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In this paper, the lattice model is presented, incorporating not only site information about preceding cars but also

relative currents in front. We derive the stability condition of the extended model by considering a small perturbation

around the homogeneous flow solution and find that the improvement in the stability of traffic flow is obtained by

taking into account preceding mixture traffic information. Direct simulations also confirm that the traffic jam can

be suppressed efficiently by considering the relative currents ahead, just like incorporating site information in front.

Moreover, from the nonlinear analysis of the extended models, the preceding mixture traffic information dependence

of the propagating kink solutions for traffic jams is obtained by deriving the modified KdV equation near the critical

point using the reductive perturbation method.
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1. Introduction

Due to the great importance of efficient traffic in
modern countries, traffic problems have attracted con-
siderable attention over recent decades. While earlier
studies were mostly conducted by traffic engineers,
recently, traffic flow problems have been extensively
studied from a physical point of view with very grat-
ifying results.[1−11] There are essentially five different
types of approach to describe the characteristics of
traffic flow, namely, car-following models, cellular au-
tomaton models, lattice models, gas-kinetic models,
and fluid-dynamic models. The first three types use a
microscopic approach while the last type uses a macro-
scopic one. The approach used in gas-kinetic models
is intermediate and may be called mesoscopic.

It is well known that traffic jams occur and prop-
agate as density waves when car density is high on
a freeway. In the past, the traffic jam has been in-
vestigated using the perturbation method. Kerner
and Konhaüser[12] have found the single-pulse den-
sity wave in the numerical simulation with the hy-
drodynamic traffic models. Kurtze and Hong[13] have
proved that the single-pulse density wave is a soliton.
Komatsu and Sasa[14] derived the modified Korteweg-

de Vries (mKdV) equation from the optimal velocity
(OV) model to describe traffic jams in terms of a kink-
density wave.

In 1998, Nagatani[15] advised the continuum mod-
els describing the jamming transition in traffic flow on
a freeway, and proposed two simplified versions of the
hydrodynamic models. One of them, called Model I,
is described as

∂tρ + ρ0∂x(ρv) = 0, (1)

∂tρv = aρ0V (ρ(x + 1)) − aρv, (2)

where ρ0 is the average density, and a is the sensitiv-
ity of a driver; ρ(x+1) is the local density at position
x+1 at time t. The idea is that the variation in traffic
current ρv at position x is determined by the differ-
ence between optimal current ρ0V (ρ(x+1)) at position
x+1 and actual current ρv at position x. The other is
the lattice version of Model I with dimensionless space
x,

∂tρj + ρ0(ρjvj − ρj−1vj−1) = 0, (3)

∂tρjvj = aρ0V (ρj+1) − aρjvj , (4)

where j represents site j on the one-dimensional lattice
and ρj(t) and vj(t) indicate the density and velocity,
respectively, on site j at time t.
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From the viewpoint of economy, the most impor-
tant problem is to maximize the throughput of cars
on highways and prevent traffic congestion.[16] Some
work has been conducted to suppress traffic jam by
use of intelligent transport system facilities, which
enable running cars to receive motion information
about other cars on the road. Nagatani[17] examined
an extended optimal velocity model by introducing
the next-nearest-neighbour intersection in modeling.
Similarly, Sawada discussed the differential–difference
equation, considering not only the headway of each
car but also that of the nearest preceding one. Xue[18]

also extended the optimal velocity model to incorpo-
rate the relative velocity of each car and verify the
new consideration that can improve the stability of
a traffic jam.[18] In 2005, Ge[19] advised an extended
lattice traffic flow model that introduced an arbitrary
number of sites ahead on a single-lane freeway. The
result of linear stability analysis showed that consider-
ing more than one site ahead can lead to stabilization
of the traffic system.

But, are there other regulations for incorporating
the information of many cars ahead? Here we concen-
trate our attention on such a direction. We are inter-
ested in the enhancement and stabilization of traffic
flow with more related information about interactions
in a single lane. In particular, the relative currents of
many cars ahead may also have an important effect
on the traffic flow. It may be possible to prevent the
traffic jam and enhance the flux of cars on a freeway
by use of this traffic information. To our knowledge,
until now, the lattice model with the consideration of
relative currents preceding has not been investigated,
and we do not know whether or not the relative cur-
rents of many cars ahead can affect the traffic flow
effectively.

In this paper, we propose a difference–difference
version of the discrete lattice model with the consid-
eration of mixture traffic information of many cars
preceding. We apply linear stability theory and non-
linear analysis to the generalized models and derive
the modified KdV equation near the critical point by
means of the perturbation method. We analyse the ef-
fect of the mixture traffic information in front on the
traffic stability and jamming transition, and investi-
gate whether or not more than one relative current
can enhance the traffic flux by simulation.

In the following section, the extended lattice
model is presented by taking into account not only the
site information of preceding cars but also the relative
currents of an arbitrary number of cars in front to de-

scribe the traffic dynamics. In Section 3, the stability
condition of traffic flow is investigated in an analyti-
cal way. The mixture traffic information dependence
of the kink solution for the traffic jam is obtained from
the nonlinear analysis in Section 4. To demonstrate
the quantitative validity of our analysis, we will com-
pare it with the result of our simulation in Section 5.
Section 6 gives the conclusion.

2. Models

We can further change the form of the lattice
models (3) and (4). A difference–difference equation
in which both space and time are discrete variables
can be obtained as follows,

ρj(t + 2τ) − ρj(t + τ) + τρ0[ ρj(t)vj(t)

− ρj−1(t)vj−1(t)] = 0, (5)

ρj (t + τ) vj (t + τ) = ρ0V (ρj+1(t)), (6)

where τ is introduced to denote the delay time that
it takes for the traffic current to reach the optimal
current and τ is the inverse of the sensitivity a.

From Eqs. (5) and (6), the lattice models de-
scribed by the difference–difference equation, which
are named as Model II, can be classified as micro-
scopic approaches pertaining to single lane traffic with
no passing, and the idea is that a driver adjusts the car
velocity according to the observed headway h(x, t) [or
density ahead ρj+1(t)]. It preferably reflects the traf-
fic characteristic that the drivers of cars react in some
specific fashion to a stimulus from the cars ahead.
Moreover, the new lattice traffic theory can be eas-
ily programmed and simulated on a computer.

In accordance with the idea mentioned in the in-
troduction, on the basis of model II, taking not only
the site information of cars ahead but also the rela-
tive currents of many preceding cars into account, we
obtain a more systematic model, given as

ρj(t + 2τ) − ρj(t + τ)

+ τρ0(ρjvj − ρj−1vj−1) = 0, (7)

ρj (t + τ) vj (t + τ)

= ρ0V (ρj+1, ρj+2, ρj+3, . . . , ρj+1)

+
n∑

l=1

αl(ρj+lvj+l − ρj+l−1vj+l−1), (8)

where n denotes the number of the sites and the rela-
tive currents of preceding cars; αl is the weighted func-
tion of relative flux ∆Q = (ρj+lvj+l − ρj+l−1vj+l−1).
It is well known that the influence of the cars in
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front on the car motion decreases gradually as the dis-
tance between the considered car and the car ahead
increases. So in this paper the weighted function is se-
lected tentatively as αl = (1/3)l. V (·) is the optimal
velocity function, which is a monotonically decreasing
function, and it has an upper bound.[15] Calibration of
the optimal velocity in city traffic was carried out by
Helbing and Tilch[20] to accord to the empirical data.
They suggested the form of equation as

V (ρj(t)) = V1 + V2 tanh
[
C1

(
1

ρj(t)
− lc

)
− C2

]
, (9)

where lc is the length of the vehicles, which can be
taken as 5 m in simulations. The resulting optimal
parameter values are k = 0.85 s−1, V1 = 6.75 m/s,
V2 = 7.91 m/s, C1 = 0.13 m−1, and C2 = 1.57. We
extended this function as

V (ρj+1, ρj+2, . . . , ρj+n)

= V1 + V2 tanh
[
C1

(
1

n∑
l=1

βlρj+l(t)
− lc

)
− C2

]
.(10)

Here, βl is the weighting function to ρj+l(t), which
had been noted by Ge[19] that it has two properties as
follows: (i) βl decreases monotonically with increasing

l just like αl. (ii)
n∑

l=1

βl = 1.

Equation (7) is the lattice version of a continuity
equation, while equation (8) is the evolution equation.
By eliminating the velocity in Eqs. (7) and (8), we ob-
tain the density equation for the extended model,

ρj (t + 2τ) − ρj (t + τ)

+ τρ2
0

[
V

(
n∑

l=1

βlρj+l(t)

)
− V

(
n∑

l=1

βlρj+l−1(t)

)]

− τ

n∑
l=1

αl [∆ρj+l (t + τ) − ∆ρj+l (t)] = 0, (11)

where ∆ρj+1 = ρj+1 − ρj .

3. Linear stability analysis

To explore the impact of the forward traffic infor-
mation dependence on the traffic flow, we conduct the
linear stability analysis for the extended traffic model.
It is obvious that the homogeneous traffic flow is de-
fined by such a state that all cars run with a constant
density ρ0 and a constant velocity V (ρ0, ρ0, . . . , ρ0).
The solution of the homogeneous state is given by

ρj(t) = ρ0; vj(t) = V (ρ0, ρ0, . . . , ρ0). (12)

To see whether the homogeneous solution is stable or
not, we add a small disturbance yj(t), so we have

ρj(t) = ρ0 + yj(t). (13)

Substituting Eq. (13) into Eq. (11) and linearizing
them yield

yj (t + 2τ) − yj (t + τ)

+ ρ2
0τV ′ (ρ0)

[
n∑

l=1

βl(yj+l(t) − yj+l−1(t))

]

−τ

n∑
l=1

αl (∆yj+l (t + τ) − ∆yj+l (t)) = 0, (14)

where

V ′ (ρ0) =
dV (ρj)

dρ

∣∣∣∣
ρj=ρ0

.

By taking yj (t) = exp (ikj + zt), the following
equations of z are derived

exp (2zτ) − exp (zτ) + τρ2
0V

′ (ρ0)

×

[
n∑

l=1

βl(exp (ikl) − exp(ik(l − 1))

]
− τk (exp (zτ) − 1)

×
n∑

l=1

αl [exp (ikl) − exp (ik (l − 1))] = 0. (15)

For simplicity, V ′(ρ0) is written as V ′ in the above
equation and hereafter. By expanding z = z1 (ik) +
z2 (ik)2 + · · · and inserting it into Eq. (15), the first-
and second-order terms of the coefficient in the ex-
pression of ik are obtained,

z1 = −ρ2
0V

′, (16)

z2 = −3
2
τ

(
ρ2
0V

′)2 − τρ2
0V

′
n∑

l=1

αl

− ρ2
0V

′
n∑

l=1

βl

(
l − 1

2

)
. (17)

If z2 is a negative value, the uniformly steady-state
flow becomes unstable for long-wavelength modes,
while the uniform flow is stable when z2 is a posi-
tive value. Thus the neutral stability criterion for this
steady state is given by

τ = −

n∑
l=1

βl(2l − 1)

3ρ2
0V

′ + 2
n∑

l=1

αl

. (18)

For small disturbances with long wavelengths, the ho-
mogeneous traffic flow is unstable in the condition that

τ > −

n∑
l=1

βl(2l − 1)

3ρ2
0V

′ + 2
n∑

l=1

αl

. (19)
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Comparing the result with that from Ge’s
models,[19] we can conclude that the traffic flow in
the extended model is stabilized in the region

−
(

3ρ2
0V

′ + 2
n∑

l=1

αl

)/ n∑
l=1

βl(2l − 1) < a

< −3ρ2
0V

′
/ n∑

l=1

βl(2l − 1)

due to the effect of the relative currents of many cars
ahead, which means that the dependence of traffic flow
on the preceding mixture traffic information becomes
more stable than that without taking into account
the relative currents of cars in front in the evolution
equation. Furthermore, the neutral stability lines in
the parameter space (ρ, a) are shown in Fig. 1 for
the model newly considered. The peak of each curve
indicates the critical point (ρc, ac). The traffic flow
is stable above the neutral stability line and no traffic
congestion will happen, while the traffic flow below
the line is unstable and congestion waves emerge.
In Fig. 1, we only consider the effect of the for-
ward relative currents’ dependence on traffic flow (i.e.

Fig. 1. The phase diagram in the density-sensitivity for

n = 0, 1, 2, 3 (βl = 0 (l 6= 1)).

βl = 0 (l 6= 1)) because the effect of sites informa-
tion of many cars had been investigated and verified
in Ge’s model.[21] From Fig. 1, it can be observed that
neutral stability curves become lower with the increase
of n. This means that the more we consider the rela-
tive currents of cars ahead, the more stable the traffic
flow will be. The participation of the relative currents
of many cars ahead indeed enhances the stability of
the traffic flow and the congestion can be suppressed
efficiently.

4. Nonlinear analysis

Car density could fluctuate for various reasons
and form a density wave in traffic flow, which leads
to traffic jams. As indicated in the above section,
the kink density wave appears when the car density is
higher than the critical one. We now consider the ex-
tended lattice model in traffic flow on coarse-grained
scales, and apply the reductive perturbation method
to Eq. (11), focusing on the system behaviour near
the critical point (ρc, ac). We will consider the slowly
varying behaviour in the unstable region with the help
of a small positive scaling parameter ε.

In order to extract slow scales for the space vari-
able j and the time variable t, here we define the slow
variables X and T for 0 < ε < 1 as follows,

X = ε(j + bt), T = ε3t, (20)

where b is a constant to be determined. Let

ρj = ρc + εR(X,T ). (21)

Substituting Eqs. (20) and (21) into Eq. (11) and mak-
ing the Taylor expansions to the fifth order of ε, we
can obtain the following nonlinear partial differential
equation,

ε2
(
b + ρ2

cV
′) ∂XR + ε3

(
3
2
b2τ +

ρ2
cV

′

2

n∑
l=1

βl(2l − 1) − τb

n∑
l=1

αl

)
α2

XR

+ ε4

{
∂T R +

[
7b3τ2

6
+

ρ2
cV

′

6

n∑
l=1

βl(3l2 − 3l + 1) − τ

6

n∑
l=1

3αl (2l − 1 + bτ)b
]
∂3

XR +
ρ2
cV

′′′

6
∂XR3

}

+ ε5

{
3bτ∂T ∂XR +

[
5b4τ3

8
+

ρ2
cV

′

24

n∑
l=1

βl(4l3 − 6l2 + 4l − 1)

− τ

24

n∑
l=1

αl(4b3τ2 + 6b2τ(2l − 1) + 4b(3l2 − 3l + 1))
]
∂4

XR +
ρ2
cV

′′′

12
∂2

XR3

}
= 0, (22)
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where

∂T =
∂

∂T
, ∂X∂T =

∂2

∂X∂T
, V ′ =

dV (ρj)
dρj

∣∣∣∣
ρj=ρc

, and V ′′′ =
d3V (ρj)

dρ3
j

∣∣∣∣∣
ρj=ρc

.

Near the critical point, we have τ = (1 + ε2)τc; by taking b = −ρ2
cV

′, and eliminating the second- and
third-order terms of ε, we can obtain a simplified equation

ε4

{
∂T R +

[
7b3τ2

c

6
+

ρ2
cV

′

6

n∑
l=1

βl(3l2 − 3l + 1) − τc

6

n∑
l=1

3αl (2l − 1 + bτc) b

]
∂3

XR +
ρ2
cV

′′′

6
∂XR3

}

+ ε5

{
3b2τc

2
∂2

XR +
[
− 23b4τ3

c

8
+

ρ2
cV

′

24

n∑
l=1

βl(4l3 − 6l2 + 4l − 1) − ρ2
cV

′bτc

2

n∑
l=1

βl(3l2 − 3l + 1)

+
bτ2

c

2

n∑
l=1

3αl (1 + bτc) b − τc

24

n∑
l=1

αl(4b3τ2
c + 6b2τc(2l − 1) + 4b(3l2 − 3l + 1))

]
∂4

XR

+
(

ρ2
cV

′′′

12
− ρ2

cV
′′′bτc

2

)
∂2

XR3

}
= 0. (23)

Replacing the coefficients of ∂3
XR, ∂XR3, ∂2

XR, ∂4
XR, ∂2

XR3 by −g1, g2, g3, g4, g5 respectively, equation
(23) can be rewritten as

ε4
[
∂T R − g1∂

3
XR + g2∂XR3

]
+ ε5

[
g4∂

4
XR + g3∂

2
XR + g5∂

2
XR3

]
= 0. (24)

In order to derive the regularized equation, we make the following transformations,

T ′ = −

[
7b3τ2

c

6
+

ρ2
cV

′

6

n∑
l=1

βl(3l2 − 3l + 1) − τc

2

n∑
l=1

3αl (2l − 1 + bτc) b

]
T,

R′ = −

 7b3τ2
c

ρcV ′′′ +
ρ2
cV

′

ρcV ′′′

n∑
l=1

βl(3l2 − 3l + 1) −
τc

n∑
l=1

3αl (2l − 1 + bτc) b

ρcV ′′′


1/2

R.

Thus, we obtain the regularized mKdV equation
with a perturbed term

∂T ′R′ = ∂3
XR′ − ∂XR′3 − εM [R′] , (25)

where

M [R′] =
1
g1

[
g3∂

2
XR′ + g4∂

4
XR′ +

g1g5

g2
∂2

XR′3
]

.

If we ignore O(ε) terms in Eq. (25), the mKdV equa-
tion with a kink solution is obtained as the desired
solution,

R′
0 (X,T ′) =

√
c tanh

√
c

2
(X − cT ′) . (26)

Next, assuming

R′(X,T ′) = R′
0(X,T ′) + εR′

1(X,T ′),

we take into account the O(ε) correction. In order to
determine the selected value of the propagation veloc-
ity c for the kink solution, it is necessary to satisfy the

solvability condition,

(R′
0,M [R′

0]) ≡
∫ +∞

−∞
dXR′

0M [R′
0] = 0, (27)

where M [R′
0] = M [R′].

Performing the integration, we obtain the selected
velocities according to Ref. [22]

c =
5g2g3

2g2g4 − 3g1g5
. (28)

Hence we obtain the kink–antikink soliton,

R(X,T ) = −
[(

7b3τ2
c

ρcV ′′′ +
ρ2
cV

′

ρcV ′′′

n∑
l=1

βl(3l2 − 3l + 1)

−
τc

n∑
l=1

3αl (2l − 1 + bτc) b

ρcV ′′′

)
c

]1/2

× tanh
√

c

2

(
X +

[
7b3τ2

c

6
+

ρ2
cV

′

6

×
n∑

l=1

βl(3l2 − 3l + 1)
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−
τc

n∑
l=1

αl (2l − 1 + bτc) b

2

]
cT ′

)
. (29)

And the kink solution of the headway is

ρj = ρc ±
√

τ

τc
− 1R(X,T ). (30)

The mKdV equation is derived near the critical
point, and the kink wave appears as the density wave
in the unstable region, which is described by the solu-
tion of the mKdV equation.

5. Simulation

The new extended traffic flow theory for cooper-
ative driving control can be easily programmed and
simulated on a computer. While the linear stability

analysis in Section 4 tells us that incorporating the
relative currents of many preceding cars will further
enhance the stability of traffic flow, traffic simulations
allow us to study the interesting character of this new
theory. We shall conduct the simulation on a ring
road, which simplifies the analysis a great deal be-
cause we do not have to specify boundary conditions.

Numerical simulations are carried out as follows.
Consider a line of cars running on a ring road accord-
ing to our extended traffic flow model. The initial
disturbance is chosen as follows,

xj(0) = ∆xj(1) = 1/ρ0 = ∆x, (j 6= 50, 51), (31)

xj(0) = ∆xj(1) = ∆x − 1, (j = 50), (32)

xj(0) = ∆xj(1) = ∆x + 1, (j = 51), (33)

where the total number of cars is 100.

Fig. 2. The spatio-temporal evolution of the headway for (a) n = 0, (b) n = 1, (c) n = 2, and (d) n = 3

(a = 2.25, βl = 0 (l 6= 1)).

Figure 2 shows the typical traffic patterns after
sufficiently long time steps t = 2 × 104. The spa-
tiotemporal evolution of the density for various value
of n has different properties. The patterns (a), (b),
(c), and (d) show the time evolutions of the density
(or headway) profile according to the relative current
dependence of traffic flow model for n = 0, 1, 2, 3 with
a = 2.25 and βl = 0 (l 6= 1). The pattern (a) with
n = 0 corresponds to that of the original lattice model
by Nagatani. In patterns (a), (b), and (c), the traffic
flow state transition from free flow to congestion traf-
fic is observed, and the congestions propagate back-

ward as the kink–antikink density waves. Figure 3
shows the headway profile obtained at a sufficiently
large time t = 2 × 104. With increasing number n

of the relative currents of the cars ahead considered,
the amplitude of the density wave is weakened, initial
small disturbances decay, and the initial traffic flow
with a non-uniform density profile evolves to a uni-
form traffic flow, as shown in pattern (d) if we set
n = 3. Therefore, all the results show that the effect
of the relative currents of many cars preceding can
also stabilize the traffic flow.
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Fig. 3. The snapshots of headway configuration of all cars for (a) n = 0, (b) n = 1, (c) n = 2, and (d) n = 3

(a = 2.25, βl = 0 (l 6= 1)), t = 2 × 104.

6. Summary

We have proposed an extended lattice model of
traffic flow for the purpose of maximizing the through-
put of cars on highways and suppressing traffic con-
gestion; and we also give a form of the microscopic
model that takes the mixture traffic information of
many preceding cars into account. The nature of traf-
fic has been analysed by using linear stability theory,
and we find that the new introduction of the forward
interactions in relative currents can further improve
the stability of the traffic flow, which has been veri-
fied by simulations. In addition, from the nonlinear
analysis, the forward relative currents’ dependence on
the propagating kink solution for traffic jam was ob-
tained.
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