is the per-
turbation parameter. A separatrix of the equation,
which is a solution satisfying the special boundary
value, will be constructed using the PA.[17,18]

Firstly, the property of the conservative system
(1) needs to be analyzed. The integral of Eq. (1) is

1
2
ẋ2 + V (x) = E, (2)

where ẋ2/2 is the kinetic energy, V (x) is the poten-
tial energy, and E is the total energy of the system.
Particularly,

V (x) =

x∫
0

[c1x + ε(c2x
2 + c3x

3)]dx

=
1
2
c1x

2 + ε

(
1
3
c2x

3 +
1
4
c3x

4

)
. (3)

So, the series solution of Eq. (1) is

x(t) = a0 + a1t + · · · =
∞∑

n=0

antn, (4)

where point (a0, a1) is the initial values of the trajec-
tories

x(0) = a0, ẋ(0) = a1. (5)

Parameters a0 and a1 are arbitrary constants and can-
not be zero simultaneously. The other parameters can
be expressed as algebraic polynomials through a0, a1,
c1, c2, c3, ε,

a2 =
1
2
(−a0c1 − εa2

0c2 − εa3
0c3), (6)

a3 = −1
6
a1(c1 + 2εa0c2 + 3εa2

0c3), (7)

a4 =
1
24

(a0c
2
1 − 2εa2

1c2 + 3εa2
0c1c2

+2ε2a3
0c

2
2 − 6εa0a

2
1c3 + 4εa3

0c1c3

+5ε2a4
0c2c3 + 3ε2a5

0c
2
3), (8)

· · · .

2.1.When c1 < 0, c3 > 0, c2 = 0

System (1) satisfies the conditions

ẋ(0) = 0, lim
t→∞

x(t) = 0.

In this case, the initial value is (a, 0),

a0 = a, a1 = 0. (9)

The a, which is the point of the intersection between
the homoclinic orbitals and the x axis, is the extreme
value point. The coefficients given in Eqs. (6)–(8) can
be expressed through algebraic polynomials as

a2n+1 = 0, a2n = P2n(a), (n ≥ 0).

All the coefficients of PA4 are obtained by com-
paring PA4 with the Taylor expansion of the solution,
namely,

∞∑
n=0

a2nt2n ∼= PA4. (10)

We obtain nine equations, which are Eqs. (A1)–(A6)
in the appendix.

Consider the convergence condition[19]

∆4 = 0, (11)

c1 and c3 can be chosen arbitrarily. Taking c1 = −1
and c3 = 2 as an example, when ε = 500 the initial
value of a is obtained as a = 0.0446956, and the er-
ror between the above value and a = 1/10

√
5 is less

than 0.05753%. The homoclinic solution is given in
the form

PA4 =
0.0446956 − 0.00202178t2 + 0.0000500014t4

1 + 0.453615t2 + 0.0198375t4
.

(12)

The other initial value is equal to it but opposite in
sign; the homoclinic orbital and the orbital mentioned
above are symmetric with respect to the origin.

In contrast to the result of the numerical simula-
tion, for nonlinear systems with weak or strong nonlin-
earity, i.e. ε = 0.1, 1, 500, our method always gives a
good prediction, which is shown in Fig. 1. It also con-
firms that the solution is accurate, because the dotted
line almost coincides with the solid line.

Then in combination with other approximants,
the coefficients of the homoclinic solution PA in the
conservative Duffing system are

α2n+1 = 0, β2n+1 = 0, n = 0, 1, 2, . . . (13)

And the homoclinic solution PA can be obtained as

PAn =

n∑
k=0

α2kt2k

1 +
n∑

k=1

β2kt2k

. (14)
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Fig. 1.Comparison of homoclinic trajectories obtained us-

ing the present results with those obtained in the Runge–

Kutta procedure for (a) ε = 500, (b) ε = 0.1, and ε = 1.

2.2.When c1 > 0, c3 < 0, c2 = 0

System (1) satisfies the conditions

lim
t→±∞

x(t) = ±
√
−c1/c3, lim

t→±∞
ẋ(t) = 0

or
lim

t→±∞
x(t) = ∓

√
−c1/c3, lim

t→±∞
ẋ(t) = 0.

Suppose the initial value is (0, b),

a0 = 0, a1 = b. (15)

The b, which is the point of the intersection between
the heteroclinic orbitals and the y axis, is the extreme
value point. The process of computation is similar to
the previous one. The coefficients can be expressed
through algebraic polynomials as

a2n = 0, a2n+1 = P (b), (n ≥ 0).

The c1 and c3 can be chosen arbitrarily. Taking
c1 = 1 and c3 = −1 as an example, when ε = 500,
the initial value of b is obtained as b = 0.0316226, and
the error between the above value and the result of
the numerical simulation b = 0.0316227 is less than
0.000316229%. The heteroclinic solution is

PA6 =
0.0316226t + 0.00192847t3 + 0.0000165554t5

1 + 0.227651t2 + 0.00513224t4 + 0.0000130431t6
. (16)

The other initial value has an equal absolute value with the one shown above but is opposite in sign; the other
half of the heteroclinic orbital and the orbital mentioned above are symmetric with respect to the origin.

Figure 2 shows the comparison of the orbitals constructed using the Runge–Kutta procedure with those
constructed using the PA.

Fig. 2. Comparison of heteroclinic trajectories obtained using the present results with those obtained using the Runge–

Kutta procedure for (a) ε = 500, (b) ε = 0.1, and (c) ε = 1.

The heteroclinic solution PA and its coefficients
are

α2n = 0, β2n+1 = 0, n = 0, 1, 2, . . . , (17)

PAn =

n∑
k=0

α2k+1t
2k+1

1 +
n∑

k=1

β2kt2k

. (18)
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2.3.When c2
2 > 4c1c3, c2c3 6= 0, c1 < 0

System (1) satisfies the conditions

ẋ(0) = 0, lim
t→∞

x(t) = 0.

The potential energy curves and the phase portraits
of system (1) with c2c3 < 0 and c2c3 > 0 are shown
in Fig. 3. In the phase space, there are two homo-
clinic orbitals Γ1 and Γ2, which are symmetric with
respect to the x axis but not to the ẋ axis. The com-
mon saddle point H that they share is at (0, 0) and
the two centres are at O1(− 1

2c3
[c2 +

√
c2
2 − 4c1c3], 0)

and O2(− 1
2c3

[c2 −
√

c2
2 − 4c1c3], 0) respectively. The

phase points on the two homoclinic orbitals approach
the saddle point H along A1B1D1 and A2B2D2 when
t → +∞. When t → −∞, the phase points approach
the same saddle point H along the reverse directions.
That is the homoclinic nature of homoclinic orbitals
Γ1 and Γ2. Thus, the homoclinic solutions satisfy the
conditions

lim
t→±∞

x = 0, lim
t→±∞

ẋ = 0 (19)

Fig. 3. Potential energy curves and phase diagrams for

Eq. (7) with (a) c2c3 > 0 and (b) c2c3 < 0.

Let the initial value be (a, 0),

a0 = a, a1 = 0. (20)

The a, which is the point of the intersection between
the homoclinic orbitals and the x axis, is the extreme
value point. The coefficients of series solution x(t)
satisfy the property

a2n+1 = 0, a2n = P2n(a), (n ≥ 0).

We consider the convergence condition based on
the homoclinic nature. Let the limit PA be the saddle
point,

PAn → 0. (21)

Fig. 4. Comparison of the homoclinic trajectory ob-

tained using the present results with those obtained in

the Runge–Kutta procedure for (a) the right-hand side of

ε = 500, (b) the left-hand side of ε = 500, and (c) ε = 0.1

and ε = 1.
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The c1, c2, and c3 can be chosen arbitrarily. Here
we take c1 = −1, c2 = 1, and c3 = 1 as Exam-
ple 1 to obtain a fourth-order approximation solu-
tion. When ε = 500, the initial value of a is ob-
tained as a = 0.00303033, and the error between the
above value and the result of the numerical simulation
a = 3/[5(100 +

√
10090)] is less than 0.000399202%.

The homoclinic solution is

PA+
4 =

0.00303033 − 0.000130353t2

1 + 0.216862t2 + 0.0120896t4
. (22)

Fig. 5. Comparison of homoclinic trajectories obtained

using the present results with those obtained in the

Runge–Kutta procedure for (a) the right-hand side of

ε = 500, (b) the left-hand side of ε = 500, and (c) ε = 0.1

and ε = 1.

The other initial value is a = −1.33673, and the
error is less than 0.482769%. The corresponding ho-

moclinic solution is

PA−
4 =

−1.33633 + 0.0445864t2

1 + 111.827t2 + 5.58951t4
. (23)

In contrast to the result of the numerical simulation,
this gives a good prediction, as shown in Fig. 4.

We take c1 = −1, c2 = −1.5, and c3 = 2 as Ex-
ample 2. In this case, when ε = 500, the initial value
a = 1.001996 can be obtained. The error between the
above value and the result of the numerical simulation
a = 1.002 is less than 0.000399202%. The homoclinic
solution is

PA+
4 =

1.002 − 0.0333447t2 − 0.0000295391t4

1 + 125.716t2 + 6.29438t4
. (24)

The other initial value is a = −0.00202074, and
the error is less than 0.502691%. The homoclinic so-
lution is

PA−
4 =

−0.00202074 + 0.0000869293t2

1 + 0.2168t2 + 0.0120869t4
. (25)

Figure 5 shows the comparison of the orbitals con-
structed using the Runge–Kutta procedure with those
constructed using the PA.

The QPA and the PA are not effective at comput-
ing the homoclinic solution of a conservative system
with the quadratic and the cubic nonlinear oscillators.
Figure 5 shows that the error between the results gen-
erated by the analytic solution and by the numerical
simulation is small when the extended PA is used.

3. Value of global bifurcation

Considering the autonomous system with
quadratic and cubic nonlinear oscillators,

ẍ + c1x + ε(c2x
2 + c3x

3) = εf(µ, x, ẋ). (26)

Letting ε = 0, the conservative system of Eq. (26) is
obtained,

ẍ + c1x + ε(c2x
2 + c3x

3) = 0, (27)

which is the same as Eq. (1). By employing the ex-
pression of the homoclinic orbitals at time t in the
conservative system, the expression for the well-known
Melnikov function can be written as∫ +∞

−∞
ẋ0f(µ, x, ẋ)dt = 0, (28)

where

x0(t) = PAn, ẋ0(t) =
d
dt

(PAn). (29)
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The specific form is determined by the cases discussed
in Section 2. When the homoclinic bifurcations occur
in system (26), equation (28) is satisfied, and bifurca-
tion value µ can be calculated based on Eq. (28).

The disturbance can be freely selected. Now we
consider the system

ẍ + c1x + ε(c2x
2 + c3x

3) = ε(µ + µ1x − µ2x
2)ẋ, (30)

namely,

f(µ, x0, ẋ0) = ε(µ + µ1x − µ2x
2)ẋ,

where µ is the control parameter, and µ1 and µ2 are
constants. We assume the following condition is es-
tablished,

I(t) =
∫

ẋ0f(µ, x0, ẋ0)dt

=
∫

(µ + µ1x0 − µ2x
2
0)ẋ0dt. (31)

The c1, c2, c3, µ1, and µ2 can be chosen arbitrarily.
In Eq. (27), we assign them to the same values as they
were in the previous example. Substitute x0(t) = PAn

which is derived from the specific expression of the ho-
moclinic or the heteroclinic solution mentioned above
into the second equation of Eq. (29) and then put
them into Eq. (31). By means of simplification and
integration, the globe bifurcation is obtained. Table
1 lists the results of the three cases. In case 3, the
left and the right orbitals are employed respectively,
because the orbitals are not symmetric with respect
to the origin.

Table 1. Comparison of the present results with the numerical simulation.

c1 < 0, c3 > 0, c2 = 0 c1 > 0, c3 < 0, c2 = 0 c22 < 4c1c3, c2c3 6= 0, c1 < 0

x0(t) Eq. (12) Eq. (16) Eq. (22) Eq. (23)

µ1 0 0 1 1

µ2 1 –1 1 1

ε 500 500 500 500

µc 0.000802403 –0.000399755 1.61561 –0.0016878

Numerical simulation 0.000797631 –0.000399981 1.61671 –0.0017073

Fig. 6. Boundaries of homoclinic bifurcation in parameter space (µ, µ1) of the autonomous system (30) obtained

by our proposed method and by the numerical simulation when µ2 = 1: (a) partial enlarged plot of ε = 500,

(b) ε = 0.1, ε = 1, and ε = 500.

Fig. 7. The boundaries of heteroclinic bifurcation in parameter space (µ, µ1) of the autonomous system (30)

obtained by our proposed method and by the numerical simulation when µ2 = 1; (a) partial enlarged plot of

ε = 500, (b) ε = 0.1, ε = 1, and ε = 500.
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Fig. 8. The boundaries of homoclinic bifurcation in parameter space (µ, µ1) of autonomous asymmetric system (30)

obtained by our proposed method and by the numerical simulation when µ2 = 1: (a) partial enlarged drawing of ε = 500

on the right-hand side, (b) ε = 0.1, ε = 1, and ε = 500 on the right-hand side, (c) partial enlarged drawing of ε = 500

on the left-hand side, (d) ε = 0.1, ε = 1, and ε = 500 on the left-hand side.

We fix parameter µ2 = 1, let frequency µ1 vary
in the range (0, 4), and then calculate the homoclinic
or the heteroclinic bifurcations. The left-hand side
and the right-hand side critical homoclinic bifurcation
values of the asymmetric system are calculated respec-
tively. The boundaries of the homoclinic or the hetero-
clinic bifurcations in parameter place (µ, µ1) obtained
by our proposed method (dotted line) and by the nu-
merical simulation (solid line) are shown in Figs. 6–8.
We note that the initial values and the change rate of
µ1 decrease as ε increases.

4. Potentiality condition

The PA is extended by us to study the nonlinear
differential equations. First of all, it is an efficient and
rational approximation, which is not necessarily lim-
ited by the range of ε when the method is applied to
solve the nonlinear differential equations. Therefore,
the method can be applied not only to the weakly
nonlinear systems but also to the strongly nonlinear
ones. Secondly, the solution obtained by our method
has a simple form, which can be directly expressed as
a function of time t. It is fundamentally important to
the following work, such as the analysis of the nature
of the solution.

Now the extended PA is used to study the au-
tonomous system. When ε = 0, the general ex-

pressions of the homoclinic and the heteroclinic so-
lutions in the conservative system can be expressed
as Eqs. (14) and (18), respectively. When ε 6= 0, the
expressions of the homoclinic and the heteroclinic so-
lutions in the autonomous system are similar to those
of the conservative system. That is

x(t) = PAn =

n∑
k=0

αktk

1 +
n∑

k=1

βktk

or

PAn =

n∑
k=0

α2k+1t
2k+1

1 +
n∑

k=1

β2kt2k

.

The traditional perturbation method usually as-
sumes the solution as a power function expressed us-
ing ε. If the perturbation parameter ε is not small
enough, such as ε in the strongly nonlinear system,
the calculation is not valid. With the new method, the
differential equation including ε is solved directly. It
can maintain the accuracy of the traditional method,
namely, the high order items can be ignored when ε

is small enough. And, if ε is not small enough, the
new method can also be used. It extends the range of
calculation and accuracy.

In the conservative system, the extreme value
points on the x or the y axis can be chosen based
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on the characteristics of the system. Meanwhile, after
a disturbance, the extreme value points in the origin
system may have some small changes, and then the
locations of the original chosen points would not be
certain. It is proved that the disturbance has influence
on the location and the nature of the initial point in
the conservative system.

In the perturbation, we assume that the homo-
clinic orbital has been deformed but does not break
down, namely, the extreme value point is no longer to
be the intersection between the orbital and the x axis.
Now let us assume the initial point to be the extreme
value point of the orbital, which locates at (a0, a1),
and its tangent is perpendicular to the x axis. The
solutions satisfy the following condition,

dx(t)
dy(t)

∣∣∣∣
t=0

= 0,

where

y(t) =
dx(t)

dt
= ẋ(t).

Then,

dx(t)
dy(t)

∣∣∣∣
t=0

=
dx(t)
dẋ(t)

∣∣∣∣
t=0

=

dx(t)
dt

dẋ(t)
dt

∣∣∣∣∣∣∣∣
t=0

=
ẋ(t)
ẍ(t)

∣∣∣∣
t=0

= 0,

that is,
ẋ(0) = 0, ẍ(0) 6= 0,

namely,

a1 = 0, a2 6= 0. (32)

This contradicts with the assumption. So the extreme
value point in the initial time is still the intersection
between the orbital and the x axis.

In the calculation of the heteroclinic orbital, the
initial point located at (a0, a1) has a tangent that is
perpendicular to the y axis. The process of the cal-
culation is similar to the previous one. The extreme

value point selected at the initial time is no longer to
be the intersection between the orbital and the y axis,
but is the point satisfying the conditions

a2 = 0, a1 6= 0. (33)

5. Autonomous system

Here we still consider the van der Pol oscillators,

ẍ + c1x + ε(c2x
2 + c3x

3) = ε(µ + µ1x − µ2x
2)ẋ. (34)

The series solution of autonomous Eq. (34) can be ex-
pressed in the form

x(t) = a0 + a1t + · · · =
∞∑

n=0

antn, (35)

where point (a0, a1) is the initial value of the trajec-
tories. Parameters a0 and a1 are arbitrary constants
and cannot be equal to zero simultaneously. We con-
sider the effect of the disturbance parameters directly.
The other parameters can be expressed as algebraic
polynomials through a0, a1, c1, c2, c3, ε, µ, µ1, and
µ2,

a2 =
1
2
(µεa1 − a0c1 − εa2

0c2 − εa3
0c3

+ εa0a1µ1 − εa2
0a1µ2), (36)

a3 =
1
6
(2µεa2 − 2εa0a1c2 − 3εa2

0a1c3 + εa2
1µ1

− 2εa0a2µ1 − 2εa0a
2
1µ2

− 2εa2
0a2µ2 − a1c1), (37)

a4 =
1
12

(3µεa3 − a2c1 − εa2
1c2 − 2εa0a2c2

− 3εa0a
2
1c3 − 3εa2

0a2c3 + 3εa1a2µ1 + 3εa0a3µ1

− εa3
1µ2 − 6εa0a1a2µ2 − 3εa3

0a3µ2), (38)

· · · .

The value of the global bifurcation has been computed
in Section 4, and now we give the conclusion directly

Table 2. All parameters involved in the calculation of the three cases.

Case c1 < 0, c3 > 0, c2 = 0 c1 > 0, c3 < 0, c2 = 0 c22 < 4c1c3, c2c3 6= 0, c1 < 0

Solution homoclinic heteroclinic homoclinic

Initial point (a, 0) (a, a1) (a, 0)

ε 500 500 500

µc 0.000802403 –0.000399755 –0.00168783

a 0.0434771 –0.00499391 0.00303072

Asymmetric yes yes no
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Similar to the conservative system (1), the au-
tonomous system (34) is discussed in the three cases.
Table 2 lists all the parameters involved in the calcula-
tion of these three cases. The solutions are expressed
as Eqs. (A7)–(A11) in the appendix. The comparison
between the analytical and the numerical orbitals is
shown in Figs. 9–11.

Fig. 9. Comparison of the homoclinic trajectory obtained

using the present results with that obtained in the Runge–

Kutta procedure.

Fig. 10. Comparison of heteroclinic trajectories ob-

tained using the present results with those obtained in

the Runge–Kutta procedure.

Note that, when c1 > 0, c3 < 0, c2 = 0, condition
(33) of the heteroclinic orbital after the disturbance
must be satisfied. And when c2

2 < 4c1c3, c2c3 6= 0,
c1 < 0, the perturbation parameter can be discussed
in two different cases. When ε = 1, µ1 = 0.1, and
µ2 = 0.1 as shown in Figs. 11(a) and 11(b), the per-
turbation is relatively small and has little effect on
the orbitals. Simultaneously, the left-hand side or the
right-hand side values of the global bifurcation point
and the corresponding initial value can be derived.
When ε = 500, as shown in Fig. 11(c), the perturba-
tion is relatively large, the larger one of the homoclinic
orbitals (the left one) breaks down, and the global bi-
furcations do not occur. All the left-hand side tra-
jectories follow into the left centre. Thus we need to

choose the global bifurcation of the smaller orbital to
be calculated.

Fig. 11. Comparison of the homoclinic trajectory ob-

tained using the present results with that obtained in the

Runge–Kutta procedure: (a) bifurcation in the right-hand

when ε = 1, (b) bifurcation in the left-hand when ε = 1,

(c) bifurcation in the right-hand when ε = 500.

6. Nonautonomous system

Consider the periodic excitation oscillators F =
f cos ωt,

ẍ + c1x + ε(c2x
2 + c3x

3 − f cos ωt) = 0. (39)

The solutions which will be considered are the peri-
odic ones and those satisfying the special boundary
value. Because the perturbation is too small, those
analytical orbitals are the periodic ones that are close
to the theoretical homoclinic or heteroclinic orbitals,
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which are the separatrix cycles in the nonautonomous
system (39). When c1 < 0 and c3 > 0, system (39)
has two periodic orbitals on the interior of the sep-
aratrix cycles and one big orbital on the exterior of
the separatrix cycles. When c1 > 0 and c3 < 0, sys-
tem (39) has one periodic orbital on the interior of
the separatrix cycles and no orbital on the exterior of

the separatrix cycles. Those analytical progressive or-
bitals provide ideas to further improve the Melnikov
method. Table 3 lists all the parameters involved in
the calculation of the three cases. The solutions are
expressed as Eqs. (A12)–(A17) in the appendix. The
comparison between the analytical and the numerical
orbitals is shown in Figs. 12–14.

Table 3. All parameters involved in the calculation of the three cases.

Case
c1 < 0, c3 > 0, c2 = 0 c1 > 0, c3 < 0, c2 = 0 c22 < 4c1c3, c2c3 6= 0, c1 < 0

c1 = −1, c3 = 1 c1 = −1, c3 = −3 c1 = −1, c2 = −1.5, c3 = 1

Boundary-value ẋ(0) = 0, lim
t→∞

x(t) = 0
lim

t→±∞
x(t) = ±

p

−c1/c3, lim
t→±∞

ẋ(t) = 0
ẋ(0) = 0, lim

t→∞
x(t) = 0

lim
t→±∞

x(t) = ∓
p

−c1/c3, lim
t→±∞

ẋ(t) = 0

Initial point (a, 0) (a, a1) (a, 0)

ε 1 1 1

F f = 0.01, ω = 2

a –1.40821 1.4252 –0.010003 –0.61026 1.62152

a1 0.40938

Fig. 12. Comparison of the trajectory obtained using the

present results with that obtained in the Runge–Kutta

procedure.

Fig. 13. Comparison of trajectories obtained using the

present results with those obtained in the Runge–Kutta

procedure.

Fig. 14. Comparison of the trajectory obtained using the

present results with that obtained in the Runge–Kutta

procedure.

7. Conclusion

The extended Padé approximant is utilized to
solve the homoclinic and the heteroclinic orbitals in
asymmetric nonlinear dynamical systems at origin.
The methodology presented in this work is sufficiently
general to be applicable to other types of nonlinear
systems.

The general formulas of the homoclinic and the
heteroclinic solutions are obtained in asymmetric non-
linear dynamical systems at origin with variable pa-
rameters. And simultaneously, the value of the global
bifurcation is obtained. According to the specific ex-
amples, the asymmetric homoclinic orbitals remain as
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they were when the disturbance parameter was rel-
atively small; however, the larger orbital of the ho-
moclinic orbitals breaks down, while the smaller one
remains as it was when the disturbance parameter was
relatively large.

In the process of analyzing the disturbance equa-
tion, on one hand, the condition that the initial point
satisfied is proved by applying the Padé approximants,
on the other hand, ε is directly involved in the differ-
ential equation no matter whether ε is small enough
or not, and the solution is still valid.

Appendix A

α0 = a, (A1)

α2 = a2 −
a0(a4a6 − a2a8)

a2
4 − a2a6

, (A2)

α4 = −−a3
4 + 2a2a4a6 − a0a

2
6 − a2

2a8 + a0a4a8

a2
4 − a2a6

, (A3)

β2 = −a4a6 − a2a8

a2
4 − a2a6

, (A4)

β4 =
a2
6 − a4a8

a2
4 − a2a6

, (A5)

α1 = α3 = β1 = β3 = 0, (A6)

PA(1)+
4 =

0.0434771 + 0.00682017t + 0.00682814t2 + 0.000482872t3 + 9.45263 × 10−10t4

1 + 0.156868t + 0.60218t2 + 0.000227203t3 + 0.0931039t4
, (A7)

PA(2)+
4 =

−0.00499391 + 0.030216t + 0.00936193t2 + 0.00630774t3 + 0.000260561t4

1 + 0.354326t + 0.394753t2 + 0.0515497t3 + 0.0243071t4
, (A8)

PA(3)−
4 =

−2.19849 + 0.282305t − 0.524079t2 − 0.0658074t3 − 3.32616 × 10−6t4

1 − 0.128409t + 1.05582t2 − 0.174466t3 + 0.264802t4
, (A9)

PA(3)+
4 =

0.899103 − 0.055033t − 0.0323178t2 + 0.00359101t3 − 3.21898 × 10−12t4

1 − 0.0612087t + 0.3178t2 − 0.0189967t3 + 0.0174852t4
, (A10)

PA(3)+
4 =

0.00303072 − 0.00111119t + 0.0000286311t2 + 0.0000255242t3 + 2.62532 × 10−8t4

1 − 0.366641t + 0.269424t2 − 0.0291076t3 + 0.0142056t4
, (A11)

PA(1)−
4 =

−1.40821 + 0.0371992t2

1 + 0.461558t2 + 0.0251572t4
, (A12)

PA(1)+
4 =

1.4252 − 0.0715547t2

1 + 0.468897t2 + 0.0218956t4
, (A13)

PA(2)−
4 =

−0.010003 − 0.412279t − 0.121037t2 − 0.0227587t3 − 0.0035827t4

1 + 0.290271t + 0.220693t2 + 0.0579989t3 + 0.0035827t4
, (A14)

PA(2)+
4 =

−0.010003 + 0.412279t − 0.121037t2 + 0.0227587t3 − 0.0035827t4

1 − 0.290271t + 0.220693t2 − 0.0579989t3 + 0.0035827t4
, (A15)

PA(3)−
4 =

−0.61026 + 0.0206299t2

1 + 0.288114t2 + 0.0132494t4
, (A16)

PA(3)+
4 =

1.62152 − 0.0881909t2

1 + 0.86187t2 + 0.0318905t4
, (A17)
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