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This paper investigates the synchronization between integer-order and fractional-order chaotic systems. By intro-

ducing fractional-order operators into the controllers, the addressed problem is transformed into a synchronization one

among integer-order systems. A novel general method is presented in the paper with rigorous proof. Based on this

method, effective controllers are designed for the synchronization between Lorenz systems with an integer order and a

fractional order, and for the synchronization between an integer-order Chen system and a fractional-order Liu system.

Numerical results, which agree well with the theoretical analyses, are also given to show the effectiveness of this method.
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1. Introduction

Fractional calculus, which can be dated back to
the late seventeenth century, has been of consider-
able importance and popularity over the past several
decades.[1] A particular feature is that engineers and
scientists have developed many new models that in-
volve fractional differential equations, among which
the study of chaotic systems with fractional orders is
one of the hottest research areas. Up to now, peo-
ple have studied the fractional-order nonlinear dy-
namics of many famous chaotic systems, such as the
fractional-order Lorenz system,[2] the fractional-order
Rössler system,[3] the fractional-order Chen system,[4]

and the fractional-order Liu system.[5]

Chaos synchronization has received much atten-
tion from researchers in recent years. The synchro-
nization problem among fractional-order systems, as
well as among integer-order systems, has been inten-
sively studied. One can refer to Refs. [6]–[14] and
references cited therein for some relevant work.

The above-mentioned papers are mainly con-
cerned with the synchronization scheme when the
drive and response systems are of identical orders, i.e.,
all integer orders or identical fractional orders. Re-
cently, some researchers started to investigate the syn-
chronization problem when the drive and response sys-
tems were of non-identical orders. It was found that
in such a case synchronization can also be achieved.
Zhou et al.[15,16] first studied the synchronization be-

tween a fractional-order system and an integer-order
system. Based on the concept of tracking control,
effective controllers were designed in Refs. [15] and
[16] to achieve the synchronization. Later, via simi-
lar methods, they further studied the function projec-
tive synchronization between an integer-order Lorenz
system and a fractional-order Chen system.[17] In
Ref. [18], Odibat studied the synchronization of Chen
systems and the synchronization of Rössler systems
when the drive and response systems were of different
orders. More recently, Jia et al.[19] proposed a novel
method based on Lyapunov stability theory and nu-
merical differentiation to realize synchronization be-
tween a fractional-order unified system and an integer-
order Chen system. However, the method proposed
in Ref. [19], though somewhat simpler than those in
Refs. [15] and [16], has some drawbacks. One of them
that should be mentioned is that the synchronization
error in Ref. [19] does not converge to zero even if
the control gains have been adopted to as large as
1000. Since the synchronization between chaotic sys-
tems with non-identical orders is a new domain in the
research field of chaos synchronization, no other refer-
ence papers relevant to this topic have been reported
to our knowledge.

In this paper, we consider the synchronization
case when an integer-order system is chosen as the
drive system and a fractional-order system serves as
the response system. Based on several properties on
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fractional calculus, we propose a novel general method
to accomplish chaos synchronization in such a case.
This method is similar but not identical to that in
Ref. [18]. Furthermore, this paper presents a general-
ized and extended form of the work in Ref. [18]. By
introducing fractional-order operators into the con-
trollers, the addressed problem is transformed into
a synchronization problem among integer-order sys-
tems. The designed controllers in the response system
based on this method involve fractional calculus oper-
ators, which are different from the controllers adopted
in the synchronization schemes between chaotic sys-
tems with identical orders as reported in most of the
relevant papers.

This paper is organized as follows. Section 2 gives
the definition and some basic properties on fractional
calculus. In Section 3 we discuss the formulation prob-
lem and then present the general method together
with its proof. In Section 4, we consider two ex-
amples to illustrate the effectiveness of this method.
The controllers for the synchronization between the
integer-order Lorenz system and the commensurate
fractional-order Lorenz system, and that between the
integer-order Chen system and the incommensurate
fractional-order Liu system, are well designed based
on the proposed method. Moreover, the numerical re-
sults are also given in Section 4, which agree well with
the analytical results. Finally, conclusions in Section
5 close this article.

2. Some basic definitions and

properties of fractional calcu-

lus

Fractional calculus is the field of mathematical
analysis that deals with the use of integrals and deriva-
tives of arbitrary order. At present there are several
definitions of fractional calculus. The two most com-
monly used are the Riemann–Liouville (RL) definition
and the Caputo definition.[1] In practical applications,
researchers prefer the Caputo definition to the RL defi-
nition, since the Caputo definition involves initial con-
ditions that are physically interpretable and measur-
able. In this paper we consider the Caputo definition.

The Caputo definition is given as[1]

∗
aDα

t f(t) =
1

Γ(n − α)

∫ t

a

f (n)(τ)
(t − τ)α−n+1

dτ (1)

for n − 1 < α < n, n ∈ N, where Γ(·) is the gamma
function. In the following analysis, the lower terminal
a is set to be zero and we use the notation Dα as the
simplified form of ∗

0D
α
t (t > 0).

Some basic properties of fractional derivatives and
integrals used in the paper are listed as follows.[1,20]

(i) For α = n, where n is an integer, the oper-
ation Dαf(t) gives the same result as classical inte-
ger order n. Particularly, when α = 1, the opera-
tion Dαf(t) is the same as the ordinary derivative,
i.e., D1f(t) = df(t)/dt; when α = 0, the operation
Dαf(t) is the identity operation: D0f(t) = f(t).

(ii) Fractional differentiation and fractional inte-
gration are linear operations:

Dα[af(t) + bg(t)] = aDαf(t) + bDαg(t). (2)

(iii) For α ≥ 0, the following equation holds

DαD−αf(t) = D0f(t) = f(t), (3)

which means that the fractional differentiation opera-
tor is a left inverse to the fractional integration oper-
ator of the same order α.

(iv) The Laplace transform formula for the Ca-
puto fractional derivative is as follows:

L{Dαf(t)} = sαF (s) −
n−1∑
k=0

sα−k−1f (k)(0),

(α > 0, n − 1 < α ≤ n). (4)

Particularly, when α ∈ (0, 1], we have L{Dαf(t)} =
sαF (s)−sα−1f(0). The Laplace transform of the frac-
tional integral satisfies

L{D−αf(t)} = s−αL{f(t)} = s−αF (s), (α > 0). (5)

3. Problem formulation and syn-

chronization scheme

Consider the case that the integer-order chaotic
system serves as the drive system and the fractional-
order chaotic system is the response system, which are
given as

ẋ = f(x) → drive system, (6)

and

Dαy = g(y) + U(x,y) → response system, (7)

where α is an n × 1 vector which denotes the frac-
tional orders for each state of the response system,
i.e., α = [α1, α2, . . . , αn]T, x,y ∈ Rn are the n-
dimensional state vectors for drive and response sys-
tems, respectively; f, g : Rn → Rn are continuous
vector functions and U(x,y) is the controller that
should be designed later.
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Decompose the integer-order drive system (6) and
the fractional-order response system (7) as

ẋ = Ax + F (x), (8)

and

Dαy = By + G(y) + U(x,y), (9)

where A,B ∈ Rn×n are the parameter vectors for the
linear parts in the drive system and the response sys-
tem, respectively; F,G : Rn → Rn are the nonlinear
parts of the drive system and the response system,
respectively.

We define the state errors as e = y−x if e(t) → 0
as t → ∞, then we say that the integer-order drive sys-
tem and the fractional-order response system achieve
synchronization.

Remark 1 If the fractional orders in Eq. (7)
satisfy α1 = α2 = · · · = αn, system (7) is called a
commensurate order system, otherwise system (7) in-
dicates an incommensurate order system.

Remark 2 When A = B and F (·) = G(·),
the problem is reduced to a synchronization prob-
lem between identical systems with integer order
and fractional order. In Ref. [18] some relevant re-
search has been done where the author designed effec-
tive controllers to realize the synchronization between
an integer-order Chen system and a fractional-order
Chen system. Next, we propose a generalized method
that is applicable in such a case as well as other cases
when the drive system and response system are non-
identical not only in derivative orders but also in sys-
tem descriptions.

We decompose the controller function U(x,y)
into two sub-controllers UI(x,y) and UII(x,y), i.e.,
U(x,y) = UI(x,y) + UII(x,y) and propose the fol-
lowing form for the sub-controller UI(x,y)

UI(x,y) = (D−(1−α) − 1)[ g(y)]. (10)

By inserting sub-controller (10) into system (7),
we can rewrite the response system as follows:

Dαy = D−(1−α)g(y) + UII(x,y). (11)

Applying a Laplace transform to the above sys-
tem and letting Y (s) = L{y(t)}, we obtain

sαY (s) − sα−1y(0)

= s−(1−α)L{g(y)} + L{UII(x,y)}. (12)

Multiplying both the left-hand and right-hand
sides of Eq. (12) by s1−α and again applying the in-
verse Laplace transform to the result, we obtain the

following system, which is equivalent to systems (9)
and (7),

D1y = g(y) + D1−α[UII(x,y)]. (13)

By introducing the sub-controller UI(x,y), we
then reduce the problem to the synchronization be-
tween integer-order systems. The synchronization
problem between integer-order chaotic systems with
identical or non-identical structures has been exten-
sively studied in the literature and there are many
available methods to achieve it. In this paper we pro-
pose the nonlinear observer of the following form as
the sub-controller UII(x,y)

UII(x,y) = D−(1−α)[(A − B)x − G(y)

+F (x) − Ke], (14)

where K ∈ Rn×n is a gain matrix. Now we have the
following proposition.

Proposition 1 Given integer-order system (6)
and fractional-order system (7), there exists a suitable
gain matrix K to realize the synchronization between
systems (6) and (7) when the controller U(x,y) de-
signed above is adopted.

Proof Since system (13) is an equivalence of re-
sponse system (7), substituting Eq. (14) into system
(13) yields the response system in the following form

D1y = By + G(y) + D1−αD−(1−α)

× [(A − B)x − G(y) + F (x) − Ke]. (15)

Recalling the properties of fractional calculus dis-
cussed in Section 2, we obtain the error dynamic sys-
tem expressed as

ė = ẏ − ẋ = D1y − ẋ

= By + G(y) − [Ax + F (x)]

+ [(A − B)x − G(y) + F (x) − Ke]

= (B − K)e. (16)

For the linear error system ė, there indeed ex-
ist some matrices K to make all the eigenvalues λi

(i = 1, 2, . . . , n) of (B −K) stay in the left-half plane
(i.e., the eigenvalues are negative real numbers or com-
plex numbers with negative real parts), which ensures
that error system (16) is asymptotically stable. Hence
the synchronization between integer-order system (6)
and fractional-order system (7) is guaranteed. This
completes the proof.

4. Illustrative examples

In this section, we consider two examples to illus-
trate the effectiveness of the proposed method. One is
for the synchronization between Lorenz systems with
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an integer order and a commensurate fractional or-
der. The other is concerned with the synchronization
problem between different chaotic systems with non-
identical orders. In the latter, the synchronization
between an integer-order Chen system and an incom-
mensurate fractional-order Liu system is investigated.

The numerical solution of a fractional-order dif-
ferential equation is more difficult than that of an
ordinary differential equation. Hartley[21] calculated
the transfer function approximations for the fractional
integrator of orders from 0.1 to 0.9 in steps of 0.1.
This method has been widely used in the simulation
of fractional-order systems. However, it suffers from
the following defects.

(I) The number of fractional orders that can be
numerically simulated is confined to 9, namely, from
0.1 to 0.9. In other words, we cannot simulate systems
with other fractional orders using this method.

(II) It may demonstrate some incorrect numerical
results, especially in the simulation of fractional-order
chaotic systems. In Ref. [22] the author presented an
example on the misapplication of this method.

There exist many other numerical methods. One
can refer to Ref. [23] for a detailed survey on the
comparison of different approximation methods. In
this paper we adopt the so-called CRONE-Oustaloup
method[24] to simulate the fractional-order systems
and the fractional calculus operators. Besides, this
method has been developed into a free toolbox named
ninteger by Duarte Valerio,[25] which has facilitated
our numerical simulations.

Note that for the simulations of the integer-order
systems the commonly used fourth-order Runge–
Kutta method is employed here. All the computations
are done via Matlab/Simulink.

4.1. Synchronization between an

integer-order Lorenz system and

a commensurate fractional-order

Lorenz system

Let the famous Lorenz system,[26] which is de-
scribed as follows, be the drive system


ẋ1 = 10(x2 − x1),

ẋ2 = 28x1 − x1x3 − x2,

ẋ3 = x1x2 − 8x3/3.

(17)

Consider its corresponding fractional-order system as

the response system, which is given by
Dαy1 = 10(y2 − y1) + u1,

Dαy2 = 28y1 − y1y3 − y2 + u2,

Dαy3 = y1y2 − 8y3/3 + u3,

(18)

where U = [u1, u2, u3]T is the controller. It is reported
that the fractional-order Lorenz system (18) with frac-
tional order of α = 0.99 can behave chaotically.[2] The
three-dimensional (3D) phase portraits of the Lorenz
chaotic system with integer order and fractional order,
respectively, are shown in Fig. 1.

Fig. 1. The 3D phase portraits of the Lorenz chaotic

system: (a) the integer-order Lorenz system (17); (b) the

commensurate fractional-order Lorenz system (18) of or-

der 0.99 (without control).

Based on the general method proposed above, the
sub-controllers UI(x,y) and UII(x,y) can be derived
directly from Eqs. (10) and (14), respectively. When
we assemble the sub-controllers into the whole con-
troller U(x,y), some reduplicate parts with opposite
signs may be eliminated. Here we omit the expressions
of the sub-controllers and give the simplified forms of
the controller function U(x,y) as

u1 = (D−0.01 − 1)[10(y2 − y1)]

+D−0.01(−k1e),

u2 = (D−0.01 − 1)(28y1 − y2) + y1y3

+D−0.01(−x1x3 − k2e),

u3 = (D−0.01 − 1)(−8y3/3) − y1y2

+D−0.01(x1x2 − k3e),

(19)
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where
e = [e1, e2, e3]T = [y1 − x1, y2 − x2, y3 − x3]T,

ki = [ki1, ki2, ki3] (i = 1, 2, 3),

K = [k1,k2,k3]T.

(20)

Thus, one can obtain the error system in the form as
follows:

ė =


−10 − k11 10 − k12 −k13

28 − k21 −1 − k22 −k23

−k31 −k32 −8/3 − k33




e1

e2

e3

 . (21)

If the gain matrix is chosen as K = diag(15, 15, 15),
then the eigenvalues of the matrix (B − K) can be
calculated to be λ1 = −37.8277, λ2 = −17.6667,

λ3 = −3.1723, which all satisfy λi (i = 1, 2, 3) < 0.
Hence the error system is asymptotically stable and
the synchronization is achieved.

Let the initial states of the drive sys-
tem (17) and the response system (18)
be (x1(0), x2(0), x3(0))T = (3, 4, 5)T and
(y1(0), y2(0), y3(0))T = (−6,−10, 13.5)T, respectively.
Through numerical simulations, the time responses
of state variables both in the integer-order Lorenz
system and in the fractional-order Lorenz system are
depicted in Fig. 2. The synchronization errors are
shown in Fig. 3. We can see that the simulation
results are in agreement with the theoretical analy-
sis. The synchronization between integer-order and
fractional-order Lorenz systems is observed.

Fig. 2. Time responses of state variables in an integer-order drive system (solid line) and a fractional-order

response system (dashed line).

Fig. 3. Synchronization errors between the drive system

and the response system.

4.2. Synchronization between an

integer-order Chen system and an

incommensurate fractional-order

Liu system

Chen et al.[27] introduced a new chaotic system
named the Chen system in 1999. The Chen system,
which is similar but not topologically equivalent to

Lorenz system, is described as
ẋ1 = a1(x2 − x1),

ẋ2 = (c1 − a1)x1 − x1x3 + c1x2,

ẋ3 = x1x2 − b1x3.

(22)

The default parameters for the Chen system are a1 =
35, b1 = 3, and c1 = 28.

In Ref. [28], a new chaotic attractor called the Liu
system was proposed. Here we consider the fractional-
order version of the Liu system

Dα1y1 = a2(y2 − y1),

Dα2y2 = b2y1 − k2y1y3,

Dα3y3 = −c2y3 + h2y
2
1 .

(23)

The commensurate fractional-order Liu system (i.e.
system (23) with fractional order α1 = α2 = α3) has
been studied in Refs. [5], [29], etc. However, there are
few papers concerning the analysis and synchroniza-
tion of an incommensurate fractional-order Liu sys-
tem.

Via numerical method, we find that the incom-
mensurate fractional-order Liu system of order α1 =
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0.93, α2 = 0.94, α3 = 0.95 with the default param-

eters of a2 = 10, b2 = 40, c2 = 2.5, k2 = 1, and

h2 = 4 still exhibits chaotic dynamics. The chaotic

attractor of the incommensurate fractional-order Liu

system, together with that of the integer-order Chen

system, is depicted in Fig. 4.

Fig. 4. The 3D phase portraits of the chaotic systems:

(a) the integer-order Chen system (22) with parameters

as a1 = 35, b1 = 3, c1 = 28; (b) the incommensu-

rate fractional-order Liu system (23) of order α1 = 0.93,

α2 = 0.94, α3 = 0.95 with parameters a2 = 10, b2 = 40,

c2 = 2.5, k2 = 1, and h2 = 4.

Consider the integer-order Chen system (22) as

the drive system and the incommensurate fractional-

order Liu system as the response system. Rewrite the

controlled fractional-order Liu system as follows:


D0.93y1 = a2(y2 − y1) + u1,

D0.94y2 = b2y1 − k2y1y3 + u2,

D0.95y3 = −c2y3 + h2y
2
1 + u3.

(24)

Combine the sub-controllers derived from Eq. (10)

and (14) into a whole and we obtain the controller

U(x,y) in the following form,

u1 = (D−0.07 − 1)[a2(y2 − y1)]

+D−0.07[(a1 − a2)(x2 − x1) − k1e],

u1 = (D−0.06 − 1)(b2y1) + k2y1y3

+D−0.06[(c1 − a1 − b2)x1

−x1x3 + c1x2 − k2e],

u3 = (D−0.05 − 1)(−c2y3) − h2y
2
1

+D−0.05[(c2 − b1)x3 + x1x2 − k3e),

(25)

where the definition of ki (i = 1, 2, 3) and e is the
same as that in Eq. (20).

Then, the error system is calculated as

ė =


−a2 − k11 a2 − k12 −k13

b2 − k21 −k22 −k23

−k31 −k32 −c2 − k33




e1

e2

e3

 . (26)

Here we set the default parameters as described
above. If one chooses the gain matrix as

K =


0 10 0

10 10 0

0 0 10

 , (27)

then the eigenvalues of the matrix (B − K) are
λ1 = −12.5 < 0, λ2 = λ3 = −10 < 0, with default
system parameters. Now we can conclude that, as
the error system converges to the original point, the
integer-order Chen system and the incommensurate
fractional-order Liu system will be synchronized.

We also have performed some numerical com-
putations to verify the analytical results. The ini-
tial conditions for the drive and response systems
are taken as (x1(0), x2(0), x3(0))T = (5, 6, 7)T and
(y1(0), y2(0), y3(0))T = (2.8, 4.7, 26)T, respectively.

The results obtained from the numerical simu-
lations are illustrated in Figs. 5 and 6. It can be
seen that the state variables of the fractional-order
response system successfully track the corresponding
states of the integer-order drive system very quickly.
The error system arrives at the stable point in a short
time of less than one second. Hence, the synchroniza-
tion between the integer-order Chen system and the
incommensurate fractional-order Liu system is indeed
achieved.
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Fig. 5. Time responses of state variables in integer-order drive system (solid line) and fractional-order response

system (dashed line). Note that the parameters of the drive and response systems are set at the default values

in our simulation.

Fig. 6. Synchronization errors between the drive system

and the response system.

5. Conclusions

In this paper we investigated the synchronization
problem between an integer-order chaotic system and
a fractional-order chaotic system. A general method is
proposed to deal with this problem, which is theoreti-
cally rigorous and practically feasible. Two examples
are given in the present paper, i.e., the synchroniza-
tion between an integer-order Lorenz system and a
fractional-order Lorenz system; and the synchroniza-
tion between an integer-order Chen system and an in-
commensurate fractional-order Liu system. Based on
the proposed method, the nonlinear controller func-
tions are designed respectively to realize the synchro-
nization of the two examples. At the same time, the
numerical simulations are performed to verify the fea-
sibility and effectiveness of the general method. The
numerical results are in good accordance with the the-
oretical analyses.
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