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The impurity-induced localization of two-component Bose–Einstein condensates loaded into deep one-dimensional

optical lattices is studied both analytically and numerically. It is shown that, the analytical criteria for self-trapping

and moving soliton/breather of the primary-component condensate are modified significantly by an admixture of an

impurity component (the second component). The realization of the self-trapped state and the moving soliton/breather

states of the primary-component becomes more easy with the minor admixture of the impurity-component, even if the

two components are partly overlapped.
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1. Introduction

Two-component Bose–Einstein condensates
(BECs) have rich and novel types of phase tran-
sition and nonlinear localization of coherent mat-
ter waves.[1−5] A prominent experiment has demon-
strated the superfluid-Mott-insulator transition[6]

and Fermionic superfluid in the BEC-BCS crossover
regime.[7,8] Then, experiments with a hetero-nuclear
mixture in three-dimensional (3D) optical lattices
have realized a Fermi–Bose system.[9,10] In particular,
a new investigation of degenerate Bose–Bose mixtures
in an optical lattice has again opened up uncharted
territory.[11] In these experiments, the loss of phase
coherence of the primary-component, 87Rb, is en-
riched due to an admixture of the second component
(considered as an impurity), 41K, not only for the
minor component, but even for the marginal spatial
overlap between the two components. Recently, our
theoretical study[12] revealed that the presence of the
second component can significantly modify the coher-
ent dynamics of the primary component and leads
to a lot of interesting quantum phenomena of the
two-component condensates.

This paper extends our recent work[12] and fo-

cuses on discussing the impurity-induced localization

of two-component BECs in one-dimensional (1D) op-

tical lattices. Based on a discrete Gross–Pitaevskii

equation (GPE) and within a time-dependent varia-

tional approach, we obtain the analytical criteria of

the self-trapping and the moving soliton/breather of

the primary component in a Bose–Bose mixture sys-

tem, especially for a moving Bose–Bose mixture sys-

tem. Our analytical results are confirmed by the direct

numerical simulations of the discrete GPE, with two

same and two different components, 87Rb (the pri-

mary component) and 41K (the second component).

It shows that the critical conditions for occurrences of

the self-trapped state and the moving soliton/breather

states can be modified significantly by an admixture

of an impurity (i.e., the second component). The real-

ization of these located states becomes easier with the

minor admixture of the impurity component, even if

the two components are partly overlapped. Further-

more, a new moving soliton state is found in this pa-

per. All results reveal that the impurity plays a key

role in manipulating and controlling the coherent dy-

namics of the two-component condensates.
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2. Model

Under the mean-field theory, the dynamics of two-
component BECs loaded into 1D untilted optical lat-
tices at T = 0 satisfies the GPE:[12]

i
∂Ψ

l

∂t
=

−βl
∂2

∂x2
+ V (x) +

2∑
j=1

glj |Ψ j |2
Ψ l, (1)

where time and space have been rescaled as t ∼ tE1
R/~

and x ∼ κx, respectively, l, j (l 6= j) represent
the different components, Ψ l is the wave function
of the l-th component. The nonlinear coefficients,
corresponding to the intra-component atoms inter-
action (l = j) and the inter-component atoms in-
teraction (l 6= j) are given in terms of the scatter-
ing length alj by gll = 4π~2all/E1

RMl and glj =
2π~2alj(Ml + Mj)/E1

RMlMj , with Ml being the mass
of one atom of the l-th component. The V (x) =
s cos(2x) is the external optical lattice potential cre-
ated by one orthogonal pair of counter-propagating
laser beams, s is the strength of the optical lattices,
El

R = ~2κ2/2Ml is the recoil energy of the lattices, κ is
the wave number of the laser beams and βl = M1/Ml.
When we consider the admixture of two different com-
ponents, i.e., 87Rb (the primary component) and 41K
(the second component), as used in experiment,[11]

β1 = 1 and β2 = 2.19.
When the optical lattices are sufficiently deep, we

can work within the tight-binding limit. In this case,
the l-th condensate wave-function can be written as
Ψ l(x, t) =

√
Nl

∑
n Ψ l

n(t)φl(x − xn), where Nl is the
total number of atoms of the l-th component, Ψ l

n(t)
is the n-th amplitude and φl(x − xn) is the Wannier
function of the lowest band localized at site n, with
the normalization condition

∫
dx(φl

n)2 = 1 and the or-
thogonalization condition

∫
dxφl

nφl
n+1 ' 0. Inserting

the above tight-binding approximation into the GPE
Eq. (1), and integrating over the spatial degree of free-
dom using the re-scaled time t ∼ 2K1t, we obtain the
following discrete GPE:

i
∂Ψ l

n

∂t
= −βl

2
(Ψ l

n−1 + Ψ l
n+1)

+ (Λll|Ψ l
n|2 + Λlj |Ψ j

n|2)Ψ l
n, (2)

where

Kl ' −
∫

dx[∇φl
n+1∇φl

n + s cos(2x)φl
n+1φ

l
n]

represents the tunneling between the adjacent sites of
the l-th component. The nonlinear coefficients

Λll = 2π~2allNl/K1E
1
RMl

∫
dx|φl

n|4

and

Λlj =
π~2aljNj(Ml + Mj)

E1
RK1MlMj

∫
dx|φl

n|2|φj
n|2 = λlΛll

represent the intra-component and inter-component
atoms interactions, respectively. Here, we only con-
sider the repulsive atoms interaction for the intra-
component (Λll > 0). According to Refs. [13] and
[14], Λll and λl can be estimated analytically: Λll =
2−5/2π~2allNls

−1/2 e2
√

s/E1
RMlda2

⊥, λl = aljNj(Ml +
Mj)/2allNlMj , where d is the lattice period and a⊥

is the transverse trapping length. Equation (2) can
be written as Ψ̇ l

n = ∂Hl/∂[i(Ψ l
n)∗], where Hl is the

Hamiltonian of the l-th component

Hl =
∑

n

{
− βl

2
[(Ψ l

n)∗Ψ l
n+1 + Ψ l

n(Ψ l
n+1)

∗]

+
Λll

2
(|Ψ l

n|2 + 2λl|Ψ j
n|2)|Ψ l

n|2
}

. (3)

3. The time-dependent varia-

tional analysis

To study the dynamics of the two-component
BECs trapped into 1D deep optical lattices, we con-
sider the evolution of two Gaussian profile wave pack-
ets:

Ψ l
n(t)

=
1

4
√

π/2
√

Rl

× exp
[
− (n − ξl)2

R2
l

+ ipl(n − ξl) + i
δl

2
(n − ξl)2

]
.

The ξl(t) and Rl(t) are the centre and the width of the
l-th component wave packet, respectively, pl(t) and
δl(t) are their associated momenta, respectively. The
dynamical evolution of the wave packet can be ob-
tained by a variational principle from the Lagrangian
Ll =

∑
n i[Ψ̇ l

n(Ψ l
n)∗ −Ψ l

n(Ψ̇ l
n)∗]−Hl, with equations

of motion for the variational parameters ql(t) = ξl(t),
Rl(t), pl(t), δl(t) given by

d
dt

∂Ll

∂q̇l
=

∂Ll

∂ql
,

where Hl is given by Eq. (3). In our calculation, we re-
place the sum over n in the Lagrangian by the integral
when Rl is not too small.[12−14] All these parameters
lead to

Ll = 2plξ̇l −
1
4
δ̇lR

2
l + βl e−σl cos pl

080308-2



Chin. Phys. B Vol. 20, No. 8 (2011) 080308

− Λll

 1
2
√

πRl
−

√
2λl e−η

√
π
√

R2
l + R2

j

 ,

where σl = 1/2R2
l + δ2

l R2
l /8, η = 2χ2/(R2

l +R2
j ), with

χ = ξl − ξj is the distance between the mass centre of
the two condensates. The formula χ 6= 0 means that
the two condensates are partially overlapped. The
equations of motion of collective variables ξl(t), Rl(t),
pl(t), and δl(t) are respectively given by

ṗl =
2
√

2λlΛll e−ηχ√
π(R2

l + R2
j )3/2

,

ξ̇l =
βl

2
e−σl sin pl,

δ̇l = βl e−σl cos pl

(
2

R4
l

− δ2
l

2

)
+

Λll√
πR3

l

+
2
√

2λlΛll(1 − 4η) e−η

√
π(R2

l + R2
j )3/2

,

Ṙl =
1
2
βlRlδl e−σl cos pl. (4)

Then the effective Hamiltonian of the l-th com-
ponent becomes

Hl = −βl e−σl cos pl +
Λll

2
√

πRl

+
√

2λlΛll e−η

√
π
√

R2
l + R2

j

. (5)

The effective mass of the l-th component is 1/M∗
l =

∂2Hl/∂p2
l = βl e−σl cos pl. It is clear that βl and pl

significantly modify the effective mass M∗
l . Equation

(5) indicates that the dynamical properties of the l-th
component of the condensate are closely related to the
parameters Λll, λl, and the initial momentum pl0. As
discussed in Refs. [12]–[14], when cos pl0 > 0, equation
(4) presents a self-trapped state if Λll > Λllc, other-
wise, diffusion takes place if Λll < Λllc. One can easily
obtain

Λllc =
2
√

πβl cos pl0 e−1/2R2
l0

R−1
l0 + 2

√
2λl e−η0(R2

l0 + R2
j0)−1/2

, (6)

where η0 = 2χ2
0/(R2

l0 + R2
j0), χ0 = ξl0 − ξj0, σl0 =

1/2R2
l0+δ2

l0R
2
l0/8, ξl0 and Rl0 are the centre and width

of the initial wave packet of l-th component, respec-
tively.

When cos pl0 < 0, the effective mass M∗
l is neg-

ative, indicating that the system has rich dynam-
ics: self-trapping (Λll > Λllc), stable moving soliton
(Λll = Λlls) and breather. Then we obtain[12−14]

Λllc =
2
√

πβl| cos pl0|(ς − e−1/2R2
l0)

R−1
l0 + 2

√
2λl e−η0(R2

l0 + R2
j0)−1/2

, (7)

where ς = cos pl/cos pl0. And

Λlls =
2
√

πβl| cos pl0| e−1/2R2
l0

Rl0 + 2
√

2λlR4
l0(R

2
l0 + R2

j0)−3/2
(8)

with χ0 = 0 in Eq. (4). Equations (6)–(8) are the
key results obtained in this paper. Clearly, because of
the admixture of the second component λl, the critical
values Λllc for occurrences of the self-trapping, moving
soliton/breather will be changed dramatically.

We now discuss the stability of the soliton solu-
tion (8). Setting δl = δl0 + δ′l, Rl = Rl0 + R′

l, and
linearizing Eq. (4) near the soliton state, we have[

δ̇′1 δ̇′2 Ṙ′
1 Ṙ′

2

]T

= J
[
δ′1 δ′2 R′

1 R′
2

]T

, (9)

where J is the Jacobi matrix and its elements de-
pend on Λll, Rl and λl (see the Appendix). The
eigenvalues of matrix J determine the stability of the
soliton state. For simplicity, we consider the case of
R10 = R20 = R0, then the eigenvalues of J satisfy

γ2 =
Λ2

ll(1 + λl)2

π2R2
0

(−1 + R−2
0 ).

It is clear that when λl 6= −1, γ2 < 0, i.e., the soliton
state corresponds to an elliptic point and there is a sta-
ble moving soliton in this case. When λl = −1, how-
ever, the Jacobi matrix J only has zero eigenvalues,
the soliton state corresponds to a neutral-stable point.
In this case, the soliton state is likely to be stabilized
in 1D optical lattices. In addition, we notice that when
λl = −1, equation (8) (with R10 = R20 = R0) is sat-
isfied only when pl0 = 0.5π. Indeed, by the direct
numerical simulations of Eq. (2), it is confirmed that
this stable moving soliton state of the two-component
BECs can certainly exist in 1D optical lattices.

As an example, figure 1 shows the critical value
Λ11c versus χ0 (the initial distance between the mass
centres of the two-component condensates) for differ-
ent inter-component atoms interaction parameter λ1.
Clearly, Λ11c strongly depends on λ1, χ0 and p10.
For example, for a fixed p10 and λ1 6= 0, Λ11c in-
creases with χ0, and is continuously close to the criti-
cal value of the single-component case (λ1 = 0) when
χ0 → R10 + R20 and, finally, almost turns into the
critical value of the single-component case completely
when χ0 ≥ R10 + R20, at which the two-component
condensates have no spacial overlap. Thus, we can
conclude that for a fixed λ1, the smaller the spatial
overlap between the two-component condensates is
(large χ0), the more difficult it is for the system to
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be self-trapped. In addition, when there is no overlap
between the two components (χ0 > R10 + R20), the
dynamics of each component are similar to that of the
single-component BEC. For a fixed χ0 (χ0 < R10 +
R20), Λ11c decreases with increasing λ1, especially for
small χ0 (large spacial overlap between two conden-
sates). In addition, the diffusive single-component
condensate can be self-trapped with a minor admix-
ture of the second component, even if the two conden-
sates are only partially overlapped (χ0 6= 0).

Fig. 1. The critical value Λ11c of the two-component

self-trapped state against χ0 for different inter-component

atom interaction parameters λ1, with R10 = 20, R20 = 10.

4. Direct numerical simulations

To provide a further insight into the dynamics of
the two-component BECs, we present some numerical
simulations of the discrete GPE Eq. (2).

Figure 2 shows the self-trapped state of the two-
component condensates. It is clear that when Λ11 =
1.5 > Λ11c = 0.06 (where Λ11c is the critical value
of the single-component), the single-component con-
densate (λl = 0) is self-trapped, but its life time is
temporary (Fig. 2(a)). However, if there is an inter-
component interaction (λl = 1) due to the admixture
of another same component, a long-term self-trapped

state will be realized (Fig. 2(b)). Furthermore, the
self-trapped state of the primary-condensate, i.e.,
87Rb, can also be achieved due to an admixture of the
minor-impurity component, i.e., 41K (Fig. 2(c)), even
if the mass centres of the two components are only
partially overlapped (Fig. 2(d)). The above facts re-
veal that the self-trapped state is more easily realized
with the minor admixture of the second component.

Figure 3 presents the moving breather state of the
two-component BECs. When Λ11 = 0.12 ' Λ11s =
0.125 (Λ11s is the critical value of the single com-
ponent’s soliton state), the amplitude of the moving
wave packet almost remains a constant for the sin-
gle component (λl = 0), corresponding to the sta-
ble moving soliton (Fig. 3(a)). But this stable mov-
ing soliton state will be broken down and becomes
a moving breather state due to an admixture of an-
other same component (Λ11 = 0.12 > Λ11s = 0.06,
Λ11s is the critical value of the two-components’ soli-
ton state, Fig. 3 (b)). What is more, this situation
also occurs with a minor admixture of the second dif-
ferent component, i.e., 87Rb (the primary-component)
and 41K (the second-component), see Fig. 3(c), even
if the mass centres of the two components are only
partially overlapped (Fig. 3(d)), which enriches the
results of Eq. (8) (χ0 = 0). However, the breather
state will vary with the change of the two components
overlapping.

Figure 4 shows the moving soliton state of the
two-component BECs. Certainly, the moving soli-
ton state can be easily realized if there is an inter-
component interaction (λl = 1) due to an admix-
ture of the second-component, even if for the single-
component diffusive state (λl = 0, Λ11 = 0.0585 <

Λ11c = 0.06), see Figs. 4(a) and 4(b). Moreover, if
we continue to increase Λ11, the moving soliton state
still exists, even if the mass centres of the two com-
ponents are only partially overlapped (Figs. 4(c) and
4(d)), which enriches the results of Eq. (8) (χ0 = 0).

As discussed in Section 3, when R10 = R20,
λl = −1 and pl0 = 0.5π, the stable moving soliton
exists. To confirm this prediction, figure 5 shows the
time evolution of the moving 1D wave packet with
Rl0 = 20, pl0 = 0.5π. When Λll = 0.05, the single-
component wave packet (λl = 0) is diffused with time
(Fig. 5(a)). However, if there is an admixture of the
second component and λl = −1, the stable moving
soliton of the two-component condensate is achieved
(Fig. 5(b)). So does the case for Λll = 5 (the self-
trapped state becomes the soliton state), see Figs. 5(c)
and 5(d).
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Fig. 2. Time evolution of the moving 1D wave packet with Λ11 = 1.5, R10 = 20, p10 = 0.75π: in panels (a) and

(b), Λ22 = 1.5, p20 = 0.75π for the same component; in panels (c) and (d): Λ22 = 0.975, p20 = 2.8, λ1 = 1.1,

λ2 = 2.5 for two different components (87Rb and 41K). The short dashed line represents the second component.

Fig. 3. Time evolution of the moving 1D wave packet with R10 = 20, Λ11 = 0.12, p10 = 0.75π, χ0 = 0; in panels (a)

and (b), Λ22 = 0.12, p20 = 0.75π for the same component; in panels (c) and (d), Λ22 = 0.144, λ1 = 2.1, λ2 = 1.4,

p20 = 2.8 for two different components (87Rb and 41K). The short dashed line represents the second component.
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Fig. 4. Time evolution of the moving 1D wave packet with Rl0 = 20, pl0 = 0.75π. The short dashed line represents

the second component.

Fig. 5. Time evolution of the moving 1D wave packet with Rl0 = 20, pl0 = 0.5π, χ0 = 0. The short dashed line

represents the second component.

5. Conclusion

In summary, the role of the impurity component
in the localization of two-component BECs loaded into
deep 1D optical lattices is investigated both numeri-
cally and analytically. The criteria for occurrences of

self-trapping and the moving soliton/breather of the
primary-component condensates are obtained. Be-
cause of an admixture of the impurity-component,
occurrences of self-trapping and the moving soli-
ton/breather of the primary component become eas-
ier.
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Appendix

The elements of the Jacobi matrix in Eq. (9) are given below

J13 =
Λ11√

π

[
1 − R−2

10

R4
10

+ 2
√

2λ1
4 − R−2

10 − 3R2
10(R

2
10 + R2

20)
−1

R10(R2
10 + R2

20)3/2

]
,

J14 = −Λ11√
π

6
√

2λ1R20

(R2
10 + R2

20)5/2
,

J23 = −Λ22√
π

6
√

2λ2R10

(R2
10 + R2

20)5/2
,

J24 =
Λ22√

π

[
1 − R−2

20

R4
20

+ 2
√

2λ2
4 − R−2

20 − 3R2
20(R

2
10 + R2

20)
−1

R20(R2
10 + R2

20)3/2

]
,

J31 = −Λ11R
5
10

4
√

π

[
R−3

10 +
2
√

2λ1

(R2
10 + R2

20)3/2

]
,

J42 = −Λ22R
5
20

4
√

π

[
R−3

20 +
2
√

2λ2

(R2
10 + R2

20)3/2

]
,

and the other elements of J are all zero.
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