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Propagation of optical vortex solitons due to the

Gouy phase in strongly nonlocal nonlinear media∗
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In this paper, we present a study on the propagation of the symmetrical optical vortices formed by two collinear

Laguerre–Gauss solitons in strongly nonlocal nonlinear media. The optical vortices, which move along the beam axis

as the light propagates, result in a rotation of the beam’s transverse profile. This physical reason of the rotation is the

Gouy phase acquired by the component beams.
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1. Introduction

Optical spatial solitons have been extensively
studied in nonlocal nonlinear media.[1−28] The evolu-
tion of the optical beams in the nonlocal nonlinear me-
dia satisfies the nonlocal nonlinear Schrödinger equa-
tion (NNLSE).[1−3] In 1997, Snyder and Mitchell sim-
plified the NNLSE to the Snyder–Mitchell model[18] in
the case of strong nonlocality. In 2004, by using the
Taylor expansion method,[3−5] Guo’s group obtained a
new approximate model for the NNLSE in the strongly
nonlocal nonlinear media (SNNM) with the symmet-
rical real spatial response function. The exact ana-
lytical Laguerre–Gauss (LG) solutions of the NNLSE
have already been derived in SNNM in a cylindrical co-
ordinate system for the case of strong nonlocality.[6,7]

In recent years, the propagation of optical vortices
has attracted much attention.[21−42] Optical vortices,
which are associated with the phase singularity, are
one of the most interesting and fundamental optical
singularities exhibited by wave fields. Optical vortices
are surrounded by a wave field whose phase advances
around the vortex, and whose associated wavefront
carries orbital angular momentum.[30,33] However, the
propagation dynamics of the symmetrical optical vor-
tex solitons obtained by two collinear superpositions
of LG ring vortex solitons has not been studied in
SNNM.

In this paper, we study the dynamical propaga-
tion of the symmetrical optical vortices formed by two
collinear superpositions of LG ring vortex solitons. We
find that in these composite solitons, the optical vor-
tices appear, and upon propagation these composite
solitons move along the beam axis with a periodic ro-
tation of the soliton profile. The motion of these opti-
cal vortices can be well interpreted by the Gouy phase.

This paper develops its structure as follows. In
Section 2, we briefly show the LG modes of the sim-
plified model for the NNLSE and the composite vor-
tices. In Section 3, we discuss two cases of composite
solitons that are obtained when two collinear LG soli-
tons interact and we discuss the effect of parameters.
In Section 4, we also discuss the propagation of these
solitons and their connection to the Gouy phase. A
conclusion is given in Section 5.

2. LG modes of the simplified

model for the NNLSE and

composite vortices

2.1. LG modes of the simplified model

for the NNLSE

The propagation of the (1 + 2)-dimensional opti-
cal beams in nonlocal nonlinear media is modeled by
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the NNLSE

i
∂ψ

∂z
+ µ∆⊥ψ + k

∆n

n0
ψ = 0, (1)

where ψ = ψ(r, z) is a paraxial beam, z is the lon-
gitudinal coordinate, µ = 1/2k, k = ωn0/c is the
wavenumber in the media without nonlinearity, n0

is the linear refractive index of the media, ∆⊥ is
the two-dimensional transverse Laplacian operator,
∆n = n2

∫
R(r − r′)|φ(r′, z)|2d2r′ is the nonlinear

index coefficient, r and r′ are the two-dimensional
transverse coordinate vectors and R is the normal-
ized symmetrical real spatial response function of the
media.

For the strongly nonlocal case, the NNLSE can be
deduced as the Snyder–Mitchell linear model, which
can be written in the form in cylindrical coordinates
(r, ϕ, z),[1,5−7]
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where r = |r| is the radial coordinate, γ is the mate-
rial parameter associated with the response function
R(r) and P0 is the input power at z = 0.

In SNNM, when P0 = Pc, diffraction is exactly
balanced by nonlinearity and these are LG solitons
which preserve their widths as they propagate in the
straight path along the z axis. The expressions of LG
solitons can be written as[6,7]

ψpm =
Cpm

w0

(
r

w0

)|m|

Lm
p

(
r2

w2
0

)
e−r2/2w2

0 e i(mϕ−φ), (3)

where w0 is the beam radius of LG solitons, φ =
(2p + |m|+ 1)z/zR is the Gouy phase, which is differ-
ent from that in linear media,[30,38,39] and zR = kw2

0

is the Rayleigh range.

2.2.Composite vortices

The vortex LG solitons can be obtained as m 6= 0.
A general LG soliton mode has p radial nodes in its
amplitude. In this paper, we limit ourselves to the LG
solitons with single-ringed modes with p = 0, equation
(3) is simplified to the (0m)-mode LG solitons

ψ0m =
(

1
π|m|!

)1/2 1
w0

(
r

w0

)|m|

e−r2/2w2
0 e i(mφ−ϕ). (4)

Equation (4) represents a family of the LG solitons
that have a distinct intensity profile consisting of a
bright vortex ring. It is a phase vortex of topological

charge m at the centre of the bright ring. The radius
of the bright ring is the distance from the centre to
the point where the intensity is maximum, which can
be obtained from

ρ =
√
|m|w0. (5)

Obviously, the radius of the bright ring of the intensity
distribution of the (0m)-mode LG solitons increases
when |m| increases.

To discuss the general optical vortices, extend-
ing the linear analysis[30,33] to the nonlinear case, we
consider superposing two collinear LG solitons with
topological charges m1 and m2. The total amplitude
of the composite soliton can be written as

ψT = sin θψm1 + cos θψm2 e iδ, (6)

where δ is the relative phase between the two compo-
nent solitons. The ratio of the amplitudes of the two
LG solitons is given by

α =
√

I1

I2
= tan θ, (7)

where I1 and I2 are the intensities of the two LG soli-
tons. In the following we will discuss two cases of the
composite soliton generated in this way.

3. Two cases and the effect of pa-

rameters

3.1.Case |m1| < |m2|
When |m1| < |m2|, the structure of the resulting

composite soliton is a vortex of charge m1 in the centre
of the soliton surrounded by |m1 −m2| single-charged
peripheral vortices of sign σ2 = m2/|m2|. These pe-
ripheral vortices are located at the same radial dis-
tance rv and distributed at different angles φv, which
are given by

rv = w0

(
|m2|!
|m1|!

α2

)1/2(|m2|−|m1|)

, (8)

φv =
δ + nπ

m2 − m1
, (9)

where n = 1, . . . , (2|m1−m2|−1) is an odd integer for
each of the peripheral vortices. It is easy to find from
Eq. (5) that the intensity radii of the two LG soliton
modes are different, which leads to these peripheral
vortices. That is to say, the shear in the phase of the
two LG soliton modes located at different radii cre-
ates the peripheral vortices. In order to understand
this easily, we can consider that when the amplitude
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of the component solitons are the same, i.e. α = 1.
The region of r < rv is dominated by the soliton with
smaller topological charge |m1|, and the region of the
r > rv is dominated by the soliton with larger topolog-
ical charge |m2|. The peripheral vortices are located
precisely at r = rv.

The angles φv, where the vortices are located, are
phases of the dominant modes m1φ and m2φ on each
side of the boundary, which differ by an odd multiple
of 1/4. Actually, equation (9) can be obtained from
m2φ − m1φ − δ = nπ. When the relative phase δ is
changed, the peripheral vortices rotate an angle about
the centre of the beam consistent with the change of
their angular position.

In Fig. 1, the first and second rows show pat-
terns of the resulting composite solitons correspond-
ing to m1 = −1 and m2 = +4. The top row shows
the resulting composite soliton for several values of
θ = tan−1 α in increments of π/8 with δ = 0. The
left-most pattern, corresponding to the case θ = 0,
consists of a purely m2 = +4; the right-most one
corresponds to the case θ = π/2, where the beam is
purely the m1 = −1 component. The middle pattern
corresponds to the case θ = π/4, where we can clearly
see a vortex with charge −1 in the centre of the beam,
and five optical vortices of charge +1 distributed sym-
metrically in the periphery. In a cycle, the peripheral
vortices move outwards as θ is increased.

Fig. 1. Patterns of the composite solitons at z = 0. Top

row: the composite soliton as a function of the relative

amplitude α for m1 = −1 and m2 = 4, where α is de-

termined by the θ via α = tan θ, and δ = 0. The second

row: the composite soliton as a function of the relative

phase δ for m1 = −1 and m2 = 4, and α = 1. The third

row: the composite soliton as a function of α for m1 = +3

and m2 = −3, and δ = 0. The fourth row: the composite

soliton as a function of δ for m1 = +3 and m2 = −3, and

α = 1.

The second row shows the resulting composite
soliton as δ is changed while α = 1. From Eq. (9),
if we change δ by ∆δ, the pattern will rotate by
∆φv = ∆δ/(m2 − m1). A change in phase ∆δ = 2π

corresponding to a rotation of the composite soliton
is 2π/5.

3.2.Case |m1| = |m2|
In this case, there are no peripheral vortices in the

composite soliton for any relevant parameters. When
α 6= 1, the phase at the nodes varies continuously.
When the amplitudes of the component solitons are
the same: α = 1, 2|m1| angular nodes are symmet-
rically distributed at angles φv about the beam axis.
At the nodes, the phase abruptly switches by π.

In Fig. 1, the third and fourth rows show the re-
sulting composite solitons corresponding to m1 = +3
and m2 = −3. In the third row, θ is changed in incre-
ments of π/8 while keeping a fixed value of δ = 0. The
left-most and right-most patterns are the solitons with
m2 = −3 and m1 = +3, respectively. In the middle,
both component solitons have equal amplitude. We
can see the π difference between adjacent lobes by the
discontinuous shift in the fringes from lobe to lobe.
The fourth row shows the component solitons taken
for different values in δ increments of 2π for α = 1. A
change in phase ∆δ = 2π corresponding to a rotation
of the composite soliton is 2π/5.

4. Propagation dynamics of opti-

cal vortices due to Gouy phase

The symmetrical optical vortices rotate about the
beam axis as the composite solitons propagate. This
is because the Gouy phase of the component solitons
is different. The Gouy phase for LG solitons with
topological charge m and radial mode p is given by

ϕ = (2p + |m| + 1)z/zR, (10)

where zR is the Rayleigh range.
Now letting p = 0, we consider the Gouy phase

of single-ringed component beams, the peripheral vor-
tices are located at angles

φv = φn + φl =
δ + nπ

m2 − m1
+

|m2| − |m1|
m2 − m1

z

zR
, (11)

where

φn =
δ + nπ

m2 − m1
, φl =

|m2| − |m1|
m2 − m1

z/zR.
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By keeping the dynamic phase δ constant, the angu-
lar changes at the vortex position between two points
along the beam propagation direction is

∆φv =
|m2| − |m1|
m2 − m1

z

zR
. (12)

According to the different values of m1 and m2

in Eq. (12), we can discuss three cases. The first case
is |m1| 6= |m2| and σ1 = −σ2, equation (12) changes
into

∆φv = σ2
|m2| − |m1|
|m2| + |m1|

z

zR
. (13)

In this case, when m1 = 0, the maximum rotation
of the beam is π when z/zR = π. The rotation speed
will decrease when m1 increases.

To confirm the correctness of the solutions, nu-
merical simulation of Eq. (1) is carried out by ap-
plying the split-step Fourier method. We set Eq. (6)
at z = 0 as the input function, and the material re-
sponse is fixed to the Gaussian function, i.e., R(r) =
1/(2πw2

m) exp[−r2/(2w2
m)], here wm is the character-

istic length of the material response. The parameter
α = w′

0/wm is the degree of nonlocality, and w′
0 is the

second-order moment width of the input function.

Fig. 2. Propagation dynamics of the composite solitons

for m1 = −1 and m2 = +4. Top row: transverse nor-

malized intensity distribution from the analytical solu-

tion, θ = π/8 and δ = 0. The third row: transverse

normalized intensity distribution from the analytical solu-

tion, θ = 3π/8 and δ = 0. The second and fourth rows

are the numerical simulation of the first and third rows,

respectively. The degree of the nonlocality is 0.1.

Figure 2 shows propagation dynamics of the com-
posite solitons created by the two collinear LG solitons
with charge m1 = −1 and m2 = +4. Comparisons

of the exact analytical solutions with numerical sim-
ulations of Eq. (1) show that the analytical solutions
of Eq. (6) are in good agreement with the numerical
simulations in the case of strong nonlocality. Letting
∆φv = 2π, we can obtain a cycle of propagation of the
composite solitons, and z/zR = 10π/3. It is clear that
the vortices rotate as the composite soliton propagates
along the z axis. However, the transverse normalized
intensity distribution for θ = π/8 is different from that
for 3π/8.

Figure 3 illustrates the propagation dynamics
of composite solitons in one cycle, corresponding to
m1 = −1 and m2 = +4. The parameters of the top
row are chosen as θ = π/4 and δ = 0, and the third
row θ = π/4 and δ = 2π. Compared with the left-
most figure of the first row and that of the third row,
we can find obviously the locations of the vortices at
z = 0 are distributed at different angles. This can be
explained by different values of δ in Eq. (11), so the
initial locations of each optical vortex is determined
by φv.

Fig. 3. Propagation dynamics of the composite solitons

for m1 = −1 and m2 = +4. Top row: transverse nor-

malized intensity distribution obtained from the analytical

solution, θ = π/4 and δ = 0. The third row: transverse

normalized intensity distribution obtained from the ana-

lytical solution, θ = π/4 and δ = 2π. The second and

fourth rows are the numerical simulation of the first and

third rows, respectively. The degree of the nonlocality is

0.1.

The second case is |m1| 6= |m2| and σ1 = σ2. In
this case we have

∆φv = σ2
z

zR
, (14)

the resulting composite solitons have two possible
cases: symmetric and asymmetric cases, depending on
the values of the topological charge of the component
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solitons. Figure 4 shows the propagation dynamics of
the composite soliton created by the superposition of
two collinear LG solitons with charge m1 = +2 and
m2 = +4.

Fig. 4. Propagation dynamics of the composite solitons

for m1 = +2 and m2 = +4. Top row: transverse nor-

malized intensity distribution from the analytical solution,

θ = π/8 and δ = 0. The third row: transverse normal-

ized intensity distribution from the analytical solution,

θ = 3π/8 and δ = 0. The second and fourth rows are

the numerical simulations. The degree of the nonlocality

is 0.1.

The third case is |m1| = |m2| and σ1 = −σ2. In
this case we have

∆φv = 0. (15)

This case is an exception to the general case: the
composite soliton contains no peripheral vortices for
fixed values of the relevant parameters as the com-
posite soliton propagates along the z axis. Figure 5
shows propagation dynamics of the composite solitons
created by the two collinear LG solitons with charge
m1 = +3 and m2 = −3. In this case, the analyt-
ical solutions of Eq. (6) are also in good agreement
with the numerical simulations of Eq. (1) in the case
of strong nonlocality. Because the amplitudes of the
component beams are equal, the resulting composite
beams are the same for θ = π/8 and θ = 3π/8. In
Fig. 6, we can observe the initial adjacent lobes of
the composite beam which are distributed at different
angles when the value of the parameter δ is different.

Comparison of the composite vortices in SNNM
with those in the linear media,[30,38,39] it is easy to
find that the propagation dynamics is different due to
the different Gouy phases.

Fig. 5. Propagation dynamics of the composite solitons

for m1 = +3 and m2 = −3. Top row: transverse nor-

malized intensity distribution from the analytical solu-

tion, θ = π/8 and δ = 0. The third row: transverse

normalized intensity distribution from the analytical solu-

tion, θ = 3π/8 and δ = 0. The second and fourth rows

are the numerical simulations of the first and third rows,

respectively. The degree of the nonlocality is 0.1.

Fig. 6. Propagation dynamics of the composite solitons

for m1 = +3 and m2 = −3. Top row: transverse nor-

malized intensity distribution from the analytical solution,

θ = π/4 and δ = 0. The third row: transverse normalized

intensity distribution from the analytical solution, θ = π/4

and δ = 2π. The second and fourth rows are the numerical

simulations of the first and third rows, respectively. The

degree of the nonlocality is 0.1.

For the symmetric case, the vortices move along
the z axis as the composite soliton propagates, result-
ing in a rotation of the beam’s transverse profile. For
the asymmetric case, the vortices also move along the
z axis as the composite soliton propagates, resulting
in a rotation of the beam’s transverse profile, but the
centre of the composite soliton is changing and devi-
ating from the z axis continuously. Snyder–Mitchell
linear model is valid for the symmetric case, but in-
valid for the asymmetric case.
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5. Conclusion

In conclusion, the propagation of the symmetri-
cal optical vortices formed by the superpositions of
two collinear LG solitons in SNNM has been studied.
The analytical results are in good agreement with the
numerical simulations of NNLSE in the case of strong
nonlocality. We find that the symmetrical optical vor-
tices, which move along the beam axis as the light
propagates, result in a periodic rotation of the beam’s
transverse profile. This rotation can be well explained
by the Gouy phase acquired by the component soli-
tons.
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