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Quantum mechanical photoncount formula derived by
entangled state representation®
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By introducing the thermo entangled state representation, we derive four new photocount distribution formulas

for a given light field density operator. It is shown that these new formulas, which are convenient to calculate the

photocount, can be expressed as integrations over a Laguerre-Gaussian function with a characteristic function, Wigner

function, @-function and P-function, respectively.
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In quantum optics, photon counting is impor-
tant for judging the nonclassical features of light field.
Most measurements of the electromagnetic field are
based on the absorption of photons via the photoelec-
tric effect. This is true not only for the usage such as
photodiodes, photomultipliers, etc., but also for such
homely devices as the photographic plate and the eye.
So the problem of photo-electric detection attracts in-
creasing attention of many physicists and scientists.
Expressions for the detection probability have been
presented in many papers.[':?l The quantum mechani-
cal photon counting distribution formula was first de-
rived by Kelley and Kleiner.l*l As shown in Refs. [3]-
[5] for the single radiation mode, the probability dis-
tribution p (m,T') of registering m photoelectrons in
the time interval T is given by

aTa m t
p(m,T):Tr{p:(Cm!)e_Caaz }, (1)

where ¢ o« T is called the quantum efficiency (a
measure) of the detector, : : denotes normal order-
ing and p is the single-mode density operator of the
light field concerned. The aim of this paper is to de-
rive some other quantum mechanical photoncount for-
mula by introducing the thermo entangled state rep-

resentation (TESR) and converting the calculations of
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Wigner function (WF) and the characteristic function
of density operator to an overlap between “two pure”
states in a two-mode enlarged Fock space, so that it
is convenient to calculate the photocount when a light
field density operator is given. In addition, this new
method seems concise and easy to accept by readers.

Recall that the thermal entangled state represen-
tation (TESR) is constructed in the doubled Fock
spacel®7 based on Umezawa-Takahash thermo field
dynamics (TFD),[8-19 je.,

1 .~ ~ 5
In) = exp [2|n|2 +nat —n*al + aTaT] 0,0)

=D (n)n=0), (2)
|€) = exp [—;|£|2 +éal +€%at - aTdT] 0,0>
=D (§£=0), (3)

where the state vector |€) is conjugate to the state |n) ,
D(n) = ena’—na g 5 displacement operator, and a' is
a fictitious mode that is an adjoint operator of the real
0,0) = 10)]0), and |0)
is annihilated by a with the relations [&, &T] =1 and
la,a'] = 0. It is easily seen that [y = 0) and |{ = 0)
have the following properties:

photon creation operator aT,

|17)

=0)= e 0,0y =3 |n,A), (4)
n=0
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€ =0) = (~1)*"* |5 =0), (5)

where n = n, and n denotes the number in the ficti-
tious Hilbert space.

According to the TFD and Eq. (4), we can reform
the probability distribution p (m,T') as

o0 -i- m
p(m T)= Y (nl pr LD ecole, |y
n=0 '
= i (n,n| p: %e_q‘““: |1, 1)
n, =0 '
=S plam -, ©)

where in the last step, we have used the operator iden-
tity: exp (AaTa) =: exp [(e)‘ — 1) aTa] : . Note that
the density operators p(af, a) are defined in the real
space which are commutative with operators (af, @) in
the tilde space with |p) = p|I), as well as (72|l) = &,

=/ /T—=m)|l—m

(n =n,l =1). By using a™ |I)

and a™™ |I) = /(I + m)!/I'|l +m), equation (6) be-
comes
m 0 l
p(m,T)= C ,0|Z+7m) 1-¢ ’l+ml—|—m>
1=0
aTaT .
ROWE la-gdal, )
=" (| e“*C ' fm, i) (7)

In order to derive four new formulas for p (m,T),
we first bridge the relation between the characteristic
function (CF) and the entangled state representation
(n]. Similar to Eq. (6), after using the TFD theory, the
CF of density operator p, xs (A, \*) = tr(p e/\“T_)‘*a)
can be calculated as

xs AN =" (7] p e N4 m, i)
=(p| D (A) |n=0)
=(pln=2A), (8)

which is the CF formula in TESR, with which the
characteristic function of density operator is simplified
into an overlap between two “pure states” in enlarged
Fock space, rather than using ensemble average in the
system-mode space. Thus we can then simplify the
calculation of xs (A, A*) by virtue of some important
properties of the entangled state representation (1.

Using the expression of (7| in Fock space, i.e.,

man

N - cm4n @A

m,n=0

o (=i, i) e711°/2,

(9)

where H,, , (£§*,§) is the two-variable Hermite

polynomials,'12 one finds

M H,,  (—in*, in) e~ 717/

vm!n! ’

(10)

(nl m,n) =
which leads to

(n] e1=9a'a |1 )

510" m+n)

n! m!

(n m+n, W/I_J\r/n>
n=0
e 1y

= m' n' Hm-&-n,m-ﬁ-n(_in*a 177)

n=0
1
= (mrt P (—

e Y G B

where in the last step, we have used the formula,™?]
(see Appendix A)

Z FHmH,n—&-l (-Ta y)
=0

eaxy/<a+1> (

et V) )

and the relation between two-variable Hermite poly-
nomials and Laguerre polynomials,
_1)ym
()"

L (zy) = o Hmm (z,9). (13)

Further inserting the completeness relation of (7|,

e., [zdnln) (nl =
the normally ordered form of the vacuum projector
|0,0)(0,0| =
of integration within an ordered product (IWOP) of

1 (it can be proved by using

. exp (—aTa — de) : and the technique

operators!'4=19) "into Eq. (17), we can rewrite the re-

sulting expression as

2- 2 1
Q QCC‘Al Lm (C |)\|2> XS (A,A*),

(14)
which is just a new relation between the CF and the
When the characteristic
function xs (A, A*) of density operator for Wigner—

p (m7 T) Z

photoncount distribution.

Weyl form is known, the photocount distribution can
be calculated by using Eq. (14).

For instance, we first consider the single-mode co-
herent state |3), whose CF reads

Yeon (A, A*) = exp {; A+ A3 — /\*ﬂ} . (15)

substituting it into Eq. (14) yields

X (—2 A+ 28" — A*ﬁ)

p(m,T)= 7C
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x L, (2 |>\|2>
(CZ);W e ", (n=(flala|B) = |3), (16)

where we used the limiting expression

. m 2 _ 1 2m
lim 2" Ly (— Jaf? f2) = — o
and the following integrational formula (see Appendix
B):

2
/dia e_Bla‘2+Ca—C*o¢*Lm {A ‘a|2}
™

(B—A)" oo ACC*/B
=7Bm+1) e /B, 7147]/3 .7

Equation (16) is the Poisson distribution coinciding
with the result in Refs. [4] and [5].

As another example, we consider the single-mode
squeezed vacuum exp [r (a™ —a?) /2] ]0),
whose CF reads

state,

1
Xsq (A, A") =exp | — 3 IA]” cosh 2r
1
+ (A>+A*%)sinh2r|.  (18)

Substituting Eq. (18) into Eq. (14), we have (Ap-
pendix C)

&Msechr tanh™ r

(V2 -1 (1 —v2)/?

p(m’ T) =

|4
X Py, (\/W) ) (19)
(V=(1-¢)tanhr),

where P,, (z) is the Legendre polynomial and equa-
tion (19) is a new result.

Next, we derive other three new formula. Notice
that the characteristic function xg (A, A*) is related to
the Wigner function, Q-function and P-representation
by the following Fourier transforms:

XX = [ W (@), (20)
Xs ()\,A*) _ e|)\‘2/2/ eAa*_)\*aQ (a) dQOé, (21)
XS ()\7>\*) — 67|A‘2/2/ e)\a*,)\*ap (a) d2Oé, (22)

respectively, thus substituting Egs. (20)—(22) into
Eq. (14) we can directly obtain

2(=Q"

20 |af?
p(m,T)z(Q_OmH/dzaexp <_ 2|_oz|C>

4ol
me{H}W(a), (23)

0" [ (=Clal
p(m’T)_(l—C)mH/d p(1<>
o)
me{l_C}Q(a), en
pnT) =S / Calaf" eI P(a),  (25)

where W (o) = 2tr (pA (o, a*)), Q (o) = 7L {a| p|a)
and the integration formula (17) is used. Equa-
tions (23)—(25) are the new formulas for evaluating
photon count distribution. Therefore, once one of
these distributions of p is known, the photocount
distribution can be calculated by using Egs. (23)—
(25), which involve the Wigner function, @-function,
and P-representation of p, respectively. To con-
firm their correctness, we still consider the coher-
ent light field |5) (8], its Wigner function, @-function
and P-function are given by W (o) = 27— e~21A—al*,
Pla) = 6@ (B—a), and Q(a) = nle 1Al
respectively, then according to Eqgs. (23)—(25) and
using Eq. (17) and the above limiting expression
lim, o 2Ly, (— |a]? /) = 2 |a[*™, one can draw the
same result as Eq. (16).

Finally, we should mention that using Egs. (2)—(5)
it is shown that the Wigner function of a mixed state
p, Wy(a,a*) = 2tr (A (e, a*) p) , where A (o, *) is
the single-mode Wigner operator,!!718] whose explicit

normally ordered form is!*?!

Ao, a*) == e~2(a'—a")(a—a)

— |~

= —D(20) (—1)*'a, (26)

which can also be converted into an overlap between
two “pure states” in the enlarged Fock space,

oo

W, (a,a") = Z (n,n| A (e, &™) p|m,m)

= 2 (g =0/ D (20) (~1)"'"]p)
(= —2a] (—~1)2"@ |p)

(€ =2al p), (27)

which is the Wigner function formula in TESR, with
which the Wigner function of density operator is sim-

==

plified into an overlap between two “pure states” in
enlarged Fock space. Employing its completeness re-

[See=1

lation, i.e.,
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one can derive the above new formulas. In addition,
the expression in Eq. (27) can also examine the evolu-
tion of Wigner function of density operator interacting
with the environments.29-21]
In summary, based on Umezawa—Takahash
thermo field dynamics theory, after introducing the
TESR, we converted the calculation of CF into an
overlap between two “pure states” in enlarged Fock
space. Then we bridged the relation between the char-
acteristic function and the photocount distribution.
Once the CF of density operator for Wigner—Weyl
form is known, the photocount distribution can be cal-
culated conveniently. Using the Fourier transform re-
lation between the CF and the distribution functions,
we further derived other three new formulas so as to be
convenient for calculating photocount distribution by
using these formulas. For more applications of entan-
gled state representation, one may refer to Refs. [22]

and [23].

Appendix A: Derivation of sum-

formula in Eq. (12)

Using the integration of two-variable Hermite
polynomials,

> l 2
6] d*z 2 _yz*
2 ( 1)n+l oY / Zn+lz*m+l e |[z|*+xz—yz

{! T
1=0

2
_ ea:y(_l)n/anz*mef(owkl)\zﬁ«#xzfyz*.
™

(A2)

Then making scale transform and using Eq. (Al)
again, equation (A2) can be converted into the fol-

lowing form:

o

al
E T m+l n+l € y)
1=0

—1)" ¥ d2
__ (=Dre /Jznz*m

(Oé + 1)(nL+n+2)/2 T

2 Tz Yz
xexp | 4] +\/a+1 B vVa+1

=right hand side of Eq. (12). (A3)

Appendix B: Derivation of inte-
gration formula in Eq. (17)

Using Eq. (13) and the generating function of the

two-variable Hermite polynomials,

d22 5 . 6m+n
— (_1\" &M = 2 on xm —|z|"+Ez—nz —Atv+B1+Cv
Hy () = (-1 80 [ S2amsme 7 i -
(A1) B C
we have = (VA) ™" Hyn (7 ) ’ (Ad)
v VA VA
7Hm n z,
Lo + (@) we find
/ {A2 |a| }e—B2\o¢| +Ca+C*a™
].) _R2.2 * x
_ a H,m {AO&,AQ*} e Bfla|*+Ca+C*«
m  ml! ’
_ (-1)m™ o9?m ett'/d2a e—B2\a|2+(c+At)a+(c*+At’)a*
m!  otmot'™ T t=t'=0
(-n)m (B2 - A" 92m AC/B AC*/B
B | B2(m+1) o—CC /B gymprm P\ 7T VB -2 VB A2t tmr=0 (45)

where we have used the formula

/d 2 ollelrezne — L —ene Re(e) <o,
C )
(A6)
Using Egs. (A4) and (13) again, one can have the in-
tegration formula in Eq. (17).

\
Appendix C: Derivation of the re-

sult in Eq. (19)

In order to obtain Eq. (19), we first derive a new
integral formula,

/ A|/\| }e—B|)\\2+C>\2+C)\*2. (A7)
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Using Egs. (13) and (A4), equation (A7) can be converted into the form

m!

—_ m 2 2 2 *2
=00 [, (VAN VAX) e Parsontson
™

2 2
_ (-pm o —Tt/d A e—B\A|2+t\/Z,\+T\/Z,\*+c>\2+c>\*2

e
m!  otmorm

s t=7=0
—1)m 92m B? —4C?% — BA CA(T?+¢?
= (=1) exp |— Tt + (T ) ) (A8)
mlv/B2 — 4C2 otmoT™ B2 —4C? B2 —4C? o
where in the last step, we have used formulal?4!
d?z 2 > > 1 —Cn+E9+1°f
—exp(C |z + &z +n" + f25 4+ 92") = exp , A9
[ el N e (A9)
whose convergent condition is Re (¢ + f £ ¢) < 0 and Re[(¢? —4fg)/(C £ f £9)] <O0.
Expanding the exponential item involved in Eq. (A8), we see
m St k k m
I = (-1) Z (-1 (32 —4C” - BA) o F2ntky2l+k
mly/B? —4C? = nlllkl (B2 —4c2)Ftt (o Ayt otmorm o
(B2 -4C? - BA)" [’“Z/Q] m! 1\ )
N (B2 —4c2)™H/2 & 2200 (m — 21)! y) (
\
where B2 4c?_ AB and
- A1l m/2
Y 2AC (AL1) ((a-B)y* - ac?)
Recalling that newly found expression of Lagendre (B2 4C?) 1))z
polynomial (it is equivalence to the expression of well-
. 1125 m+1 2 \m/2
known Legendre polynomial(?®!), ¢t sechr (— tanh r)
[m/2] I ((2 - C) Ctanh2 r+ sechzr) (m+1)/2
m m! 1 A m/2
" D S m—zy \! " 2) ~Pml@), (AL2) ¢ sechr (— tanh’r)
1=0 = , (A19)
(1— yz)(m+1)/2
the compact form for I is written as <
2 9 m/2
, ((A — B)" —4C > b y AL3 p(m, T) = ¢"™sechr tanh™ r y
= (B2 - 402)(m+1)/2 m y2 —1 ) ( ) ’ (y2 . 1)m/2 (1 _ y2)1/2 m /7y2 —1 3

which is a new integration formula.
Substituting Eq. (18) into Eq. (14) we have

p(m,T) = %I’,

where I’ shown in Eq. (A13) is characteristic of

(A14)

1

1 1
A==, B==+sinh*r, C = -sinh2r, (Al
which leads to
y = (1—¢)tanhr, (A16)
A—B=(A-B)’>-4C? = —sinh?r, (A17)
1 .
B% —4C? = @ [(2—¢)¢sinh®r +1],  (A18)

(A20)
which is the photoncount distribution of squeezed vac-
uum state.

References

[1] Mandel L and Wolf E 1995 Optical Coherence and Quan-
tum Optics (Cambridge:
p. 623

(2] Glauber R J 1963 Phys. Rev. 130 2529

(3] Kelley P L and Kleiner W H 1964 Phys. Rev. 136 316

[4] Scully M O and Lamb W E 1969 Phys. Rev. 179 368

(5] Mollow B R 1968 Phys. Rev. 168 1896

[

[

[

Cambridge University Press)

6] Fan HY and Klauder J R 1994 Phys. Rev. A 49 704

7] Fan HY and Fan Y 2002 J. Phys. A: Math. Gen. 35 6873

8] Memorial Issue for Umezawa H 1996 Int. J. Mod. Phys.
B 10 1695, and references therein

084203-5



Chin. Phys. B Vol. 20, No. 8 (2011) 084203

Umezawa H 1993 Advanced Field Theory—Micro, Macro,
and Thermal Physics (New York: AIP)

Takahashi Y and Umezawa H 1975 Collective Phenomena
2 55

Woiinsche A 2001 J. Comput. Appl. Math. 133 665
Wiinsche A 2000 J. Phys. A: Math. Gen. 33 1603

Hu L Y, Duan Z L, Xu X X and Wang Z S 2011 J. Phys.
A: Math. Theor. 44 195304

Fan HY, Lu H L and Fan Y 2006 Ann. Phys. 321 480
Fan H Y, Zaidi H R and Klauder J R 1987 Phys. Rev. D
35 1831

Wiinsche A 1999 J. Opt. B: Quantum Semiclass. Opt. 1
R11

Wigner E 1932 Phys. Rev. 40 749

(18]

(19]
20]
(21]

(22]
(23]

[24]

[25]

084203-6

Fan HY 1997 Representation and Transformation Theory
in Quantum Mechanics (Shanghai: Shanghai Scientific &
Technical Press) (in Chinese)

Fan H'Y and Zaidi H R 1987 Phys. Lett. A 124 303
Hu L Y and Fan H Y 2009 Opt. Commun. 282 4379

HuL Y, Chen F, Wang Z S and Fan HY 2011 Chin. Phys.
B 20 074204

Hu L Y and Fan H'Y 2009 Chin. Phys. B 18 902

Fan HY, Ren G, Hu L Y and Jiang N Q 2010 Chin. Phys.
B 19 114206

Puri R R 2001 Mathematical Method of Quantum Optics
(Berlin: Springer-Verlag, Appendix A)

Hu L Y and Fan H Y 2008 J. Opt. Soc. Am. B 25 1955



