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We investigate the entanglement dynamics of two initially entangled atoms each interacting with a thermal field.

We show that the two entangled atoms become completely disentangled in a finite time and that the lost information

cannot return to the atomic system when the mean photon number of the thermal field exceeds a critical value (3.3584),

even though the whole system is lossless. Then we study how the detuning between the atomic transition frequency

and the field frequency and the disparity between two coupling rates would affect the evolution of the entanglement of

the atomic system.
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1. Introduction

Quantum entanglement is a special type of nonlo-
cal correlation of quantum systems. A pair of particles
can be entangled even if they are remotely located.
Quantum entanglement can be applied in both quan-
tum computations and communications.! =7 To make
full use of entanglement we need a thorough under-
standing of its dynamics. Yu and Eberly found some
striking new features of entanglement.® They consid-
ered two initially entangled qubits which individually
interact with vacuum noise and demonstrated that the
entanglement can vanish completely in a finite time.
This counter-intuitive phenomenon is termed entan-
glement sudden death (ESD). They showed that the
time when ESD occurs is shorter than local decoherent
time for arbitrary entangled states (pure and mixed).
A deeper understanding of ESD under classical noise
has been presented in Ref. [9], which shows that the
entanglement of initially mixed two-qubit states may
fall abruptly to zero in a finite time due to interaction
with classical noise. Yonag et al. investigated the en-
tanglement dynamics of two isolated atoms, each in
a perfect one-mode near-resonant cavity, in Ref. [10].
They demonstrated that the evolution of the entangle-
ment of the two non-interacting atoms will show some
striking new features, including the ESD effect. They
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also investigated the evolution of the entanglement be-
tween two qubits, each interacting with a single-mode
coherent state field, and reported a collapse and re-
vival of entanglement that is similar to the collapse
and revival of single-atom properties in cavity quan-
tum electrodynamics (QED)."Y) Luo et al. found the
similar properties of two initially entangled macro-

[12] Kim et al. studied the interaction of

scopic fields.
the thermal field and a quantum system composed of
two qubits and found that two atoms can become en-
tangled through their interaction with a highly chaotic
system depending on the initial preparation of the
atoms.['3] Tn Ref. [14], Han et al. studied the en-
tanglement dynamics of atoms locally coupled to a
cavity field and found the finite-time disentanglement
induced by a single-mode thermal field. ESD has been
studied theoretically in a variety of systems!!~2! and

demonstrated experimentally in photonic systems[?2

and atomic ensembles. 23]

The finite-time disentanglement induced by ther-
mal fields is quite different from that induced by initial
vacuum cavity fields!'% or coherent state fields.['?] In
this paper, we try to make an overall and in-depth
analysis of the finite-time disentanglement induced by
thermal fields. Unlike Ref. [14], we consider four dif-
ferent type Bell-like states as the initial state of atoms

and compare the evolution of entanglement of our sys-
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tem with that of three different systems. We find that
the lost information cannot return to the atomic sys-
tem when the mean photon number of the thermal
field exceeds a critical value (3.3584), even though the
whole system is lossless. We also show another in-
teresting phenomenon in that the atomic information
leakage rate becomes less sensitive to the initial state
of the atoms when the mean photon number of the
thermal field increases. Then we study how the de-
tuning between the atomic transition frequency and
the field frequency and the disparity between two cou-
pling rates would affect the evolution of two initially
entangled atoms. Finally, we think that it may be
significant for understanding the decoherence effect
in quantum information since the thermal field is the
quantum field closest to the classical one.[24

The paper is organized as follows. In Section 2,
we present the model and its theoretical description.
In Section 3, we show that the entanglement of the
two atoms can be fully destroyed in a finite time via
resonant atom-field interaction and then recovered,
but the completely lost entanglement will not return
to the atomic system when the mean photon number
of the thermal field exceeds a critical value (3.3584).
We show that the time at which ESD starts to occur
for the case of asymmetric atom—cavity coupling is
longer than that of the symmetric case. In Section 4,
we study how the detuning between the atomic tran-
sition frequency and the field frequency would affect
the evolution of two initially entangled atoms. A sum-
mary appears in Section 5.

2. The model

We consider two spatially separated atoms each
interacting with a thermal field. We should empha-
size that there is no interaction and communication
between the two cavities or between the two atoms.
Supposing that the two cavities are treated as loss-
less, in a frame rotating with the photon frequency,
we find that the Hamiltonian for the whole system is
easily given by (here we set i = 1)

1 1
Hio = iAU? + iAO-ZB + gl(ﬂla’é + alaf)
+g2(a;0€ +ay0Y), (1)
where ¢, and o’ (i = A, B) are the rising and lower-
ing operators for the i-th atom, a;r- and a; (j = 1,2)
are the creation and annihilation operators for the j-th
cavity mode, and g7, g2 are the atom—cavity coupling

strengths and o, denotes the usual diagonal Pauli ma-
trix. A is the detuning between the atomic transition
frequency w and the field frequency wy.

For a single-field mode with frequency wg in a
thermal equilibrium, its density operator can be rep-
resented by

hwo hwoaTa
pr=|1=exp( =7 Jlexp | == o ), (2)

where T is the temperature and kp represents the

Boltzmann constant. Spanned in the Fock state basis,
it has the following simple form:

pr =Y Paln)(nl, 3)
n=0

where n = [exp(hw/kgT) — 1]~ ! is the mean photon
number and P, = a"/(n + 1)"*1. In this paper, we
will study two identical thermal fields, namely, the two
thermal fields have the same mean photon number.

Firstly, we will use Wootter’s concurrence(®®! as
our entanglement measure, which is given by

C(p) = max{0,v/ A1 — Vha — Vs — VArk (@)

where the quantities \; are the eigenvalues in decreas-
ing order of the matrix

¢ =ploy®0,)p" (0 ®0,). (5)

Here p is our two-qubit reduced-state density matrix,

p* denotes the complex conjugation of p in the stan-

dard bases {|T)1 [T)2,[T)1 [L)2. [1)1 [T)2, [)1 [1)2}, and

oy is the Pauli matrix expressed in the same bases.
For an z-type p with the form

a 0 0 b
0 c d 0
p = ) (6)
0 d° e 0
b* 0 0 f

equation (4) turns into

Clp) = 2max{0, |d| — /af o] — vVeck.  (7)

Equation (7) will be widely used in this paper.

We consider two initially entangled atoms inter-
acting with two thermal fields, respectively. For a par-
tially entangled atomic pure state being a combination
of the Bell states usually denoted by [¥*), we have

[Wom) =cosa [T)a |l)p £sina [)a ), (8)

where the subscripts A and B label two different
atoms, T denotes the excited state and | denotes the
ground state.
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The evolution of the system is given by

ptOt(t) - U(t)‘wa:,%om><¢§om| ® Pf1 ® prUT (t)a (9)

where
U(t) = e et (10)

The reduced density matrix pAZ(t) of the atomic sub-
system can be obtained from piot(t) by tracing out
the cavity fields, we can calculate the concurrence of
pAB(t) by virtue of Eq. (7) and denote it by C*(pap)
(see Appendix A).

+ > —

For another initial entangled state (|P5iom

cosa [T)a |T)s £sina |[)a |])B), the concurrence of
pAB(t) can be obtained in a similar way and denoted
by C?(pap) (see Appendix A).

3. The resonant atom-field inter-

action

In this section we focus on the resonant condi-
tion (A = 0) and investigate two cases: symmetric
(91 = g2 = g) and asymmetric (g1 # g2) atom—cavity
couplings.

First, we consider the case of symmetric atom—
cavity coupling (g1 = g2 = g) for studying the
evolution of the two initially entangled atoms. Set
a = 7 /4, when the two atoms are initially in the state
(1/V2)(| Dal Ve +11)a |T)5), the atom-atom con-
currence is plotted in Fig. 1(a) as a function of gt
with different mean photon numbers (72) of the ther-
mal field; and the case of the two atoms initially in
the state (1/v2)(|1)a [T s+ [1)a |1)B) is plotted in
Fig. 1(b). Figures 1(a) and 1(b) show that entangle-
ment can fall abruptly to zero if the initial state of the
two atoms is a combination of [#*) or |¢). The phe-
nomenon is a specific type of decoherence and the two
individual thermal fields can be regarded as two spe-
cific “reservoirs” to the atoms. The decoherence rate
increases with the mean photon number of the field.
Due to the atom—field interaction, the atomic entan-
glement continuously leaks into the fields, leading to
atom-field entanglement. When the states of the ther-
mal fields correlated to the specific atomic states be-
come orthogonal, the two atoms are in mixed states
(say, after tracing over the field modes) and, moreover,
the entanglement of the two atoms disappears.

It can be seen from Figs. 1(a) and 1(b) that the
completely lost two-atom entanglement cannot be re-
covered when the mean photon number of the thermal
field exceeds a critical value. (The analytical solution

for this plate is quite difficult to obtain, but numeri-
cal simulation is an effective approach of investigating
this plate. We then find that the critical value is close
to 3.3584. All the critical values in this paper are
obtained by numerical simulation ). This result is dif-
ferent from Refs. [10]-[12], even though those systems
and our system are all lossless. If two atoms are ini-
tially in a maximally entangled state, the atoms do
not exhibit finite-time ESD in initial vacuum cavity
fields in the double Jaynes—-Cummings model (JCM)
(the results of two different Bell states are cos® gt and
cos? gt, respectively).['% In Refs. [11] and [12], the
completely lost two-atom and two-field entanglements
can be recovered, even though the mean photon num-
ber of the field is close to 400. That is because coher-
ent states are not strictly classical states since they
are pure states, but the thermal field is the quantum
field closest to the classical one. In addition, our re-
sult is also different from that of Ref. [8] with the
atomic spontaneous emission being included. For the
initial state cosa |TYa |l)p £ sina |])a |T)B, accord-
ing to Ref. [8], the evolution of the atom-atom en-
tanglement can be obtained by 2 max{0, % e 20ty
with I" being the Einstein coefficients for the two-level
atoms in the cavities. It is obvious that this initial
state will never exhibit ESD. For another initial state
cosa |T)a [TYp £sina ||)a |])B, the concurrence for
the reduced density matrix p4p for the atomic sub-
system can be easily obtained in a similar way. It is
2max{0, 8222 e =21 — ¢ =21 (] — e=2I") cos a}. Ob-
viously this initial state will also never exhibit ESD
when a > 7/4. The time when ESD starts to occur is
tpsp = In[cos a/(cosa — /1 — cos? «)]/2I". The main
reason for the difference may be due to the different
mean photon number of the cavity fields (their cavities
are vacuum, but ours are not).

The finite-time disentanglement induced by ther-
mal fields can help us analyse the decoherence of a
quantum system. As described above, the two ther-
mal fields can be regarded as two “reservoirs” to the

atoms and the size of the *

‘reservoir” is dependent on
the mean photon number of the thermal field. When
n < 1, the atoms can exchange energy with the
“reservoirs” leading to the collapses and revivals of
the atom-atom entanglement. When n ~ 0,, a re-
versible decoherence process could be observed. The
time scales for the collapses and revivals of entangle-
ment become shorter when the size of the “reservoir”
is increased. When the size of the “reservoir” exceeds
a critical value, the completely lost entanglement can-
not be recovered (it is closely analogous to the results

of the standard irreversible decoherence model, which
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considered atomic spontaneous emission and photon

leakage).
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Fig. 1. The evolution of the atom—atom entanglement
versus time, dashed and solid lines denote n = 0.1 and
10, respectively. Panels (a) and (b) denote the initial
state of the two atoms (1/v2)(IDa |)s+ |4 IT)B)
and (1/v2)(I1)a [1)B+ [1)a [1)B) in a short time (0 <
gt < 3), respectively. Panels (c) and (d) denote the initial
state of the two atoms (1/v2)(|1)a |)B+ |1)4 |T)5) and
(1/V3) (M a M+ 1)a [1)5) in longer time (0 < gt <
30), respectively.

Figures 1(a) and 1(b) also show another interest-
ing phenomenon for which the concurrences of the two
different initial entangled states have the same evolu-
tion curve when the mean photon number exceeds a
critical value (it can be seen in Fig. 2 that the crit-
ical value is close to 2.9). The evolutions of the two
cases are determined by C'(pap) and C%(pagp), re-
spectively. So the difference between the two evolu-
tions is determined by

®(t) = |C (pap) — C*(pan)|, (11)

it is plotted against gt and 7 in Fig. 2. The value
of @(t) can represent the disparity of two evolutions.
It can be shown that the atomic information leakage
rate becomes less sensitive to the initial state of the
atoms when the size of the “reservoir” increases.
Then we turn to the case of the asymmetric atom—
cavity couplings (g1 # g2). Set « = 7/4, n = 10 and
g2 = A x g1 (0 < A<1). The concurrence of the two
atoms initially in state (1/v2)(|1)a [L)5+ [1)a [1)B)
is plotted in Fig. 3 as a function of git and A, re-
spectively. It can be shown in Fig. 3 that the time at
which ESD starts to occur for the case of asymmetric
atom—cavity coupling is later than that for the sym-
metric case (A = 1). The time at which ESD starts to
occur becomes later when A decreases. However, the
time at which ESD starts to occur changes very little

when A is less than 0.1.
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Fig. 2. The disparity between C(p} 5) and C(p% ) ver-

sus gt and n.
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Fig. 3. The evolution of the atom—atom entanglement

versus g1t and A for (1/v2)(11)a |1+ [)a 11)z) with
7 = 10, where A = g1/g2.

4. The effect of detuning

We study how the atom—field detuning affects the
evolution of the two-atom entanglement, the detun-
ing A between the atomic transition frequency and
the field frequency will not be equal to zero in this
section. We here set ¢17 = g2 = ¢, @ = 7/4 and
7 = 10 (for the case of resonant interaction, the com-
pletely lost two-atom entanglement cannot be recov-
ered). The concurrence of the two atoms initially
in state (1/v2)(|T)a |1)a+ [1)a [1)p) is plotted in
Fig. 4(a) as a function of gt with different atom-—
field detunings. It shows that the completely lost
two-atom entanglement can be recovered when A ex-
ceeds a critical value (we find that the critical value is
close to 2.646¢g). This result is different from that of
Ref. [10], the completely lost two-atom entanglement
cannot be recovered in their system even if the de-
tuning is large enough. Perhaps that is because their

result is based on the Markov—-Born approximation,
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which means that the atomic information leaking into
the reservoirs will never return to the atomic system,
but our system does not consider atomic spontaneous

emission.
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Fig. 4. (a) The evolution of the atom—atom entanglement
versus gt for (1/v2)(11)a [1)s+ |1)a [1)5) with A = 59
(solid), 15¢ (dashed) when 7z = 10; (b) the evolution of the
atom-atom entanglement versus gt for (1/v/2)(|1)a |1) B+
[1Ya |T)B) with # = 0.1 (dashed), 10 (solid) when A =
15g; (c) the evolution of the atom—atom entanglement ver-

sus gt for (1/v3) (14 [1)s+ 1) [1)5) with A = 15,
30g when n = 10; (d) the evolution of the atom—atom

entanglement versus gt for (1/v/2)(|T)a |1+ [1)a |T)B)
with 7 = 1, 10 when A = 30g.

It also can be seen that the entanglement cannot
completely disappear when A exceeds another critical
value (we find that the critical value is close to 7.175g).
This phenomenon should be useful for retaining the
entanglement, which is a major resource in quantum
information processing and quantum computing.

The main reason for the appearance of the two
phenomena is that the increase of A means the de-
crease of the energy exchange between the atomic sys-

[26] So the atomic entanglement

tem and the cavity.
leaking into the cavity decreases and then the corre-
lation between the atomic system and the cavities de-
creases after one or several full periods of the energy
exchange.

Figure 4(b) shows that the variation range of
C(plyp) increases with the increase of the mean pho-
ton number of the thermal field. This is because the
influence of the “reservoirs” on the atomic system in-
creases with the increase of the size of the “reservoirs”.
The atomic entanglement leaking into the cavities in-
creases with the increase of the size of the “reservoirs”.
In addition, the correlation between the atomic system
and the cavities also increases with the increase of the
size of the “reservoirs” after one or several full periods
of energy exchange.

It can be seen from Figs. 4(a) and 4(b) that
the function of the concurrence of the two atoms
oscillates rapidly. The oscillation period is T =
27 /+/ A% + (40 + 1)g?, which is similar to the corre-
sponding period of the atomic population inversion.
This formula can well explain Figs. 4(a) and 4(b). The
reason is that in Eq. (14) we have as many summations
as the original inversion calculations.27]

It can be shown in Figs. 4(c) and 4(d) that the en-
velope surrounding the oscillations is a periodic func-
tion. However, it is very difficult to find the period
from Egs. (14), (15), (21) and (22).
find the period under the condition of large detuning
(i.e. for A>> g1 2).

Under the condition of large detuning, i.e. for

Now we try to

A > g1, there is no energy exchange between the
atomic system and the cavities. We here set g1 =

go = g, the effective Hamiltonian is given by!2¢!

H = AN a(tl aral= [1)a(l] alar+ [1)p
x (1] agab— |1) (1| abaz), (12)

where A = g?/A, |1); and ||); (j = A, B) are the ex-
cited and ground states of the j-th atom, respectively.
If the initial states of atoms A and B are

W iom) = gmu 1D alt)s),  (13)

then evolution of the system is given by

1 oo oo
l)tot(t) = §Zzpnpm

n=0m=0
x (e DA QIMAL Ty )y 1) glm)s
4 oI =i EDXE |1y iy 1Y plm)s)
x (eI e =ImAL (11 (n p(l]2 (m]

4+ e inAL i(mA1)At Allli (n] B(T]2 (m]).(14)

The information about the entanglement of two
atoms is contained in the reduced density matrix pap
for the atomic subsystem, which can be obtained from
Eq. (14) by tracing out the cavity fields. It can be
shown in Eqs. (6) and (7) that the concurrence for
this density matrix is

C3(pap) = 2max{0,/a? + a3}, (15)
where
1 oo oo
a, = 5 Z Z P, P, cos2(n — m)\t,
n=0 m=0
and

as = % i i P, P, sin2(n — m)At.

n=0m=0
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It is obvious that C3(pap) is a periodic function and
its period is T' = 7/ \.
If the initial states of atoms A and B are

V2

dE ) ==
[Patom) = =5

atom

(IMalDeEDall)s),  (16)

the concurrence for the reduced density matrix pap
for the atomic subsystem can be easily obtained in a
similar way. It is

C*(pap) = 2max{0, \/ b3 +b§}, (17)

where

1 o0 oo
b = 3 Z Z P, P, cos2(n 4+ m + 2)At,

n=0m=0

and

1 o0 o0 )
by = 5 Z Z P, P, sin2(n+m + 2)At.

n=0m=0

It is obvious that C*(pap) is also a periodic function
and its period is T = /.

We have shown above that the period is T' =
7A/g?, which is in good agreement with that of
Fig. 4(c). Tt needs to be noted that the period is in-
dependent of the mean photon number of the thermal
field, which can be proved by Fig. 4(d).
needs to be emphasized that C3(pag) and C*(pap)

However, it

are equal to 1 and will have infinite period when the
cavity field is vacuum (namely, the mean number of
the field is equal to 0). That is to say, the envelope
function is independent of the detuning and equal to
1 when the cavity field is vacuum.

5. Conclusion

In summary, we have analysed the evolution of
the entanglement of two atoms initially in an entan-
gled state when each atom interacts with a thermal
field. We should emphasize that the whole system
is lossless. We have shown that the non-interacting
atoms A and B can abruptly lose their entanglement
for the case of symmetric atom—cavity coupling and
resonant interaction. Given the lossless nature of the
evolution, we can expect the recovery of the original
entanglement to occur in a periodic way following each
sudden death event, this is evident in Refs. [10]-[12].
However, this conclusion does not apply to this sys-
tem, even though the whole system is also lossless.
In this system, whether the completely lost two-atom
entanglement can be recovered or not, this problem

is dependent on the mean photon number of the ther-
mal field. The completely lost two-atom entanglement
cannot be recovered when the mean photon number
of the thermal field exceeds a critical value (3.3584).
Overall, with the increase of the mean photon number
of the thermal field, the degree of disorder (entropy) of
the thermal field increases. The increase of the degree
of disorder means that the atom—atom entanglement
will disappear more rapidly and be more difficult to
recover via atom—field interaction.

This phenomenon can help us to analyse the de-
coherence of a quantum system, two thermal fields
can be regarded as two “reservoirs” to the atoms, the
size of the “reservoir” is dependent on the mean pho-
ton number of the thermal field. With the increase of
the size of the “reservoir”, the atomic entanglement
leaking into the cavity increases and cannot gradually
return to the atomic system leading to the disappear-
ance of the entanglement of the atomic system. In
addition, we have also proved that the atomic infor-
mation leakage rate becomes less sensitive to the ini-
tial state of the atoms when the size of the “reservoirs”
increases.

The time at which ESD starts to occur becomes
longer with the increase of the detuning between the
atomic transition frequency and the field frequency
and the disparity between two coupling rates. Un-
like Ref. [8], we have found that the completely lost
two-atom entanglement can be recovered when A ex-
ceeds a critical value (2.646¢g) for the same 7 with
the resonant case that the completely lost two-atom
entanglement cannot be recovered and the entangle-
ment cannot completely disappear when A exceeds
another critical value (7.175g). Finally, we have shown
that the concurrence of the two atoms causes rapid os-
cillation with period T' = 27/4/ A% + (47 + 1)¢? and
the envelope surrounding the oscillations is a periodic
function (under the condition of large detuning, the
period is 7A/g?).

Appendix A: The evolution of
two initial entangled atoms for a

general situation

We will calculate the evolution of two initial en-
tangled atoms for a general situation. If the initial
state of atoms A and B is

Wiiom) = cosa [T |l)p £sina |[)a [T)p, (Al)
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then the initial density matrix of the total system is
given by

prot(0) = (cosa [T)a [1)p £ sina [L)a [1)5)

x (cosa a(T|p (L] £sinaa(l|p(T])

(oo} (oo}
Y Poln)i(n|® Y Pplm)a(m
n=0 m=0

The evolution of the system is given by

S 2.t iA O 2t 2igiv/n + 1 .
ptot(t):ZZPan{cosa{<cos2—Q ) Taln)1— 9197 )aln >1]
n=0m=0 n n
melt iA . melt 2192\/% . melt
X [<cos 5 + 0, sin — > [1YB | m)e 0 sin — I |m—1)2
. 2,1t 1A 2,1t 2i . 2,9t
j:smochos 21 —|—an 1sm 21 ) [1Ya | n)y — g;fsm 21 |T>A|n—1>1}
Ot 1A | 2t 2igavm+1 . Ot
X [(cos 5 ;)—msm ) Mg | m)s — 192(2: sin — [1)B |m+1>2}}
2, A 2igg;vn+1 . 2,
X {cosa[(cos;—i—l(zsin) T {n | + 191(27”4' inTtA<J,|1< +1|]

X [(cos Qm;lt _ 4 sin Qnélt>3<l|2 (m | +2192\/msin

Qm—l Qm—l

m—1t
i (Ts (m —1}
.Qn 1t

St =11

2,11 1A 2,11 2i )
j:sinaKcos 21 - an 1sm 21 >A<l|1 (n|+ ;g:j/lﬁsm
Qm,t 1A . Q t 2i vV 1 . 02,.t
X Kco 5t ;27 in — ) (Tl2 (m | + ngQer sin

where 2, = \/A? + 4g}(n + 1) and 2,,, = \/AZ + 4g3(m + 1).

2ol et 11 | (43)

The information about the entanglement of two atoms is contained in the reduced density matrix pap for
the atomic subsystem, which can be obtained from Eq. (14) by tracing out the cavity fields. It can be shown in

Egs. (6) and (7) that the concurrence for this density matrix is

C'(pap) = 2max{0,| d | —\/af}, (Ad)
the matrix elements are given by
a= 7;)7;) [cos aP, P11 (005 % + %2 in2 Q2t) 49%(;22n+ D) sin? Q;”t
+ sin? aPn+1Pm4g%(g; D sin? % (co % + 3722 i Q;tﬂ, (A5)
X \/<COSQ Q"Q_ﬁ + ()A;l sin? 97;1t> (0052 Qm2_1t + (222 1 sin? Qm2_1t>, (A6)
f= :jog [cos aP,_ 1P, ;lzg;n sin? .Qn2_1t <0082 sz_lt (2?: 1 sin? Q";_lt>
+ sin®? aP, Pp_1 (0082 Qn2_1t + (2221 sin? 0"2_1t> é%jml sin? Q";_lt]. (A7)

We find that the concurrences of the two different initial states cosa |1) 4

|[I)g —sina |])4 |1) s have the same evolution curve.
If the initial states of atoms A and B are

| @3

at0m> = cos o |T>A

080303-7

IT)B £sina[])a |l)B,

|1)B +sina|l)a 1) and cosa [T)a
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then the initial density matrixes of the total system are given by
prot(0) = (cosa [T)a [T)p £sina |[)a [1)p)(cos aa(l|p (1] £sinaa(l|s (L])

© 3 Pulmiin|© 3 Pl mha(m ] (A9)
n=0 m=0

The evolution of the system is given by

Ptot(t)zZZPan{cosa[(cosQnt—iA i Qt) [Tha | n)1 — 21glnJrlsimQ"t|L>A|n+1)1}

Ot 1A Ot %goy/m 1 . ot
X -<COS2—(ZWLS ) |T> | > ngm s 9 |~L>B |m+1>2]
. anlt iA . Qn 1t 2191\/ﬁ . anlt
+ sma{(cos 5 + o sin ) [1Ya | n)1 — 0 sin — ITYa |n—1)
[ty B ”’”2‘”) 10 )2 = 22 i 22 1y = 1|}
Q,t 1A .Qnt 2igivn+1 (2t
« dcosal (cos Pt L 12 Gy Y iy () 420V G Ot g
2 1, 2, 2
2.t 1A Ot 2igovm +1 | 2.t
X |:<COb2—|-(2mbl ) (Tls (m | + 920m sin — B{l]2 <m+1}
, D at  GA . 0, 4t N /m . Dyt
:I:sma[(cos 21 o sin 21 )A<l|1 (n]+ (ifsm 21 A{Th (n—l@
i | (cos Pm=rt — A o Pnoat) ) 4 202V G O 1t sl m—1]]Y  (A10)
2 Qm—l 2 'Qm—l

where 2, = /A% +4¢?(n+ 1) and $2,, = \/A2 +4g3(m +1).

The information about the entanglement of two atoms is contained in the reduced density matrix pap for
the atomic subsystem, which can be obtained from Eq. (A6) by tracing out the cavity fields. It can be shown
in Egs. (6) and (7) that the concurrence for this density matrix is

C*(pap) = 2max{0,] b | —/ec), (A11)

the matrix elements are given by

sm2a o $nt A2t o 2mt A2 ,Qth
b= S B, \/( =5 T g in 2)< =5+ g s’ =5

n=0m=0
X \/<COS2 9"2_175 + 0221 sin? 9”2_12&) (COS2 -Qm2—1t + Q?mz 5 sin? Qm{lt>, (A12)
= nij: i [cos2 aPy, P, _1 (cos % + é—z sin? 92"t> ;l)g?jwi sin? sz_lt
+ sin? aPnHPmllﬁ(gg—l) sin? % (0052 QWQ_lt + (222 1 sin? Q"LQ_lt>} , (A13)
e= nzon;) [cos aP,_1P,, é%ﬂi i Qn2—1t <0082 Q;t + 37228 92 t)
+ sin? aP, P (0052 Qnglt + 921 sin? anlt) 49 (;Z%L—F D) sin? ngt], (A14)

We find that the concurrences of the two different initial states cosa |1)a |1)s +sina [[)a |1)p and cosa |1) 4
ITYs —sina ||)a ||) s have the same evolution curve.
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