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This paper demonstrates that multipartite Bell-inequality violations can be fully destroyed in a finite time in

three-qubit states coupled to a general XY spin-chain with a three-site interaction environment. The Mermin—Ardehali—

Belinksii-Klyshko inequality is used to detect the degree of nonlocality, as measured by the extent of their violations.

The effects of system-environment couplings, the size of degrees of freedom of the environment and the strength of the

three-site interaction on the Bell-inequality violations are given. The results indicate that the Bell-inequality violations

of the tripartite states will be completely destroyed by decoherence under certain conditions for the GHZ state. The

decoherence-free subspaces of our model are identified and the entanglement of quantum states is also discussed.
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1. Introduction

The dynamical behaviour of entanglement under
the effects of the environment is a problem of fun-
damental interest in quantum computation (QC) and
quantum information processing (QIP).[' =% Recently,
the dynamics of entanglement received a great deal of
attention following the work of Yu and Eberly,["-®! in
which the entanglement between two particles coupled
with two independent environments completely van-
ished within a finite time, called entanglement sudden
death (ESD). However, the study of ESD in bipartite
systems has been limited because properly quantifying
multipartite entanglement, especially for mixed states,
is not clear for systems of more than two qubits. 1%
Very recently, Jaeger and Ann demonstrated the
Bell-nonlocality sudden death (BNSD) of a tripar-
tite system by discussing Bell-inequality violations."
It showed that multipartite Bell-inequality violations
can be fully destroyed in a finite time in three-qubit
systems subjected to a multi-local noise environment.
The extension of the consideration of the sudden death
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of nonlocal properties is significant because tripartite
systems can exhibit fundamental characteristics which
do not exist in bipartite systems. Due to its intrin-
sic and practical interest, BNSD has attracted much
attention.12—17]

In the real world, QIP will always inevitably be af-
fected by the decoherence induced by the external en-
vironment. The evaluation of the extent to which the
decoherence affects quantum entanglement is an inter-
esting problem and attracts much attention. Many re-
searchers have investigated the entanglement dynam-
ics of quantum systems under decoherence induced
by system—environment interaction and almost all of
them considered the environment as an uncorrelated
environment.!'8~2% In a practical situation, the parti-
cles of an environment always interact with each other.
What is the effect of the decoherence induced by a
correlated environment on quantum states? In order
to answer this question, researchers have undertaken
many studies. Quan et al. studied the decoherence
induced by a correlated environment.?!l It was shown
that at a critical point of quantum phase transition
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(QPT) the decoherence is enhanced. For a two-qubit
case under a transverse Ising model, Sun et al. discov-
ered that the concurrence decays exponentially with a
fourth power of time in the vicinity of the critical point
of the environmental system.?2l The multiqubit case
was investigated by Ma et al.[?3] For two-spin coupling
to an XY chain with Dzyaloshinsky—Moriya (DM) in-
teraction, Cheng et al. found that DM interaction can
slightly enhance the decay of the decoherence factor
in the weak coupling region and, in the strong cou-
pling region, the decoherence factor is super-sensitive
to DM interaction.?4

In addition, many theoretical studies have paid
attention not only to nearest-neighbour spin—spin in-
teractions but also to next-nearest-neighbour ones, as
well as the multiple spin-exchange model. In compari-
son with those models with only nearest neighbour in-
teractions, these more complicated models seem more
realistic.[?5] For example, the additional terms involv-
ing the multisite interaction operators were recognized
to be important for the description of many physical
systems. In Ref. [26], Cheng et al. analysed the dis-
entanglement of a bipartite system in which the two
parties coupled to the spin environment with multi-
site interaction. However, for a three-qubit system in
a correlated environment with multisite interaction,
the nonlocal behaviour that can be measured by the
extent of the violation of the Bell-inequality is still an

open issue.

2. Theoretical model

We choose the environment to be a general XY
spin chain with XZY-YZX type of three-site inter-
action and the three spins are transversely coupled
to the chain with homogeneous coupling parameters.
The corresponding Hamiltonian reads

L
L+y T _x I—v z
H = _ZJ(TUl Ul+1+TU§gJ;/+1 +)\O'l>

e M -

x z Y Yy z
aJ(of 40} ol 1 — )10 o)

J
L (oi+0h+08)of = He + Hr. (1)
Here, we set the spin-coupling interaction J = 1.0.
The parameters «, A and g are dimensionless. The
g denotes the coupling strength between the chain
and the three spin-qubits. Noticing that [0% + 0% +

o0&, O'lﬂ] = 0, we can rewrite Eq. (1) as H =

Sy [6) (0] @ Hy', where | ¢,) (u=1,...,8) is
the p-th eigenstate of operator £ = g(04 + 0% + 0&)
corresponding to the u-th eigenvalues g,, and A, is
given by A, = A+ g, Hg“ is given from Hp by re-
placing A with A,.

In order to obtain the time evolution of the den-
sity matrix of the system, we should follow stan-
dard procedure by defining the conventional Jordan—
Wigner transformation, which maps spin to one-
dimensional skinless fermions with creation (annihi-
lation) operators aj (a;). Then the Fourier trans-
forms of the fermionic operators described by di =
\%Lzl ay e~ i2lk/L
onalize Hamiltonian (1) by transforming the fermion

are introduced. We can then diag-

operators to momentum space and using the Bogoli-
ubov transformation. The result is

A A 1
Hy = Zk Ay (7,17%%,@ - 2) , (2)

where the energy spectrum Az” is expressed by

/12# =2 [gk + asin (lelf)] ) (3)

where g5 = {[cos(2mk/L) — \,]? +~2 sin®(2rk /L) }1/2.
The corresponding Bogoliubov transformed fermion
operators are defined by

A A

.0
’5 dj, —isin ; dT_k, (4)

Vi,A, = COS
with angles
92" = arctan[ysin(2wk/L)/(\, — cos(2wk/L))].

In terms of these notations, we can obtain the
time evolution of quantum states induced by the inter-
action between the system and the environment. Let
the initial state of the composite system be |1(0)) =
1¢(0))aBc ® [$(0)) &, where [$(0))apc and [¢(0))s
are the initial states of the three central spins and
the environment spin chain, respectively. We have
[¥(t)) = U(t)|¥(0)), where U(t) = exp(—iHt). The
reduced density matrix of system can be obtained
as[24]

ps(t) = Trely(6)) (¥ ()]

¢
= > auai{gulUSM UL ®)|op) | (v,
por=1 (5)

A (A
where a, = (,loanc), Up* (1) = exp(~iHp" 1)
is the projected time evolution operator for the spin
chain dressed by the system—environment interaction
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parameter A,. We define the decoherence factor

| Fl (t)| as follows:

F(t) = (@5UIM UG ()|@R).  (6)

Here the initial state of the system is separable from
the initial state of the environment. The initial state
of the environment |$(0)) is assumed to be

M
H (cos(6r/2)[0)&|0) . + isin(fp /2)[1)5[1) s
- ()

where |0);, and |1); denote the vacuum and single ex-

citation of the k-th mode dj, respectively. Noticing
that
A o A
Y, = (o8O )pen —isin O Nl (8)

where 91(;\“) = (9,9") — 0,(:‘))/2 and v, Vk,x are the
normal mode dressed by the system—environment in-
teraction and the pure environment, respectively, we
can obtain the ground state |G), of the Hamiltonian
Hp from the ground state |G),, of the qubit-dressed

Hamiltonian H g“ by the following relation:

M
=11 (COS O™ +isin QI(CA“)VIz,AﬂT—k,A#) G

k=1
(9)

In this study, we assume that the system is initially in
a general three-qubit pure state

16(0)) Ac = €1]000) + ¢2]001) + ¢5]010) + ¢4]011)

+c5 )+ ¢6|101) + ¢7|110) + c5]111),
(10)

where the coefficients satisfy the relation for normal-
ization |c1]? + |ea|® + - - 4 |cs|® = 1. After careful cal-
culation, we obtain the elements M, of the reduced
density matrix of the system, u,v =1,2,...,8. Here,

we write the M, in the following equations:

Muu :CuciFuy(t), o,V = 1,2,...,87

(11)

It should be noted that once all the moduli of F),, (t)
are completely destroyed by decoherence, any state

The moduli of Fj,,(t)
27)

will become a separable one.
can be obtained in the following equation:!

|Fu ()] = [] 1+ 25in(26,") sin(20,) sin(Ay ) sin(Ay" t) cos(A t — Apet)

k>0
— 4 sin? (/12“
— sin? (292“’) sin2(/12"t)

where A, ,, p,v =1,...,8, take the following expres-

sions:
3
>\1:>\+?g, A2,3,5:A+€,
g 3g
=A-= - = 1
>\4,6,7 A 27 )\ = 2 ( 3)
3. The violation of Mermin-

Ardehali—Belinksii—Klyshko
(MABK) inequality

For N-qubit systems, there are two kinds of mul-
tipartite Bell inequalities used to detect the degree
of nonlocality, as measured by the extent of their vi-
olations. The first is the inequality put forward by
Zukowski and Brukner.!?®! The second is the MABK
inequality.?~31 Although it is not clear whether
these two kinds of calculations are valid for N > 3, the
nonlocal correlation for N = 3 is equivalent for these

- /12”) Sin2(/12“ t) Sinz(/lg”t) sin(2@)‘“) sin(2@2‘”)
— sin? (292“

1/2

) sin? (A “1)] (12)

two inequalities. Here we use the MABK inequality as
a criterion for Bell locality, because it is more easily
computed than the first inequality. A quantum state
p violates the MABK inequality if

[(Bn)pl > 1. (14)

In the simplest case of two qubits, N = 2, the oper-
ator By on the left-hand side of the MABK inequal-
ity is just the Clauser—Home—-Shimony—Holt (CHSH)
operator,®?l namely

1
By = 3 [MaMp + MaMp + MyMp — M/, My].
(15)
In the case of three qubits, the specific form of oper-
ator By is expressed as
1
B3 = i[MAMBMé —+ MAMJ%MC

+ MyMpMc — MyMpM¢], (16)

the primed and unprimed terms denote the two differ-
ent directions in which we measure the corresponding
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party; the measurement operators My and Mj,, de-
noting the operators corresponding to measurements
on the qubit K (here labeled K = A, B, or C), while
the second corresponds to a measurement performed
along a direction differing by 6 relative to that per-
formed on the first qubit, are

Mg My
=R (k) ; (17)
M M
where
cosf —sinfg

R(0g) = . 18
(6xc) sinfy cosfg (18)

In the case of three qubits, there are two such rotation
angles 6 and 6¢; the corresponding measurement op-
erators for qubits A, B and C' can be written in terms
of Pauli operators as

Mi=0,01I®1I, (19a)
My=0,01®]1, (19b)
Mp =1® [cos(0p)oy —sin(fp)og] @ 1, (19¢)
Mp =1® [cos(0p)oy, +sin(0p)o,] @ I, (194d)
Mc=1®1® [cos(0c)o, —sin(0c)oy], )
Mg =1I®1® [cos(fc)oy + sin(0c)oy].

(i) Assume that the initial state of the system is
a three-qubit GHZ state,

|#(0)) apc = €1]000) + cg|111), (20)

then the expectation value of the B3 operator for the
GHZ state can be obtained as

(Ba) py ()] = tr{Bap ] = dlealles|Fisl| cos Oscsl,

(21)
where Opcs = 0 + 0c + §. Particularly, we consider
the case in which the initial state is a standard GHZ
one, namely,

60 ane = 2000y + iy, @2

then we have

[(B3) prey (D) = 2| Fis]| cos Opcs], (23)

One can calculate the expectation value of the MABK
operator by substituting Eq. (12) into the above
equation. When the time is short enough, we can
have [(B3),.,,(t)] > 1, that is, there exists Bell-
nonlocality.

2.0
LA (a) m] a=-1.0
N3] o  a=-05
18 |,
A @ 9 v a=-0.1
_ AWB L] a=0.0
16+ ,%0 e a=01
N «/ Q
= A ? Q A a=1.0
o
2 o 0Q
r:S’ 1.4 +
1.2 +
1.0
0.0
2.0
(b) [m} L=51
L =101
1.8 o © 0
v L=201
272 > L=401
— 16 —;% 2
=
= v
5 a4
S 14y Q O
QEJ \% o) m]
o 7S O
~ > o
1.2 + o) [m]
o) a
L2 O m]
>y 2 o
1.0 L | 01 L | L
0 2.0 4.0 6.0 8.0 10.0

t

Fig. 1. The [(B3)p,, (t)| versus time ¢ when the initial
state is a standard GHZ state, where 3g = 0.05, v = 1.0,
A =1.0, and 8pcs = 7. Panel (a) for L = 801 and (b) for
a=0.1.

Firstly, we consider the effect of the three-site
interaction o and the total site of the spin chain L
on the time evolution of Bell-nonlocality violations
of the three qubits interacting with the environment
in the weak-coupling region (¢ < 1). In Fig. 1(a),
|(B3) pgpp ()] 1 Plotted as a function of time ¢ for dif-
ferent values of «, where the parameters L = 801,
3g = 0.05, v = 1.0, Ogcs = w. It is clear that
BNSD occurs for definite time. It can be observed that
the Bell-nonlocality [(Bs),, .
with the increasing intensity in the interval o > 0.

(t)| decays more sharply

However, the plot also indicates that the effects of the
three-site interaction on the decay of Bell-nonlocality
is not remarkable in the region a > 0. In the region
a < 0, it is found that the decay of the Bell-nonlocality
can be delayed remarkably with the increasing inten-
sity along the negative direction. To check this phe-
nomenon, we carry out an analysis similar to that in
Ref. [26].
|F(t)] = e~ (Fm473)t  where 1, 75, and 73 are

In a short time, when A\ — 1, one has
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equal to 8E(K)v2g%/(\ —1)2, 32F (K)vy%ga/(A —1)?
and 32G(K)y?a?/(\ —1)2, respectively; E(k), F(k)
and G(k) are equal to 472 (k/L)?, 8733 (k/L)*
and 167* Y (k/L)*, respectively. From the above ap-
proximate analysis we may expect that when the pa-
rameter A is adjusted to the pointA = 1, the Bell in-

equality |(Bs) (t)| will exponentially decay in the

P
second power ofG tHiZme. It is easy to find that the Bell in-
equality [(Bs)p,,, (t)] is determined by 71, 72, and 73,
while we can also find that the expression 7 + 75 + 73
is a second-order polynomial against variable a. In
Fig. 1(b), we display the effect of the degrees of free-

dom of an environment on Bell nonlocality. From the

2.0
(a)
1.8+
=
2 16}
5}
=
Il
8 14t
1.2+ ’
1.0 ! ! | !
0.00 0.02 0.04 0.06 0.08 0.10
t
2.0
C
1.8 ©
=
N 1.6
=
5}
X
E‘S 1.4
1.2 l I}
1.0 I Al 1 1
0.2 0.

3 0.4 0.5
t

Fig. 2. The [(B3)pg,, (

figure, we can see that the expectation of the opera-
tor decays exponentially to zero with the increase of
time. Thus, BNSD can always take place at some
definite timescale Tgnsp; namely, there exists a fi-
nite time after which we have [(B3),_ . (TBnsp)| < 1.
With the increase of the size L, one can find the de-
crease of the timescale. Furthermore, one can see that
there are some revivals of Bell nonlocality in Fig. 1(b).
With regard to the revivals, the numerical results im-
ply that the larger the size is, the smaller the revival
of Bell nonlocality is. That is, the oscillation of Bell
nonlocality is suppressed by enlarging the size of the
environmental spin chain in the weak-coupling region.

2.0

(b)
1.8

1.6

1.4

[{Bs)pcuz (t)

1.2

1.0
0 2 4 6 8 10

2.0
(d)
181

1.6

1.4}

[{Bs)pcuz (t)

0.00 0.02 0.04 0.06 0.08 0.10
t

t)| versus time ¢t with & = —0.5 (a), @« = 0.0 (b), @ = 0.1 (c¢), and o = 1.0 (d), respectively,

when the initial state is a standard GHZ state, where 3g = 100, v = 1.0, A = 1.0, and Ogcs = 7.

We now turn to investigate the effect of this three-
site interaction on the time evolution of the Bell-
nonlocality violations of the three qubits interacting
with the environment in the strong-coupling region
(9> 1). Figure 2 is a plot of [(Bs),,,, (t)| as a func-
tion of time ¢ when 3g = 100, where parameters L =
801, v = 1.0, A = 1.0, Opcs = 7. It is seen that the
decay is characterized by an oscillatory Gaussian en-
velope and the width of the Gaussian envelope is very
sensitive to the three-site interaction a. To explain

these features, we use a similar tactic to that employed
by Ref. [21]. When (g > 1), we obtain the follow-
ing from the angle of the Bogoliubov transformation:
;' ~ 0 and 6, ~ m. Consequently, we can obtain
|Fis(t)] ~ [1|cos? Opteiet + sin® @p%e14%t| where
A = Aﬁl + Azs. This expression is similar to that
given in Ref. [26]. We can follow the mathematical
procedure and derive the approximate expression for
[(B3) ey, (1) & 2 exp(—s7 t/2)| cos(At)|E=H/2, where
A is the mean value of A; and approximately equals
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4g +~2/g; s3 = 3. sin?(20;1)62, where the quantity
0 describes the deviation of A, from its mean values
and is approximately equal to —(v2/g) cos(4mk/L) +
dasin(4rk/L).
site interaction can enhance the decay of [(Bs),,.. ()]

This is the reason why the three-

dramatically. From the above approximate analysis,
one can also find that the evolvement of [(B3),_ . ()
shows an oscillating and decaying exponential func-
tion, as shown in Fig. 2. It is clear that BNSD oc-
curs for definite times and then the nonlocality is re-
vived. However, the nonlocality will eventually not
revive when the time comes to a certain value.

(ii) Assume that the initial state of the system is
a three-qubit W state,

16(0)) anc = c2]001) + ¢3]010) + ¢5/100).  (24)

From Eq. (11), we can obtain: M, (t) = M,,(0).
Thus, the evolution of the W state can be expressed
as

pw(®) =3 Mult) =3 My (0) = iy (0).
(25)
So the generalized W class states do not evolve un-
der the spin environment with three-site interaction.
In this sense, the W state is called a decoherence-free
quantum state and can be used to design noiseless

quantum code.[33—35]

4. Dynamical entanglement of

three qubits

Now we consider the time evolution of the en-
tanglement of three-qubit states. Due to its good
operational and calculation properties, negativity has
been used to measure the multipartite entanglement
of quantum states with high dimensions. For a given
quantum state with density matrix p, the negativity

of p is defined as!®f]

g1

N(p) = . (26)

is the sum of the absolute values of the

where ||pT
eigenvalues of pT¢, and pT denotes the partial trans-
position of density matrix p with respect to party i. If
N(p) > 0, then the two-subsystem state is entangled.
We know that negativity can be applied to a multi-
partite quantum state. Here, we employ negativity
to measure the tripartite quantum state. For exam-

ple, a tripartite quantum state p 4 5 can be split into

three bipartitions AB — C, BC — A, and AC — B.
Every bipartition gives a negativity, so there are three
negativities Nap_¢c, Npoc—4a, Nac—p to measure the
quantum correlation between the one group with two
parties and the other group with one party. The resid-
ual entanglement of a reduced density matrix will be
considered too, which can be obtained by tracing one
party of the density matrix p 45 to p's5, Plsc OF Pras
and we can analyse the residual entanglement with
negativities Nao_p, Np_¢c, and Ngo_ 4, respectively.
Here, we consider the dynamical entanglement of the
GHZ state under an XY environment with three-site
interaction as a case where the W state does not per-
ceive the presence of the environment. Here, we em-
ploy negativity to analyse the dynamical entanglement
of the standard GHZ state. With calculation, we ob-
tain the time evolution of the entanglement of the
GHZ state,

Nap-o(t) = 5lFis(0) (21)

Nap-c(t)

Fig. 3. Negativity of the GHZ state as a function of time
t and « in the weak-coupling region, where 3g = 0.05,
A=1.0,v=1.0, and L = 801.

For the symmetry of the GHZ state, the other
two negativities of Ngo_ 4 and Neoa_p take the same
expression as Nap_¢. Tracing one party of the GHZ
state, we find that the reduced density matrix is sepa-
rable, so the residual entanglements of N4_p, Ng_¢,
and N¢o_ 4 are zero. In Fig. 3, we plot Nyp_c(t) as a
function of time t for different values of a. In a short
time, it is seen that the entanglement decays more
sharply with increasing the intensity of three-site in-
teraction in the interval @ > 0. However, the decay
of the entanglement can be delayed remarkably by in-
creasing the intensity of three-site interaction along
the negative direction. With its expression, the nega-
tivity of the GHZ state takes a similar expression to

080301-6



Chin. Phys. B Vol. 20, No. 8 (2011) 080301

that of the Bell violation, so the effect of the other
parameters on the negativity is similar to the case of
Bell violations. The only difference is that the Bell
violation can be vanished in a finite time.

We notice that the dynamics of multipartite en-
tanglement in other environments has also been in-
vestigated. In Ref. [37], the authors studied the en-
tanglement dynamics of three qubits in contact with
independent Markovian or non-Markovian reservoirs.
It was found that the GHZ state can exhibit ESD un-
der certain conditions. In addition, it was shown that
the non-Markovian reservoirs can recover the entan-
glement at instantaneous points or after a finite in-
terval of entanglement disappearance, which is called
entanglement sudden birth. The difference is that the
Bell violation can be vanished in a finite time. Finally,
the difference between the dynamics of entanglement
in this paper and the Markovian or non-Markovian en-
vironment is that the entanglement does not exhibit
sudden death.

5. Conclusion

In summary, we have studied the nonlocal be-
haviour of a three-qubit system homogeneously cou-
pled to a general XY spin-chain with a three-site in-
teraction environment by calculating the extent of vi-
olation of Bell inequality. It has been demonstrated
that there exists the destruction of Bell-nonlocality
behaviour due to the decoherence induced by the
three-site interaction environment. In the weak-
coupling region, the effects of the three-site interac-
tion and the degrees of freedom of an environment
on the Bell-nonlocality [(B3),..., (t)| were also consid-
ered. In the strong-coupling region, we found that the
decay of Bell-nonlocality is characterized by an oscil-
latory Gaussian envelope, and the width of the Gaus-
sian envelope is very sensitive to the three-site inter-
action. The decoherence-free subspaces of our model
have been identified. We calculated the entanglement
evolution in our model and compare it with the re-
sults of the violation of Bell inequality. Finally, the
difference between the dynamics of entanglement in
our model and the Markovian or non-Markovian envi-
ronment is also discussed along with the nonexhibition
of ESD.
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