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This paper investigates the entanglement dynamics of a Heisenberg XY model for a two-spin system in the presence

of a nonuniform magnetic field. The master equations and the concurrence evolution equations for the initial α state

are derived and analysed. It is shown that for the symmetric initial α state, only the nonuniform field can play a role in

entanglement dynamics while the uniform field and the bath will not play such a role. For the asymmetric α state, the

nonuniform field leads to the beat pattern oscillation of the concurrence evolution. The inhomogeneity of the field can

enhance the entanglement by suppressing the decoherence effects of both the spin–orbit interaction and the spin bath.
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1. Introduction

Entanglement[1] is one of the most interesting fea-
tures of quantum mechanics, which makes it central
to studies of quantum information and quantum com-
putation science, such as quantum teleportation,[2,3]

quantum cryptography,[4,5] quantum dense coding,[6]

etc. These potential applications stimulate investi-
gations of the quantification and control of quantum
entanglement.

Considerable effort has been devoted to the study
of the interacting Heisenberg spin chain,[7,8] and espe-
cially to two parts of a quantum chain,[9,10] which is a
very reliable model for various quantum information
proposals.[11−13] The magnetic field[14,15] provides an
additional effective parameter (besides the tempera-
ture T ) for controlling entanglement. Kamta et al.[16]

investigated the entanglement of two-qubit XY sys-
tems in the presence of a constant field Bz ẑ and found
that the thermal entanglement of anisotropic samples
can be manipulated and produced for any finite T

through changes both in the anisotropy and in the

magnetic field strength Bz. Sun et al.[17] investigated
thermal entanglement in the two-qubit XY model
with a nonuniform field along the ẑ axis and showed
that the entanglement and the critical temperature Tc

for the entanglement to disappear may be enhanced
under a nonuniform field. Li et al.[18] investigated
the thermal entanglement of an anisotropic Heisen-
berg XY Z model with spin–orbit interaction under
a nonuniform field. Within these studies, the central
topic is the thermal entanglement,[19] i.e., quantum
entanglement arising from the interaction of the mul-
tiqubit system with the environment or the reservoir
at thermal equilibrium.

Just as for solid-state spin nanodevices, the de-
coherence effect of a fermionic environment arising
from nuclear spins has attracted a great deal of atten-
tion recently. Yuan et al.[20] studied the entanglement
dynamics of two interacting spins in a Heisenberg
XY high symmetry spin model by using Holstein–
Primakoff transformations. They showed that the an-
alytical results are dependent on some particular ini-
tial states. In their model, the interaction between the
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spins is isotropic as well as the detuning controlled by
an external magnetic field. Rao[21] systematically in-
vestigated the dynamical control of qubits in the pres-
ence of the decoherence of a spin bath and showed
that the loss of entanglement within the two qubits
could be controlled by tuning the frequency of the
applied radio frequency (RF) field. Ferraro et al.[22]

investigated the dynamics of two uncoupled qubits in-
teracting with a common spin environment through a
Heisenberg XX mechanism and proved the possibility
of realizing entanglement sudden death (ESD) as well
as entanglement sudden birth (ESB)[23] by appropri-
ately controlling the initial condition of the environ-
ment. It is noted that only a uniform magnetic field is
studied in these works, the nonuniform case is rarely
considered. Therefore, in this paper, the nonuniform
external magnetic field is going to be taken into ac-
count for the entanglement dynamics of a coupled two-
spin Heisenberg XY system interacting with a nuclear
spin bath in thermal equilibrium. In addition, since
spin–orbit coupling is one of the most important re-
laxation mechanisms for confined electron spins, it is
also included in the qubit–qubit interactions. Entan-
glement dynamics are sensitive to the initial state of
the system and we have investigated the maximally
entangled state in a previous work[24] and shown that
the ESD phenomenon happens due to the noise from
the common bath. We adopt the α state as the initial
state for the two qubits in this paper. As the big dif-
ference from the other kinds of initial states, no ESD
happens and the entanglement can evolve in a beat
pattern due to the nonuniform external field.

The paper is organized as follows. In Section 2,
we introduce the Hamiltonian of the model and derive
the master equation governing the evolution of the sys-
tem. In Section 3, the analytical and numerical results
of the entanglement dynamics are presented. Finally,
a brief discussion concludes the paper in Section 4.

2. Model and method

We consider two electronic spins in quantum dots
(QD) as the qubits system coupled to a bath compos-
ing of N nuclear spins via the Fermi contact hyperfine
(HF) interaction.[14,25] A nonuniform external mag-
netic field is applied over the qubits, which is along
the ẑ axis. The coupling between the two qubits
contains both the spin–spin interaction and the spin–
orbit interaction. The spin–spin interaction is mod-
eled by anisotropic Heisenberg interaction, which can

be electrically controlled by using a calibrated volt-
age pulse.[26] The spin–orbit interaction is described
by the Dzyaloshinskii–Moriya (DM) interaction.[27−29]

The total Hamiltonian for such a system can be ex-
pressed as

Htot = HS + HSB, (1)

where

HS = b1S
z
1 + b2S

z
2 + JS1 · S2 + D · (S1 × S2), (2)

HSB =
N∑

k=1

gk(Sz
1 + Sz

2 )Iz
k . (3)

The HS represents the self-Hamiltonian of the qubit
system. The bi = g∗eµBBi (i = 1, 2) is the Zeeman
splitting with the applied magnetic field Bi of the i-
th electron spin, the field is assumed to be along the
ẑ axis. The g∗e is the effective Landé factor of the
electron, µB is the Bohr magneton, Si = (Sx

i , Sy
i , Sz

i )
is the spin-1/2 operator of the i-th electron spin,
J = (Jx, Jy, Jz) is the real coupling coefficient of the
exchange interaction. D is the DM vector arising from
the spin–orbit coupling and we choose D = Dẑ. HSB

describes the HF interaction between the central spins
and the nuclear bath, Iz

k is the k-th nuclear spin op-
erator of the bath. Due to the renormalization of the
appropriate parameters, it is not important whether
the spins of the nuclei are 1/2 or not, so it is set to
be 1/2 in the following discussion.[30] The qubits-bath
coupling strength gk = (8π/3)geµBgnµn|Ψ(rk)|2 is de-
termined by the electron density |Ψ(rk)|2 at the site
rk of the k-th bath spin (gn and µn are the Landé fac-
tor and the magnetons of the nuclei, respectively). For
simplicity, it is assumed that the electronic wave func-
tion is spread uniformly over the dot volume, that is,
the interaction between the qubits and the bath is ho-
mogeneous gk = g, since it has been shown that[21,31]

the only effect of inhomogeneous interaction is that
of destroying certain revival effects. Since the mag-
netic moment of the electron is much larger O(103)
in comparison with that of the nucleon, the interac-
tion among the bath spins and their coupling to the
external field has a comparatively small effect on the
dynamics[21] and so we neglect them here.

We consider the Hamiltonian HS for the
anisotropic Heisenberg XY model under a nonuniform
field in terms of the raising and lowering operators
S±

i = Sx
i ± Sy

i as

HS = (B + b)Sz
1 + (B − b)Sz

2

+
Jγ

2
(S+

1 S+
2 + S−

1 S−
2 ) +

(
J

2
+

iD
2

)
S+

1 S−
2
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+
(

J

2
− iD

2

)
S−

1 S+
2 , (4)

where B = (b1 + b2)/2 is the mean external mag-
netic field and b = (b1 − b2)/2 measures the degree
of the inhomogeneity of the field, J = (Jx + Jy)/2 is
the mean coupling coefficient in the xy-plane, γ =
(Jx − Jy)/(Jx + Jy) (−1 ≤ γ ≤ 1) measures the
anisotropy of the system, γ = 0 for the isotropic XY

model and γ = ±1 for the Ising model.[16] The initial
state of the qubit-bath system is assumed to be un-
correlated, i.e., ρtot(0) = ρS(0) ⊗ ρB(0), where ρS, ρB

represent the density matrices of the system and the
bath, respectively. The evolution of the total system
is governed by the dynamical equation

ρtot(t) = U(t)ρS(0) ⊗ ρB(0)U†(t), (5)

where, U(t) = exp(−iHtott) is the time-evolution
operator. The reduced matrix of the system is ob-
tained by tracing over the bath degrees of freedom
ρS(t) = TrBρtot(t).

The initial density matrix of the spin bath sat-
isfies the Boltzmann distribution, that is, ρB(0) =
(1/Zβ) exp(−βM),[32,33] where M =

∑
k Iz

k is the
magnetization of the bath, β is the inverse spin tem-
perature, Zβ = Tr( eβM ) = [2 cosh(β/2)]N is the par-
tition function and the Boltzmann constant has been
set to 1. Such a choice corresponds to a thermally po-
larized bath with the polarization PB = 〈M〉/(N/2) =
tanh(β/2). When β = 0, ρB(0) = 2−N11 ⊗ · · · ⊗ 1N

corresponds to an unpolarized bath, where 1k is the
unity matrix for the k-th bath spin.

In the standard bases[34] {|++〉, |+−〉, |−+〉, |−
−〉}, the initial state of the qubits is considered to be
the α states[35,36] defined as

ρS(0) =
1
3


α 0 0 0

0 1 1 0

0 1 1 0

0 0 0 1 − α

 (6)

with the parameter α satisfying 0 ≤ α ≤ 1, so concur-
rence C(0) = 2

3 [1 −
√

α(1 − α)]. The α states belong
to the “X” states,[37]

ρS =


ρ11 0 0 ρ14

0 ρ22 ρ23 0

0 ρ∗23 ρ33 0

ρ∗14 0 0 ρ44

 . (7)

The X states have a robust character in that the ini-
tial X structure is maintained during the evolution
under the influences of the environment.

Then, for t ≥ 0, the equations of the matrix ele-
ments are given by

ρ11(t) =
1

3Zβ

N∑
i=1

Mi

{
α cos2 Ωt +

[
α(B + ∆i)2

+(1 − α)
J2γ2

4

]
sin2 Ωt

Ω2

}
, (8)

ρ22(t) =
1
3

{
cos2 ωt +

[(
b +

J

2

)2

+
D2

4

]
× sin2 ωt

ω2
− D sin 2ωt

2ω

}
, (9)

ρ33(t) =
1
3

{
cos2 ωt +

[
(b − J

2
)2 +

D2

4

]
sin2 ωt

ω2
+

D sin 2ωt

2ω

}
, (10)

ρ44(t) =
1

3Zβ

N∑
i=1

Mi

{
(1 − α) cos2 Ωt

+
[
(1 − α)(B + ∆i)2 + α

J2γ2

4

]
× sin2 Ωt

Ω2

}
, (11)

ρ23(t) =
1
3

{
cos2 ωt −

[
b2 +

(D + iJ)2

4

]
× sin2 ωt

ω2
− ib sin 2ωt

ω

}
, (12)

ρ14(t) =
1

6Zβ

N∑
i=1

Mi(1 − 2α)Jγ

[
(B + ∆i)

sin2 Ωt

Ω2

+ i
sin 2Ωt

2Ω

]
, (13)

where Mi = 〈i| exp(−βM)|i〉, |i〉 is the i-th basis

states of the bath, Ω =
√

(B + ∆i)2 + 1
4J2γ2, ∆i =

〈i|g
∑

k Iz
k |i〉, ω =

√
b2 + 1

4 (J2 + D2).

3. Entanglement evolution

We adopt Wootters’ concurrence[38,39] to quantify
the degree of entanglement between the two qubits in
this paper. The concurrence is conveniently defined
for both pure and mixed states and it can be calcu-
lated explicitly from the density matrix of the bipar-
tite system,

C(ρ) = max{0,
√

λ1 −
√

λ2 −
√

λ3 −
√

λ4}, (14)
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where λi are the eigenvalues in decreasing order of the
matrix ρ̃,

ρ̃ = ρS(σy ⊗ σy)ρ∗S(σy ⊗ σy), (15)

where ρ∗S denotes the complex conjugation of ρS, σy is
the pure imaginary Pauli matrix. The C varies from
0 for a separable state to 1 for a maximally entangled
state. Since the X structure is preserved during the
evolution determined by the Hamiltonian of Eq. (4),
the concurrence at time t for an X-state can be sim-
plified to

C(t) = 2max{0,K1(t),K2(t)}, (16)

where,

K1(t) = |ρ14(t)| −
√

ρ22(t)ρ33(t), (17)

K2(t) = |ρ23(t)| −
√

ρ11(t)ρ44(t). (18)

By substituting Eqs. (8)–(13), we can obtain the
concurrence evolution of the system. Evidently, it is
not easy for us to obtain simple analytical expressions
for the concurrence of α states. We will give some nu-
merical simulations in the following discussion, as well
as analytical results for some fixed parameters. Note
that all parameters are dimensionless in this paper.

Apparently, the concurrence evolution behaves in
an oscillating way, which is related to the magnetic
field, the interaction between the two qubits and the
interaction between the qubits and the bath. First of
all, by examining Eq. (13), we notice that if α = 1

2 (or
J = 0, or γ = 0), then ρ14(t) = 0, i.e., K1 < 0, the
concurrence would be determined by K2(t),

K2(t) = |ρ23(t)| −
1
6
. (19)

In this case, it can be seen from Eq. (12) that the mean
field B and the bath will not have any influence on the
entanglement dynamics of the system while only the
inhomogeneity of the field b will play a role, which is
caused by the symmetry of the initial states of the sys-
tem. Moreover, the more symmetry the initial state
has, the much less influence the mean field and the
bath coupling have over the entanglement dynamics
of the system.

For asymmetric α 6= 1
2 states, the exact ex-

pression of concurrence is slightly more complicated.
Without any loss of generality, we consider some spe-
cial cases with α = 0. When D = 0, g = 0, and β = 0,
the following expressions can be obtained

K2(t) = −K1(t) =
1
3

√
1 − J2b2 sin4 ωt

ω4

−
∣∣∣∣Jγ sinΩt

6Ω

∣∣∣∣
√

1 − J2γ2 sin2 Ωt

4Ω2

≈ 1
3

[
1 − J2b2 sin4 ωt

2ω4

−
∣∣∣∣Jγ sinΩt

6Ω

∣∣∣∣(1 − J2γ2 sin2 Ωt

8Ω2

)]
. (20)

It can be noted that the concurrence is mainly de-
termined by K2(t), since K1(t) is negative for most of
the time. The oscillation period is closely related to B

and b, that is to say, the entanglement oscillation be-
haviours can be controlled by the external nonuniform
magnetic field.

When the field is uniform (i.e., b = 0),

C(t) ≈ 2
3

[
1 −

∣∣∣∣Jγ sinΩt

6Ω

∣∣∣∣ (
1 − J2γ2 sin2 Ωt

8Ω2

)]
is always bigger than zero. The oscillation period for
the concurrence approaches π/Ω (i.e., π√

B2+J2γ2/4
)

for B > 0, and 〈C(t)〉 → 2/3 for large B, these results
are shown in Fig. 1. The contour plot of concurrence
as a function of the mean field B and time t is shown
in Fig. 1(a), while figure 1(b) shows curves of C(t)
for some given B, thus detailed information can be
obtained. It can be found that the entanglement is
promoted on the whole by increasing B. It is noticed
that if b À J/2, the second term of Eq. (20) can also
be deleted, and then it corresponds to the situation of
the uniform field where b does not play a role.

Figure 2(a) shows the contour plot of concurrence
as a function of B and t for the nonuniform field with
b = 1. It is easy to see that the entanglement de-
velops as B is increased. When the magnetic field is
inhomogeneous (i.e., b 6= 0) and b is not large enough,
obviously from Eq. (20), it results in a beat pattern
for the concurrence evolution because when ω 6= Ω

there are two oscillation frequencies, which is shown
in Fig. 2(b). If the mean field is relatively large B À 0,
the last term of Eq. (20) can be omitted and

C(t) ≈ 2
3

(
1 − J2b2 sin4 ωt

2ω4

)
, (21)

then the oscillation period approaches to π/ω (i.e.,
π/

√
b2 + J2/4). As shown in the figures, the larger

the mean magnetic field B is, the more regular the
periodical evolution of entanglement oscillation is.
When B is large enough, the period of oscillation turns
out to be stable and almost regular periodical oscilla-
tion appears. From Eq. (21), it can be seen that the
entanglement of the system can be manipulated and
enhanced by the inhomogeneity of the field, which will
be proved in the next figure.
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Fig. 1. (colour online) Plots of concurrence versus the mean field B and time t with the inhomogeneity b = 0.

The given parameters are α = 0, D = 0, g = 0, β = 0, J = 1, γ = 1, N = 10.

Fig. 2. (colour online) Plots of concurrence versus the mean field B and time t with the inhomogeneity b = 1.

The other parameters are the same as those in Fig. 1.

Fig. 3. (colour online) Curves of concurrence evolution with D = 0 (solid), D = 1.5 (dashed), D = 3 (dotted)

in (a) with b = 0. Contour plots of concurrence versus D and t for (b) b = 0, (c) b = 1, (d) b = 2. The other

parameters are the same as those in Fig. 1 except B = 0.
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Furthermore, the influence of DM interaction is
considered and the plots of the concurrence C(t) with
D are shown in Fig. 3. It is shown that the oscilla-
tion of the concurrence becomes much more intensive
with the increase of D since the frequency ω is getting
larger. In addition, by comparing the evolution curves
of Fig. 3(a) with and without D, it is confirmed that
DM interaction, as one of the dominant decoherence
mechanisms of the qubit, decays the entanglement of
the system greatly. By comparing Figs. 3(b)–3(d), it
is important to see that the stable oscillation area of
entanglement is extended as b increases, which is easy
to understand because when D is relatively weak its
effect cannot become evident, and the oscillation pe-
riod of concurrence is stable. This indicates that the
decoherence effect caused by the spin–orbit interaction
can be suppressed by properly increasing the inhomo-
geneity b of the field in a certain period of time.

Fig. 4. (colour online) Contour plots of concurrence versus

the coupling strength g and time t for (a) b = 0, (b) b = 1

with B = 1. The other parameters are the same as those in

Fig. 1.

It is easy to verify the effects of the spin bath
on the entanglement of the system. The bath will
decay the initial entanglement of the system by com-
paring the entanglement with 0 < g < 2 and g = 0
in Fig. 4. However, if the bath coupling strength g is
strong enough, it can induce entanglement revival by

comparing the area of plots with 0 < g < 2 and g > 2
in Fig. 4. It is important to find out, by comparing
Fig. 4(a) with Fig. 4(b), if the entanglement of the sys-
tem can be enhanced by increasing the inhomogeneity
of the field to a certain extent, that is to say, if the
nonuniform field can inhibit the dechoherence effects
of the bath.

It is necessary to point out that the analysis for
the finite-temperature case has also been considered
and it will not change the main results above. There-
fore, it is restricted to the β = 0 case for simplicity in
the context.

4. Conclusions

In conclusion, we have investigated a two-coupled-
spin system in a Heisenberg XY model interacting
with a spin bath in thermal equilibrium. A nonuni-
form external magnetic field is applied along the z

direction. Since it is necessary to consider the nonuni-
form external magnetic field at each qubit for perform-
ing quantum computing, we focus on the influence of
a nonuniform field on the dynamics.

The nonuniform field can have a dramatic influ-
ence on the entanglement of the system. Especially
for the symmetric initial α state, only the nonuniform
field can have an effect on the entanglement dynam-
ics while the uniform field and the bath will not play
a part. For the asymmetric α state, the nonuniform
field leads to the beat pattern for the concurrence evo-
lution.

Moreover, it is important to see that the uniform
field can not only promote the entanglement of the
system, but also the inhomogeneity of the field can
enhance entanglement by depressing the decoherence
effect of the spin–orbit interaction. Last but not least,
the nonuniform field can also suppress the decoherence
effect caused by the spin bath and increase the entan-
glement.
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