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Quantum nondemolition measurements of a
flux qubit coupled to a noisy detector*
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We theoretically study the quantum nondemolition measurements of a flux qubit coupled to a noisy superconduct-

ing quantum interference device (SQUID). The obtained analytical results indicate that the measurement probability

is frequency-dependent in a short time scale and has a close relationship with the measurement-induced dephasing.

Furthermore, when the detuning between the driven and bare resonator equals the coupling strength, we can obtain the

maximum measurement rate that is determined by the character of the noise in the SQUID. Finally, we analysed the

mixed effect caused by coupling between the non-diagonal term and the external variable. It is found that the initial

information of the qubit is destroyed due to quantum tunneling between the qubit states.
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1. Introduction

The concept of quantum nondemolition (QND)
measurement, which can be used for the detection
of weak forces acting on systems such as gravita-
tional waves, was introduced to allow for repeatable
detection.ll' The basic requirement of a QND mea-
surement is that a series of measurements of the vari-
able of system should give predictable results.2l It
means that the observable A must commute with
Hamiltonian H that describes the interacting system
and the detector, i.e., [/1, fI] = 0. A large number of
works associated with QND measurements have been
undertaken in quantum optics,?~% cavity quantum
electrodynamics (QED)%7 and circuit QED. 3]

Recently, QND measurements have been achieved
experimentally on a superconducting flux qubit sys-
tem by investigating the correlation between the re-
sults of two consecutive measurements.'?) However, in
general, the measuring apparatus is a mesoscopic sys-
tem (e.g., a direct current superconducting quantum
interference device (DC-SQUID)), which is coupled to
the environment. Therefore, noise can affect the dis-
crimination of the signal, which reflects the informa-
tion of the qubit via coupling between the meter and
the qubit (see Fig. 1(b)).
of works regarding a mesoscopic system where one is

There are a large number
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forced to think about the quantum mechanics of the
detection process!''=13] and about the fundamental
quantum limits constraining the performance of the
detector.[1419]
role in quantum measurement: quantum noise from
the meter acts back on the system, such as the qubit;
at the same time, the information about the vari-

In practice, noise plays an important

able conjugate to the measured variable is destroyed.
This phenomenon is omnipresent, because information
about the system is carried away into the surround-
ings due to indirect environmental coupling via cou-
pling to the detector.['®) For a weak measurement, the
detection may be quantum limited so that the signal-
to-noise of measurement, defined as the ratio of the
amplitude of the oscillation line in the output spec-
trum to background noise, is no more than 4.

(2) (b)

.
signal| detector
P
noise

Fig. 1. (a) Schematic diagram of a flux qubit coupled to

an SQUID, which is used for qubit readout as a detector.
(b) Schematic diagram of the process of information de-
traction from the qubit and noise injection from a one-port
detector.

In this article, we study the role of noise in QND
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measurements. Our model, which is used to analyse
the interaction between the qubit and the detector, is
based on the theory of QND measurement of flux qubit
dynamics in a short time.l'” The conclusion shows
that the easier we gain information about one vari-
able, the faster we lose information about its conjugate
variable. It means that the DC-SQUID can be used
as a quantum-limited mesoscopic detector.!'8] We also
study the deviation of QND measurement due to the
coupling between the non-diagonal term of the qubit
and the variable of detector. This article is organized
as follows. In Section 2 the basic models are intro-
duced, from which we use a master equation to discuss
the dephasing caused by quantum noise and its corre-
lation with measurement probability distribution. In
Section 3, we discuss the effect of the non-diagnose
term on QND measurement. It shows that the mixed
effect caused by coupling between the non-diagnose
term and the detector can destroy the qubit informa-
tion.

2. Probability distribution and
measurement-induced dephas-
ing
The Hamiltonian of the system is given by['7]

H(t) = Hy + Hueter + Hint + Hasive(t), (1)

where Hy is the Hamiltonian of the qubit, which can
be considered as a two-level system

- A
Hs == ga—z + Ef}m’ (2)

where 6, and 6, are Pauli matrices, ¢ and A are the
energy difference and tunnel splitting of the qubit.
The Hamiltonian of the detector, which acts as an
oscillator, is

Hmeter = hwos&Td~ (3)

The Hamiltonian that describes coupling between the
qubit and the oscillator is

Hin, = hgd,ata, (4)

from which we know that the variable that we want
to measure is .. Variable g is the coupling strength.
In other words, we can conclude the state of the qubit
from the states of the detector according to the value
of 6,. We assign |0) to o, = 1 and |1) to 0, = —1.
The Hamiltonian of the external drive of the harmonic
oscillator is

Hauive(t) = f(t)(a +a'), (5)

here f(t) = 2f cos(wqt) is the driving force with driv-
ing frequency wq. For an ideal QND measurement, it
is necessary that the condition [6., H] = 0 must be
satisfied. However, for superconducting flux qubits,
due to the off-diagonal term A # 0, the measurement
is not perfect QND. In cases where A < ¢ is satis-
fied, &, still would be treated as a conserved quantity
on the time scale determined by 1/e and one expects
small deviations from an ideal QND case.l'”! After ne-
glecting the off-diagonal term and moving in the ro-
tating frame with frequency wq, we obtain the new
Hamiltonian

= %&Z + h(dw + g6 )ata + fla+a)  (6)

with dw = wes —wq. Then we can obtain a QND mea-
surement from the form of the Hamiltonian. In order
to find the relationship between measurement-induced
dephasing and probability distribution, we analyse the
impact of noise on QND measurement in subsection
2.1 and make a more quantitative analysis in subsec-
tion 2.2.

2.1. The impact of noise on QND mea-
surement

Based on the model mentioned in Ref. [17], we
substitute Gaussian white noise for zero-point fluctu-
ation due to the fact that noise contributes a large
part to the actual measurement. The distribution of

qubit signal I conditioned on the qubit state o, = +1
:[18,19]
is

p(l62) = (7)

—(z — =)
25t |’

1
ex
vV 27TSHt P [
here z;(t) = V2Re[a;(t)], i = %, Sy is noise spectra
density. After turning on the interaction with time ¢,
the coherent state qubit-dependent amplitude is found
to bell7]

a;(t) = A; ei¢1‘[1 - e_i‘swit—rﬁt/Q] (8)

with qubit-dependent detuning dw; = dw — go,, the
qubit-dependent amplitudes and phase are given by

I S (9)
' (6w;)? + K2/4
¢; = arctan <i7;> - g, (10)

where « is the decay rate of the SQUID. If we choose
a time t ~ 1/e, we obtain the outcome probability
distribution

dx(t)
V2Sut

P(I,t) = 1[1—|—Ierf<

: )@ an

where the signal difference is
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6x(t) = V2Re[ay —a_]| = %\/(cos 204 — cos2¢_)% + (sin2¢4 — sin 2¢_)2.

From Eq. (11) we can find that the signal differ-
ence dx plays a crucial role in probability distribution
and the only thing that noise can affect is measure-
ment time. From Fig. 2, we can find that the sig-
nal difference is frequency-dependent. The measure-
ment rate can be reflected by the slope of the curves,
which reaches the maximum when the detuning be-
tween the driven and the bare resonator equals cou-
pling strength, i.e. the white region is an invalid re-
gion where we cannot obtain such a huge measure-
ment rate. In the yellow region, the strong project
measurement is possible due to its large measurement
rate. In the gray (the weak measurement) region the
measurement rate is too weak to dispersively resolve
the signal, but a projected measurement can still be

realized by increasing measurement time.

- 6w = 0 GHz

0.30F - 6w = 0.1 GHz
& -éw=0.3 GHz invalid measurement
o 025f - dw=0.5 GHz
3] dw = 1.0 GHz
g 0,20} ~ 8@ = —0.1 GHz
hu="'a : = dw = —0.3 GHz
= = dw = —0.5 GHz
~ 015} « §w = —1.0 GHz
g
2 0.10F
n

0.05¢

weak measurement
ey ——

0.02 004 006 008 010
i

Fig. 2. (colour online) Numerable calculation of signal
difference with detuning dw = 0 GHz (purple straight
line), w = 0.1 GHz (orange straight line), w = —0.1 GHz
(orange dashed line), dw = 0.3 GHz (blue straight line),
dw = —0.3 GHz (blue dashed line), dw = 0.5 GHz (red
straight line), dw = —0.5 GHz (red dashed line), dw =
1 GHz (green straight line), dw = —1 GHz (green dashed
line). The adopted parameters are coupling strength g =
0.3 GHz, driving force f = 1 GHz, decay rate k = 0.1 GHz.

In Fig. 3 we plot the probability of measuring the
0 state on the condition that we consider the contribu-
tion of zero point fluctuation (Fig. 3(a)). We also plot
the probability of measuring the 0 state under the con-
dition that we consider the contribution of back action
noise instead of the zero point fluctuation during the
Due to the influ-
ence of back action noise, we can find that the strong

measurement process (Fig. 3(b)).

measurement region is reduced, in comparison with
the one only considered in the zero point fluctuation.
It means that we need more time to reach the same

(12)

measurement strength as the situation where we only
consider the contribution of the zero point fluctuation.
Another interesting character in Fig. 3 is the detun-
ing symmetry around the resonance point, which is
also reflected by Fig. 2. All of these prove that noise
effectively reduces the intensity of measurement.

—g g

[}
o

Driving force f/GHz
—
o

=]

0
0 1.0 -1.0 0 1.0
Detuning dw/GHz

|
£
=}

Fig. 3. (colour online) (a) Probability distribution con-
sidering zero point fluctuation for obtaining the measure-
ment result about 0 and the initial state |0)(0|, plotted
as a function of detuning éw. (b) Probability distribution
considering the back action noise instead of zero point fluc-
tuation with the same parameter. The damping rate of
resonator k = 0.1 GHz, the couple strength between the
qubit and the oscillator g = 0.3 GHz and the back action
noise spectra density St = 2/k.

2.2. Correlation between measurement
probability and the dephasing rate

We choose the initial state of the system to be
p(0) = po ® |0)(0], i.e., at time ¢ = O the harmonic
oscillator is in the vacuum state. Then, we turn on
the qubit and oscillator interaction and, after a pe-
riod of time, the qubit and oscillator entangle with
each other. At the same time, we perform a strong
measurement of the flux quadrature & = a + af. As
a result, the pointer state (the oscillator state) is pro-
jected to the state |z)(x|. If the measurement is strong
enough that the states of oscillator |x4)(zy|, which
correspond to the qubit states |0) and |1) respectively
are orthogonal, the coherence of qubit is destroyed by
the measurement. To describe this phenomenon, we
must find the equation of motion that can describe
the evolution of the system state. The master equa-
tion used in a circuit QED system is valid here.[2"]
The qubit density matrix obeys

i
h
+rTllp+12Mo-lp+ S l6:p. (1)

p=Lp=—[H,pl
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where @[ﬁ] is a damping superoperator defined by
9|L) = (2LpLt — LtLp — pLtL)/2. In the above ex-
pression, k is the decay rate of the resonator, ~; is the
qubit relaxation rate and =5 is the dephasing rate. To
figure out the effect induced by measurement due to
the coupling of the qubit to the oscillator, we do not
consider the coupling between the qubit and the envi-
ronment. Therefore, we neglect relaxation due to cou-
pling with the environment and set v; = 0 (i.e., for an
ideal QND measurement no quantum tunneling occurs
between qubit states |0) and |1) during measurement).
Equation (13) can be solved under the condition of the
density matrix with an expansion in positive P rep-
resentation. In Ref. [20] the solution of the master
equation was found to be

a1o(t) = aio(0)exp { —i(e—iy)t

2 /0 Lo (tat (t)dt’} (14)

and ao1(t) = aiy(t). The amplitudes of the coherence
states a (t) are determined by

ay(t) = off +exp[—(k/2+ ig + idw)t]
x (+(0) - a3) (15)
with o8 = —if/(ix/2 +ig + dw), and

a_(t) = o +exp[—(k/2 — ig + 10w)t]
x (a—(0) —a2) (16)

with o® = —if/(k/2 — ig + 1dw), where oS are the
steady coherence state values of the oscillator, ay and
a_ are the amplitudes of the coherent state | ) and
|a—), respectively, which depend on the qubit states,
ag1 18 the coherence term.

We can find that ~y; is the intrinsic dephasing rate
from Eq. (14) and I}, is the measurement-induced de-
phasing rate, which is determined by o for a project

measurement and expressed as follows:[20]

(s +n_)rg®
K2/4 + g2 + dw?’
where ny = | |> = f?/[k?/4 + (6w £ g)?] are the
average numbers of photons in the resonator. We find

that for dw = =+
probability if we measure the amplitude of the signal.

I'm =2¢Im(a%0) = (17)

9% + k% /4 we will obtain a large

In other words, when matching one of the frequencies
of the qubit (i.e., dw = +g), the information of the
qubit is encoded in the amplitude rather than in the
phase, which is the conjugate variable with amplitude.
At the same time, the measurement-induced dephas-
ing rate will obtain the maximum value. In Fig. 4,

we plot the probability distribution that measuring 0
state conditioned on initial state is prepared on |0)(0]
and measurement-induced dephasing as a function of
detuning. When matching qubit frequency, both the
measurement-induced dephasing rate and the mea-
surement probability obtains a maximum value. In
the region where erf(|Alt) ~ 1, it corresponds to a
strong projective measurement case. In addition, the
two coherent states of the oscillator are well separated
in phase space due to the decay of the coherence term
at a measurement-induce dephasing rate I,,. In the
general case, at time ¢ = 0, the system is in a product
state

[Y(t =0)) = %(\0>+I1>)®Ia>, (18)

where |a) is the initial state of oscillator. At time ¢,
the state of the system can be written as

[¥(8) = %(I0>\a+> + D). (19)

Then, if we know that the oscillator state is oy, the
qubit state can be determined exactly. From Eq. (19)
we find that measurement-induced dephasing depends
on the overlap of both two oscillator states .21 In
case where the overlap of the oscillator states |o_)
and |a4) is negligible, the measurement can be con-
sidered as a strong projective measurement, i.e., in
the region erf(|A|t) = 1. For the maximum dephas-
ing value, the oscillator states decay to a steady state
significantly, which explains the feature of Fig. 4 that
both measurement-induced dephasing rate and mea-
surement probability obtain a high value for matching
the qubit frequency. In this situation, the qubit state
is encoded in the amplitude of the coherence rather
than in the phase. It means that the easier we gain
information about amplitude, the faster we lose infor-
mation about phase. The measurement-induced de-
phasing rate can also be expressed as

[{a—()]as (1)) = e (20)

In addition, as shown in Fig. 4, with the increase of the
value of damping rate x, both structures of probability
distribution and measurement-induced dephasing rate
become flat with synchronous tendency, which is con-
sistent with the expectation. The increase of driving
force f only changes the overall scale of Figs. 4(e)—4(h)
rather than the structure, which explains the trend
that with the increase of the value of driving force, the
strong measurement region in Figs. 4(a)—(h) becomes
wider and the measurement probability increases sig-
nificantly, especially for matching the qubit frequency.

080307-4



Chin. Phys. B Vol. 20, No. 8 (2011) 080307

20

10

Driving force f/GHz

0
-1.0

Dephasing I'm /ns—!

0 10 —10 1.0 0 1.0
2.0
(f) (8)
1.5
1.0
/ Vo Za\
N s S D
-1.0 1.0 10 0 10 10 1.0

Detuning dw,/GHz

Fig. 4. (colour online) (a)—(d) Probability of measuring the O state for the initial state |0)(0| with damping rate of
oscillator Kk = 0.1 GHz, k = 0.2 GHz, x = 0.3 GHz, and x = 0.4 GHz, respectively, and qubit coupling strength
g = 0.3 GHz, t = 0.1 ns, noise spectra density Si1 = 2/k. (e)—(h) Measurement-induced dephasing rate Iy, as a function
of detuning dw between resonator and drive frequency with driving force f =1 GHz. The parameters of panels (e)—(h)

are the same as those in panels (a)—(d), respectively.

3. Deviation of a perfect QND
measurement due to measure-

ment-induced tunneling

Taking into account the impact of a non-diagonal
term of qubit, we obtain the system Hamiltonian

A
Ho= o.+5

5 > (21)

Gy
Then we can diagonalize the qubit Hamiltonian H,. In
new eigenvector space, the system Hamiltonian can be
written as

N E
H = Eaza (22)
meanwhile, the interacting Hamiltonian can be writ-

ten as

Hin, = hgé,ala, (23)
where E = ve2 + A% /2 is energy splitting of the qubit
and n is a vector representing the direction of the qubit
basis before diagonalization relative to the energy ba-
sis

Gp = COSNG, + sinnd,, (24)

where 7 = arctan (A/e). The eigenstates are denoted
by the superposition of |0) and |1)

| 1) = cos g|0) + sing|1>,

Y

From Eq. (23) we find that the fluctuation in-
duced by external noise in particle number 7 = afa

(25)

—sing|0) + cos g|1>

can cause transition between qubit states. Therefore,
the qubit acts as a spectrum analyser. We separate
the interaction Hamiltonian into two parts, one is
hg cosné.ata and the other is hgsinné,a'a. The first
part does not affect the repeatability of QND measure-
ment, as discussed in previous sections. The second
part will cause “spin flip” transition due to the cou-
pling between the qubit off-diagonal term and an ex-
ternal variable. According to the equation of motion,
the time evolution of the density matrix is obtained
in the interaction picture as

At) = —

lh[ int
We choose the initial state as a product of the
qubit and the detector, i.e., p(0) = po(0) ® pp(0).
Then, tracing Eq. (26) over the detector degrees and

ONAGIE (26)

expanding its right-hand side to the second order, we
obtain the time evolution of reduced density matrix
po- Equation (26) becomes

0 = =3 [ ar(ieh0.5h¢ =)
(M)
O

After taking matrix elements between eigenstates of

x ot — 7))l

I

- [&n

H,, we finally obtain the equation of motion that can
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describe the reduced density matrix evolution

t
Pan(t) = — / ar S Myowsb(t),  (28)

L

in which we introduced the matrix

=
o
<
s}
[ V)
—~—
>~
>
—
—~
N
~—
>
~
—~
>
3 =
s~
~
~—
Q>
3)—4
~—
~
I
2
S~—
S~—
=
=
(%)
<
X

_|_
—~ o~
S|
I—= 3 I+

—

(Gt = 7)6m (6)vw O

>
—~

—
~
N
S~—
x
—
Q>
3 -
—~
~
N
S~—
-
z
—

(29)

To calculate the energy relaxation rate and de-
phasing rate, we compute the transition rate between
qubit eigenstates by computing the evolution of the
diagonal terms of reduced density matrix p11 and pgo,
and the decay of the off-diagonal term pg; with the ini-
tial state being a &, eigenstate. The transition rates
between the two qubit eigenstates can be derived from
Eq. (28),

Iy = g*sin® nSpn(wor),
It = g?sin® 7S, (—wor), (30)

where I't and I'| are rates at which the qubit is excited
from the ground state to an excited state and decay
from an excited state to the ground state, respectively,
wor = E/h, Spn(w) =[5 d7el“7(a(1)(0)). If the
noise source is in the thermal equilibrium at temper-
ature 7', the transition rate must satisfy the balance
condition Iy /Iy = exp(—fhwpi) with effective tem-
perature 3 = 1/kpTeg. It means that the qubit energy
can be absorbed or emitted by detector, and the ratio
between positive and negative noise spectral density
depends on the effective temperature. We can also
obtain the expression of dephasing rate I,

Lo

Iy = 597 sin” n[Snn(wo1) + Sun(~wor)]
+ g% c0s? NSy (w = 0)
FT =+ Fl

5 T (31)

where 7, is the qubit pure dephasing rate. For the case
A = 0, the measurement is a perfect QND measure-
ment, which cannot cause transition between qubit

states, in which the dephasing rate is

oo
L=y =g / dr(il(ip.  (32)
— 0o
To calculate the dephasing rate caused by fluctuation
of the particle number of the oscillator during mea-
surement, we should calculate correlator (67(7)d7),

where 7 is quantum fluctuations around the mean of
photons in the resonator. For a driving resonator with

frequency wq, the following equation is valid[??

a(t) = e la+d(t)], (33)

where « is a classic part corresponding to the coher-
ence state |a), d(t) is a quantum part which can anni-
hilate the coherence state to the vacuum state. Then
the correlator becomes

(67(r)57(0)) = (d(r)d(0)) = meP1=150/2 (34

where 7 is the average photo number in the resonator.
Under the condition that dw = 0 and weak coupling
g < K, the measurement-induced dephasing rate is

Iy = knbE, (35)

where 6y = arctan (2g/k) = 2g/k is the phase shift
during measurement, which is identical with that in
Refs. [20] and [21] with a coefficient of expression dif-
ference caused by the difference of the lower limit of
the integral. It is quite a contrast to Eq. (17) having
double peaks for matching the frequencies of the qubit.
With the increase of amplitude of the off-diagonal
term of the density matrix, the pure dephasing rate
becomes weak and relaxation will be dominant.

From Eq. (32), we find that the decay of coher-
ence is caused by intrinsic dephasing and aggravated
by measurement-induced dephasing. In addition, the
deviation from the initial value of {(o,) becomes big-
ger as time goes by due to transition between the
qubit states. Therefore, qubit state is acquired; mean-
while, the repeatability of measurement is destroyed.
It means that it should not be considered as a QND
measurement. Based on this effect, it can be used for
“back action cooling” in many systems, such as a can-
tilever coupled to an optical cavity,?3] a noisy qubit
coupled to a mechanical resonator,? a nanomechan-
ical resonator coupled to a driven superconducting
resonantor(?’! and cooling a micromirror by radiation
pressure inside an optical cavity.!26]

4. Conclusion

We have analysed the QND measurement of a flux
qubit coupled to a noisy detector. The analytical re-
sults reveal that both measurement probability and
measurement-induced dephasing have a similar trend
in that their values have peaks for matching one of the
qubit frequencies and reduce at the resonance point,
at which the driving frequency equals the bare har-
monic oscillator frequency. With the increase of the
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resonator decay rate, both the curves of dephasing
rate and measurement probability become flat. Due to
the coupling between the non-diagonal term of qubit
and the variable of detector, the noise of the detec-
tor perturbs the initial qubit state. As a result, the
transition between the qubit states destroys the ini-
tial information of the qubit. Therefore, there will be
energy exchange between the qubit and the detector
according to the value of the effective temperature of
noise, which can be used for the cooling of “back ac-
tion”. Conversely, the behaviour of a qubit which acts
as a spectrum analyser can also be used for analysing
the property of noise.
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