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In this paper, we have found a kind of interesting nonlinear phenomenon—hybrid synchronization in linearly

coupled fractional-order chaotic systems. This new synchronization mechanism, i.e., part of state variables are anti-

phase synchronized and part completely synchronized, can be achieved using a single linear controller with only one

drive variable. Based on the stability theory of the fractional-order system, we investigated the possible existence of this

new synchronization mechanism. Moreover, a helpful theorem, serving as a determinant for the gain of the controller,

is also presented. Solutions of coupled systems are obtained numerically by an improved Adams–Bashforth–Moulton

algorithm. To support our theoretical analysis, simulation results are given.
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1. Introduction

Although fractional-order differential calculus
dates from the 17th century, the application of frac-
tional calculus to physics and engineering has been a
recent focus of interest. There are essential differences
between ordinary differential equation systems and
fractional-order differential systems. Most properties
and conclusions of ordinary differential equation sys-
tems cannot be simply extended to that of fractional-
order differential systems. Therefore, fractional-order
systems have attracted more and more attention.
Over the centuries, theories of fractional-order cal-
culus (fractional-order derivatives and integrals) have
undergone significant development, primarily con-
tributed by pure, not applied, mathematicians. How-
ever, in the past two decades, many researchers have
pointed out that fractional-order calculus is very suit-
able for describing the properties of various real ma-
terials. Compared with its classical integer-order
counterpart, fractional-order derivatives can provide
a better instrument for the description of the mem-
ory and hereditary properties of various materials and
processes.[1−7]

Recently, there has been growing interest in
the study of chaos synchronization due to its po-
tential applications in secure communication and
process control. Several typical kinds of synchro-
nization have been identified, such as complete
synchronization,[8−10] phase synchronization,[11,12]

generalized synchronization,[13,14] etc. Many theo-
retical studies have been carried out for unidirec-
tional coupled identical systems, usually by means of
the feedback control approach. In this case, linear
feedback via a single drive variable may be a bet-
ter choice due to its simplicity of theoretical analy-
sis and circuit implementation. In Ref. [15], Li et
al. first investigated a new kind of interesting syn-
chronization phenomenon existing in coupled integer-
order Chen chaotic systems. That is to say, part states
of the interactive systems are synchronized in terms
of complete synchronization and partly synchronized
in terms of anti-phase synchronization. Therefore, it
is natural for us to ask whether there still exists a
similar hybrid synchronization phenomenon in some
fractional-order coupled chaotic systems. There is no
doubt that this is an interesting problem. However,
to the best of our knowledge, there are limited (if
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any) investigation results reported in literature. This
is mainly because fractional-order stability theory is
immature and the corresponding stability theory of
an integer-order system cannot be extended to a frac-
tional order.

In this paper, motivated by the above discus-
sions, an interesting nonlinear phenomenon—hybrid
synchronization in linearly coupled fractional-order
chaotic systems is investigated. It is worthwhile men-
tioning that complete synchronization and anti-phase
synchronization coexist in interactive fractional-order
unified chaotic systems by a single controller with one
drive variable. A theorem used to determine the gain
of the linear controller is also proposed based on the
stability theory of fractional-order system. We ap-
ply the improved version of the Adams–Bashforth–
Moulton algorithm to compute the solutions of cou-
pled systems numerically. Finally, numerical simula-
tions show that part of the states in the coupled sys-
tems is anti-phase synchronized and part completely
synchronized under a single linear controller with one
drive variable. This also demonstrates that an in-
teresting nonlinear phenomenon—hybrid synchroniza-
tion does exist in fractional-order coupled chaotic sys-
tems.

This paper is orgnized as follows: in Section 2, the
model of the fractional-order unified chaotic system is
briefly reviewed and a theorem is proposed for design-
ing the gain of the controller. The improved version of
the Adams–Bashforth–Moulton algorithm is applied
to solve the coupled drive and response fractional-
order systems numerically in Section 3. Some numer-
ical simulation results supporting our proposed theo-
rem from Section 2 are given in Section 4. Finally, we
end our investigation in Section 5 with brief conclu-
sions.

2. Fractional-order derivative

and its approximation

There are several definitions of fractional-order
derivatives[16] where the Caputo derivative[17] is a
time domain computation method. In practical appli-
cations, the Caputo derivative is more popular than
others since un-homogenous initial conditions are per-
mitted if such conditions are necessary. Furthermore,
these initial values are easy to measure since they all
have idiographic meanings.[18] The Caputo definition

of a fractional-order derivative is as follows:
dαf(t)

dtα
= Jn−α dnf(t)

dtn
, (1)

where n is the first integer which is not less than α, Jθ

is the θ-order Riemann–Liouville integral operator. It
can be described as[19−25]

Jθφ(t) =
1

Γ(θ)

∫ t

0

φ(τ)
(t − τ)(1−θ)

dτ, (2)

where Γ(·) is the gamma function with 0 < θ ≤ 1.
In order to present our theoretical results on the

unified chaotic system in the following section, we first
make a brief review of this model. The unified chaotic
system is introduced by Lü et al.[20] with a single pa-
rameter α

ẋ1 = (25α + 10)(x2 − x1),

ẋ2 = (28 − 35α)x1 − x1x3 + (29α − 1)x2,

ẋ3 = x1x2 − (8 + α)x3/3,

(3)

where α ∈ [0, 1]. When α ∈ [0, 0.8), system (3) is
called the generalized Lorenz system. When α = 0.8,
system (3) is called the Lü system and when α =
(0.8, 1], system (3) is called the generalized Chen sys-
tem.

Now, consider the following fractional-order uni-
fied system as a drive system,

dqx1

dtq
= (25α + 10)(x2 − x1),

dqx2

dtq
= (28 − 35α)x1 − x1x3 + (29α − 1)x2,

dqx3

dtq
= x1x2 − (8 + α)x3/3,

(4)

where q is the order of fractional derivative and satis-
fies 0 ≤ q < 1.

According to Refs. [15]–[17], the predictor-
corrector scheme for system (4) can be derived. This
scheme is the generalization of the Adams–Bashforth–
Moulton algorithm. The following differential equa-
tion

dαx

dtα
= f(t, x), 0 ≤ t ≤ T,

x(k)(0) = x
(k)
0 , k = 0, 1, 2, . . . , n − 1,

is equivalent to the Volterra integral equation[17]

x(t) =
n−1∑
k=0

x
(k)
0

tk

k!
+

1
Γ(α)

∫ t

0

f(τ, x)
(t − τ)1−α

dτ.

Let h = T/N , tn = nh, (n = 0, 1, 2, . . . , N). Then
the above equation can be discretized as follows:

xh(tn+1) =
n−1∑
k=0

x
(k)
0

tkn+1

k!
+

hα

Γ(α + 2)
f(tn+1, x

ρ
h(tn+1))
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+
hα

Γ(α + 2)

∑
aj,n+1f(tj , xh(tj)),

where

aj,n+1 =


nα+1 − (n − α)(n + 1)α+1, j = 0,

(n − j + 2)α+1 + (n − j)α+1

−2(n − j + 1)α+1, 1 ≤ j ≤ n,

1, j = n + 1,

xρ
h(tn+1) =

n−1∑
k=0

x
(k)
0

tkn+1

k!

+
1

Γ(α)

n∑
j=0

bj,n+1f(tj , xh(tj)),

bj,n+1 =
hα

α
((n + 1 − j)α − (n − j)α).

The error estimate is e = Max|x(tj)−xh(tj)| = O(hρ),
( j = 0, 1, . . . , N), where ρ = Min(2, 1 + α).

The response system with a single linear con-
troller, which is added on the right-hand side of the
second equation, has the following form

dqy1

dtq
= (25α + 10)(y2 − y1),

dqy2

dtq
= (28 − 35α)y1 − y1y3 + (29α − 1)y2 + u,

dqy3

dtq
= y1y2 − (8 + α)y3/3,

(5)

where u is the linear controller with single drive vari-
able that comes from drive system (4).

Note that many methods and techniques have
been developed to synchronize fractional-order chaotic
systems, but the linear feedback control method is the
most popular one due to its simplicity for theoretical
analysis and circuit implementation. In the following,
we will study the hybrid synchronization phenomenon
stated above.

Here, our specific target is to investigate a theo-
rem that can determine the range of the linear con-
troller. For detailed demonstration, we suppose the
first two variables in Eq. (4) are anti-phase synchro-
nized with those in Eq. (5) and the third variables in

them are completely synchronized. To this end, we
define the error variables as follows:

e1 = x1 + y1, e2 = x2 + y2, e3 = x3 − y3, (6)

and set the form of linear controller as

u = −ke2. (7)

It follows from systems (4) and (5) that the error vari-
ables (6) are governed by the following dynamical sys-
tem

dqe1

dtq
= (25α + 10)(e2 − e1),

dqe2

dtq
= (28 − 35α − x3)e1 + (29α − 1 − k)e2

+ e1e3 − x1e3,

dqe3

dtq
= x2e1 + x1e2 − e1e2 − (8 + α)e3/3.

(8)

Before giving our main results, we introduce the fol-
lowing fractional-order stability theorem. It is very
important to bring out our results.

Lemma 1[17] For n-dimensional fractional-order
system, if all the eigenvalues (λ1, λ2, . . . , λn) of the
Jacobian matrix of some equilibrium point satisfy

| arg(λi)| > απ/2,

α = max(q1, q2, . . . , qn), (i = 1, 2, . . . , n),

then the fractional-order system is asymptotically sta-
ble at equilibrium.

Based on Lemma 1, we give the following theorem
to achieve hybrid synchronization.

Theorem 1 The anti-phase synchronization
and complete synchronization coexist in the coupled
fractional-order systems (4) and (5) if the control gain
k satisfies

k > max{k∗
1 , k∗

2}, (9)

where

k∗
1 = 29α − 1 +

(25αp + 10p + 28 − 35α + N2)2

4(25α + 10)p
, (10)

k∗
2 =

(8 + α)(25αp + 10p + 28 − 35α + N3)2 − 4(8 + α)(25α + 10)p(1 − 29α) + 3N2
2 (1 − 29α)

4(8 + α)(25α + 10)p − 3N2
2

, (11)

and

p >
3N2

2

4(8 + α)(25α + 10)
, (12)
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where |x2(t)| ≤ N2, |x3(t)| ≤ N3.
Proof Firstly, according to the characteristics of a chaotic system, we know that all the state variables are

bounded. Equivalently, there are three positive, numbers N1, N2, and N3, such that |x1(t)| ≤ N1, |x2(t)| ≤ N2

and |x3(t)| ≤ N3. In order to better determine the control gain range, we first introduce a positive relaxed
variable p to the first equation in Eq. (8), then the error dynamic equation becomes

p
dqe1

dtq

dqe2

dtq

dqe3

dtq


=


−25αp − 10p 25αp + 10p 0

28 − 35α − x3 29α − 1 − k −x1 + e1

x2 x1 − e1 −(8 + α)/3




e1

e2

e3

 . (13)

Assume that λ is one of the eigenvalues of the real
matrix A, and the corresponding non-zero eigenvector
is β = (η1, η2, η3)T, i.e.,

Aβ = λβ. (14)

Transposing on both sides of Eq. (14) yields

βHAT = λ̄βH, (15)

where the superscript H stands for the conjugate

transpose of a matrix. Multiplying Eq. (14) left by
1
2βH, and Eq. (15) right by 1

2β, we obtain

1
2
βH(A + AT)β =

1
2
(λ + λ̄)βHβ. (16)

Therefore,

1
2
(λ + λ̄)βHβ =

1
2
βH(A + AT)β. (17)

So,

1
2
βH(A + AT)β

= (η̄1, η̄2, η̄3)


−25αp − 10p

25αp + 10p + 28 − 35α − x3

2
x2

2
25αp + 10p + 28 − 35α − x3

2
29α − 1 − k 0

x2

2
0 −(8 + α)/3




η1

η2

η3



≤ (|η̄1|, |η̄2|, |η̄3|)


−25αp − 10p

25αp + 10p + 28 − 35α + N3

2
N2

2
25αp + 10p + 28 − 35α + N3

2
29α − 1 − k 0

N2

2
0 −(8 + α)/3




|η1|
|η2|
|η3|



= −(|η1|, |η2|, |η3|)


25αp + 10p −25αp + 10p + 28 − 35α + N3

2
−N2

2

−25αp + 10p + 28 − 35α + N3

2
−29α + 1 + k 0

−N2

2
0 (8 + α)/3




|η1|
|η2|
|η3|



= −(|η1|, |η2|, |η3|)Q


|η1|
|η2|
|η3|

 . (18)

That is to say, if the control gain k > max{k∗
1 , k∗

2}, where

k∗
1 = 29α − 1 +

(25αp + 10p + 28 − 35α + N2)2

4(25α + 10)p
,

k∗
2 =

(8 + α)(25αp + 10p + 28 − 35α + N3)2 − 4(8 + α)(25α + 10)p(1 − 29α) + 3N2
2 (1 − 29α)

4(8 + α)(25α + 10)p − 3N2
2

,
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and

p >
3N2

2

4(8 + α)(25α + 10)
.

Then the matrix Q is positive-definite. Thus, we ob-
tain

Re(λ) ≤ − 1
βHβ

(|η1|, |η2|, |η3|)Q


|η1|
|η2|
|η3|

 ≤ 0. (19)

From Eq. (19) we have | arg λ| > 0.5π, therefore,
| arg λ| > 0.5qπ.

According to the stability theory of a fractional-
order system, the equilibrium point in Eq. (11) is
asymptotically stable and so we have lim

t→∞
|ei(t)| = 0,

(i = 1, 2, 3). That is all for the proof.

3. Numerical algorithm for

fractional-order coupled uni-

fied chaotic systems

The initial conditions for drive system (4) and

response system (5) are selected as (x1
0, x

2
0, x

3
0) and

(y1
0 , y2

0 , y3
0), respectively. Set h = T/N , N ∈ Z+, and

tn = nh, (n = 0, 1, . . . , N), where T is total simula-

tion time and h is step size, respectively. Applying the

improved version of the Adams–Bashforth–Moulton

algorithm,[3] the numerical solutions to coupled frac-

tional order systems (4) and (5) can be computed as

follows:



(x1)n+1 = x1
0 +

hq

Γ(q + 2)
(25α + 10)[(x2)

p
n+1 − (x1)

p
n+1] +

hq

Γ(q + 2)

n∑
j=0

α1,j,n+1(25α + 10)[(x2)j − (x1)j ],

(x2)n+1 = x2
0 +

hq

Γ(q + 2)
[(28 − 35α)(x1)

p
n+1 − (x1)

p
n+1(x3)

p
n+1 + (29α − 1)(x2)

p
n+1]

+
hq

Γ(q + 2)

n∑
j=0

α2,j,n+1[(28 − 35α)(x1)j − (x1)j(x3)j + (29α − 1)(x2)j ],

(x3)n+1 = x3
0 +

hq

Γ(q + 2)
[(x1)

p
n+1(x2)

p
n+1 − (8 + α)(x3)

p
n+1/3]

+
hq

Γ(q + 2)

n∑
j=0

α3,j,n+1[(x1)j(x2)j − (8 + α)(x3)j/3],

(20)



(y1)n+1 = y1
0 +

hq

Γ(q + 2)
(25α + 10)[(y2)

p
n+1 − (y1)

p
n+1] +

hq

Γ(q + 2)

n∑
j=0

α1,j,n+1(25α + 10)[(y2)j − (y1)j ],

(y2)n+1 = y2
0 +

hq

Γ(q + 2)
{(28 − 35α)(y1)

p
n+1 − (y1)

p
n+1(y3)

p
n+1 + (29α − 1)(y2)

p
n+1 − k[(y2)

p
n+1 + (x2)

p
n+1]}

+
hq

Γ(q + 2)

n∑
j=0

α2,j,n+1{(28 − 35α)(y1)j − (y1)j(y3)j + (29α − 1)(y2)j − k[(y2)j + (x2)j ]},

(y3)n+1 = y3
0 +

hq

Γ(q + 2)
[(y1)

p
n+1(y2)

p
n+1 − (8 + α)(y3)

p
n+1/3]

+
hq

Γ(q + 2)

n∑
j=0

α3,j,n+1[(y1)j(y2)j − (8 + α)(y3)j/3],

(21)

where

(x1)
p
n+1 = x1

0 +
1

Γ(q)

n∑
j=0

β1,j,n+1(25α + 10)[(x2)j − (x1)j ],

(x2)
p
n+1 = x2

0 +
1

Γ(q)

n∑
j=0

β2,j,n+1[(28 − 35α)(x1)j − (x1)j(x3)j + (29α − 1)(x2)j ],

(x3)
p
n+1 = x3

0 +
1

Γ(q)

n∑
j=0

β3,j,n+1[(x1)j(x2)j − (8 + α)(x3)j/3],

(22)



(y1)
p
n+1 = y1

0 +
1

Γ(q)

n∑
j=0

β1,j,n+1(25α + 10)[(y2)j − (y1)j ],

(y2)
p
n+1 = y2

0 +
1

Γ(q)

n∑
j=0

β2,j,n+1{(28 − 35α)(y1)j − (y1)j(y3)j + (29α − 1)(y2)j − k[(y2)j + (x2)j ]},

(y3)
p
n+1 = y3

0 +
1

Γ(q)

n∑
j=0

β3,j,n+1[(y1)j(y2)j − (8 + α)(y3)j/3],

(23)
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αi,j,n+1 =


nq+1 − (n − q)(n + 1)q, if j = 0,

(n − j + 2)q+1 + (n − j)q+1 − 2(n − j + 1)q+1, if 1 ≤ j ≤ n,

1, if j = n + 1,

(24)

and

βi,j,n+1 =
hq

q
((n + 1 − j)q − (n − j)q), 0 ≤ j ≤ n, i = 1, 2, 3. (25)

4. Simulation results

In this section, the system parameters are cho-
sen as: fractional order q = 0.96, α = 0.5, to-
tal simulation time T = 50 s, step size h = 0.005
and the initial conditions for system (4) are selected
as (x1

0, x2
0, x3

0) = (0.12, 0.2, 0.94). By solving
Eqs. (20), (22), (24) and (25), the chaotic attractor in
a fractional-order generalized Lorenz system is shown
in Figs. 1(a)–1(d). Next, we will determine the gain
of a linear controller with a single drive state variable.

By calculation, we obtain |x1(t)| ≤ 25.1371,

|x2(t)| ≤ 32.4742, and |x3(t)| ≤ 49.5924. Setting

p =
3N2

2

4(8 + α)(25α + 10)
+ 5 = 9.4048

and computing Eqs. (10) and (11) yields k∗
1 = 97.7182

and k∗
2 = 173.1718. So, we select the control gain k =

175. The initial conditions for response system (5) are
chosen to be (y1

0 , y2
0 , y3

0) = (0.13, 0.65, 0.98). Figure
2(a) shows the convergence dynamics of error system
(8) when the control gain k = 175. From Fig. 2(a),
we can see x1(t) + y1(t) → 0, x2(t) + y2(t) → 0, and
x3(t) − y3(t) → 0 as time t approaches infinity.

Fig. 1. Phase portrait of the chaotic attractor in fractional-order unified chaotic system (4): (a) x1(t)–x2(t)

plane, (b) x1(t)–x3(t) plane, (c) x2(t)–x3(t) plane, (d) x3(t)–x1(t)–x2(t) hyperplane.

It seems that the gain of linear controller obtained from our theorem is relatively large. The reason is
that the conservative of the theorem is low after using the scaling law. In fact, the theorem is only a sufficient
condition. Through simulations, we found that the controller is also very effective when the gain reduces to
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k = 5 and the simulation results are shown in Fig. 2(b). This is helpful when it is used in practical engineering
applications.

Fig. 2. The time response of synchronization error e(t) =
q

P3
i=1 e2

i (t) as time t varies for k = 175 (a) and k = 5 (b).

5. Conclusions

In this paper, a new kind of nonlinear phe-
nomenon, hybrid synchronization, is studied by a sin-
gle linear controller with only one drive state variable.
Based on the stability of a fractional-order system,
a theorem serving as a determinant for the gain of
the linear controller is proposed. The simulation re-
sults show the effectiveness and feasibility of the pro-
posed scheme. Through simulation, two pairs of states
are anti-phase synchronized and the third pair is com-
plete synchronized by a coupled fractional-order uni-
fied chaotic systems by linear control via a single drive
state variable.

References

[1] Gao X and Yu J B 2005 Chaos, Solitons and Fractals 26

1125

[2] Hartley T T, Lorenzo C F and Qammer H K 1995 IEEE

Trans. Circuit Syst. Theor. Appl. 42 485

[3] Li C P and Peng G J 2004 Chaos, Solitons and Fractals

20 443

[4] Lu J G 2006 Phys. Lett. A 354 305

[5] Wang J W and Zhang Y B 2006 Chaos, Solitons and Frac-

tals 30 1265

[6] Grigorenko I and Grigorenko E 2003 Phys. Rev. Lett. 91

034101

[7] Li C G and Chen G R 2004 Physica A 341 55

[8] Pecora L M and Carroll T L 1990 Phys. Rev. Lett. 64 821

[9] Maritan A and Banavar J 1994 Phys. Rev. Lett. 72 1451

[10] Zhang R X, Yang S P and Liu Y L 2009 Acta Phys. Sin.

58 6039 (in Chinese)

[11] Rosenblum M G, Pikovsky A S and Kurths J 1996 Phys.

Rev. Lett. 76 1804

[12] Volodchenko K, Ivanov V N, Gong S H, Choi M, Park Y

J and Kim C M 2001 Opt. Lett. 26 1406

[13] Pyragas K 2002 Phys. Rev. E 54 4508

[14] Gonzalez-Miranda J M 2002 Phys. Rev. E 65 047202

[15] Li C D, Chen Q and Huang T W 2008 Chaos, Solitons

and Fractals 38 461

[16] Podlubny I 1999 Fractional Differential Equations (New

York: Academic Press)

[17] Ahmad W M and Sprott J C 2003 Chaos, Solitons and

Fractals 16 339

[18] Samko S G, Klibas A A and Marichev O I 1993 Fractional

Integrals and Derivatives: Theory and Applications (Am-

sterdam: Gordan and Breach)

[19] Wu X J, Li J and Chen G R 2008 J. Fran. Inst. 345 392
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