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A one-dimensional nonlinear time-dependent theory for helix traveling wave tubes is studied. A generalized

electromagnetic field is applied to the expression of the radio frequency field. To simulate the variations of the high

frequency structure, such as the pitch taper and the effect of harmonics, the spatial average over a wavelength is

substituted by a time average over a wave period in the equation of the radio frequency field. Under this assumption,

the space charge field of the electron beam can be treated by a space charge wave model along with the space charge

coefficient. The effects of the radio frequency and the space charge fields on the electrons are presented by the equations

of the electron energy and the electron phase. The time-dependent simulation is compared with the frequency-domain

simulation for a helix TWT, which validates the availability of this theory.
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1. Introduction

Helix traveling wave tubes (TWTs) can provide
radio frequency (RF) augmentation with wide band-
Helix TWTs are becom-
ing more in demand for space tubes and in high date

width and high efficiency.

rate communications. The research into helix TWTs
has been going on since the pioneering work of Pierce
and his coworkers.!l' There is growing literature on
the simulation of helix TWTs with beam—wave inter-
action (BWI).[l These theories can be categorized as
frequency-domain®=5) and time-dependent!®—8 anal-
yses. The time-dependent models are usually more
computationally intensive than the frequency-domain
ones. The time-dependent models have some advan-
tages. The most significant one is that the time-
dependent models can treat temporally varying inputs
and outputs with complex waveforms or pulse shapes.

In this paper, a one-dimensional (1D) time-
dependent theory for helix TWTs is presented. The
slow wave structure (SWS) of the helix is modeled by
a sheath helix, and the electromagnetic fields are ex-
pressed in the representation of the assumed fields of
the vacuum structure and in the form of the product

of slowly varying complex amplitudes, eigenfunctions
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and an exponential phase factor. The spatial average
over a wavelength is substituted by a time average over
a wave period, which has been used in the equation of
the radio frequency field in the frequency domain. The
most important advantage of the substitution for the
spatial average is that a time average makes it easier
to treat harmonics and the helix taper. To calculate
the space charge (SC) fields of electrons, the interac-
tion space is divided into disjoint regions with gen-
eralized beam boundary conditions. We separate the
field solution of the Maxwell’s equations with sources
into the part with the shape of the vacuum fields (i.e.
RF fields) and the residual part. The residual part
will be the SC fields, which are matched to the beam
boundary conditions. By combining the RF and the
SC fields with equations of motion, the self-consistent
BWI simulating equations are obtained

The organization of the rest of the paper is as
follows. In Section 2, the general formulation of RF
fields, SC fields and electron motion is described. A
numerical analysis of a helix TWT is given in Section
3. A comparison between the results obtained from
the time-dependent and the frequency-domain!® sim-
ulations is made in this section too. The conclusion is
given in Section 4.
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2. Physical model

A physical model treating the propagation of mul-
tiple RF signals through a helix SWS in the presence
of an electron beam is presented in this section. Both
RF and SC fields are described by their corresponding
equations. The equation of motion is also included.

2.1. RF fields

The so-called RF fields are the fields of the struc-
ture described in the representation of the assumed
fields of the cold structure (i.e., in the absence of the
beam). The RF fields are given in terms of electromag-
netic fields E,s and Bys, which are then expressed in
the form of the product of the temporally and spatially
slowly varying complex amplitude 6 A,,, the eigenfunc-
tions e,, (z) and b, (x), and a phase factor[*%) as fol-
lows

. wn
E; = Zl p dA, (z,t) e (x)

([ 90 )] e )

W
Br = i — An ) bn
f= i 0 Ay (2,1) by (@)

n
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The summations in Egs. (1) and (2) run over frequen-
cies labeled by the subscript n. The eigenfunctions
are solutions of the Maxwell’s equations for the cold
structure corresponding to the angular frequency wy,.
The parameter c is the speed of light in vacuum, and
c.c. takes the conjugate of the former terms.

To account for the influence of the slow structure
variation on the amplitudes of the RF fields, the tem-
porally and axially spatially varying normalized field
amplitude is introduced as

&QO‘SAn (Z7t) A1/2 (Z)7 (3)

Qn (Z’ t) = c m002 eff,n

where gg and m are the charge and the mass of a rest
electron, respectively, and A.g ,, denotes the effective
power of the cross-section area and is give by

Autin (2) = % / / A2z 2 - [en (x) x b, (@)
S

+e;, (z) X by ()] (4)

The power p,, of the n-th signal can be expressed as

2\ 2
po= o (P22) o o0 = Prusafan (20 6)

where

o\ 2
Pruys = — (moc) — 1.3862 x 10° W
To2r\ g

is a constant in the MKS system of units. The total
power p.y of all signals existing in the structure is

Pall = Pﬂux,2 Z ‘an (Z7 t)‘Q (6)

The time-averaged energy density W, of a signal with
angular frequency w,, in unit axial length and over the
entire cross section of the structure is
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where U.g ,, denotes the effective energy of the cross-

section area and is given as
1 2 *
Ueff,n (Z) = 276 d I'J_[en (212) t €, (Il?)
s

+ b, (@) - b, (2)]. (8)
The group speed of the n-th signal is

Vgr,n = pn/Wn = Aeﬂ,n/Ueffﬁn' (9)

The equations for the complex amplitudes are de-
rived in the following. Expressions (1) and (2) are sub-
stituted into the Maxwell’s equations with a current
density 7. Ampere’s law and Faraday’s law are dotted
with e, (x) and b, (x), respectively. Combining the
two products in the same way as that of Poynting’s
theorem yields
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J#ee=ig
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where Iy = moc?’/qo = 1.7033 x 10* A is a constant.
By averaging the Eqs. (10) and (11) over a temporal
period T, the equation for the amplitude of the n-th
signal can be given as

0] 0
vgr,n@ + 'Ugr,nan (Z) + a Qn (Z7 t)
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2T Vg
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where «, (2) = offn

loss rate, and the expression for the eigenfunction is

given as

e, (xz,t) = e, (x)exp [i (/O ko (27) d2' — wntﬂ i

The angular bracket denotes the time averaging over
T. Note that the temporal period is T = 27 /w,, for
a single signal, while T' = 27 /Aw for multiple signals,
where Aw is the greatest common divisor for all an-
gular frequencies in the SWS.

(z — zj + Az)/AZ2,
(Az+z; — 2)/AZ2,

Sle =2 @) =

Substituting Eq. (14) into Eq. (12), the RF equation
can be rewritten in the 1D form as

0 0
[vgma F g 2 >+8t] e (1)
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where the parameter Speam = 7 (7“12)0 — rﬁi) is the av-
eraged cross-section area of the beam. The right in-
5) can be called as the RF field cou-

pling source, which is directly related to the coupling
impedance K, (r) in the form of

K,Am:wzaxmﬁ/ciﬁiAﬁm)

Averaging Eq. (16) over Speam and substituting the
integral result into Eq. (15

tegral of Eq. (1

(16)

), the RF equation can be
packed up as
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In the 1D model, the beam is treated as angular
rings each with outer radius ry,, and inner radius rp;
moving along the axial direction only. In this model,

the current density can be expressed[6—3]

ZQM Ha@;

as

(13)

where summation runs over all particles in the struc-
ture at time ¢ and at the grid position z, the param-
eters v; . and g; are the axial velocity and the charge
of the j-th particle, respectively. The interpolating

function is

— Az <z <z, (14)
zj <z < zj+ Az

is a coefficient, and N, is the number of particles en-
tering into the SWS in the time scale of T'. The prop-
agating factor v, is calculated as v2 = k2, — w?2/c?.
The K., (2,0) is the on-axis coupling impedance at
position z for the n-th signal. The I; (vy,r) is the first
order modified Bessel function.

The normalized field amplitude a, (z,t) can be
calculated by solving the real and the image parts of
Eq. (17), so the varying RF fields at different position
z and time t can be obtained. Here, the parameters
K., (2,0) and vg , can be calculated first by using
the computational electromagnetic code, such as the
HFSS. [0

2.2.SC Fields

The temporally and spatially varying RF electric
fields expressed in expression (1) satisfy the Maxwell’s
equations in the absence of the beam but cannot sat-
isfy the Maxwell’s equations with the source charge
and the current densities by themselves. In the actual
situation with the beam loaded, an additional field
should be presented in the structure. The additional
part, which is usually called the SC field, can be calcu-
lated in the following way. First, transform the source
charge and the current densities into wave forms by
Second, substitute the
wave sources and the fields of the cold structure into

the Fourier transformation.

the Maxwell’s equations. Finally, by extracting the
RF fields from the total fields, the fluctuating part of
the SC field (i.e. AC SC field) is obtained. At the
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same time, the effect of the direct part of the SC field
(i.e. DC SC field) is included in the initial speed of the
beam ring.

By using the Fourier factor ¢(®) = kge)z — wt, the
sources and the total fields E and B existing in the
structure can be transformed into

Jz =] 0+ —F7 55~
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where k‘ge)
tron beam. The subscripts 0 and [ denote the direct

= w/v,0 is the wave number of the elec-

current part and the [-th part of the physical parame-
8) and (21
the Maxwell’s equations, the Helmholtz equations are

ters, respectively. Substituting Egs. (1 ) into

given as
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The boundary conditions for Egs. (22) and (23) are
that the fields are matched in the beam radius and
the helix is made of a perfect conductor. So the total

axial electric field in the area of the beam is

> i4l
(B2 bonm = |:Erf - ——— R
oeam = 2 | Brsa = G
x {exp (—ilW)) + c.c.|, (24)

where the space charge reduction coefficient R; is
given in terms of the modified Bessel functions as

2
R =1- 5 ){[TboK1(%Tbo)
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+Ko(yrn)rh(vir) 702 /To(varn)] - (rLu(ar)[722)

= 1bilt (i) (K (nr) [700) 3 (25)

The ¥(©) is substituted by 1 = k.z —wt when the I-th
axial RF field FEi¢,; is extracted from the total field
E, under the assumption of k:ic) — k.. The angular
bracket combining with the subscript beam denotes
taking average over the cross-section area of the beam.

So the AC SC field can be given as

41
<E5Cz beam — _Zzwnl 1 bl)

x (exp(—ilihn)) eXp(1 1) + c.c. (26)

where the summation of n runs over all signals, and [

Rn,l

is over all harmonics of the n-th signal. The value of
the phase average is given as

N>\ Z exp[—

which can be seen as a stlmulatlng source at position

(exp(—ily)) lk,z —wt)], (27)

z and time t, where IV, is the number of the electron
passing through z in the time range [t,¢+ T]. The
interpolating function described in expression (14) is
added into expression (27) for the axial grids, as the
electrons are filled in the structure during the course
of BWIL.

2.3. Equations of motion

In the 1D model, the electron beam is treated as
rings or discs of charge, each with inner and outer
radii r,, and 7, respectively. The axial speed v,
of a ring or a disc is related to its relativistic factor

v =1/y/1-v2/c* by

dy _ vem
dt

where 7 is the charge-to-mass ratio of a rest electron.

(Erf 2+ ESC z) (28)

The electron position z is related to v, by

% =v,. (29)
In the time-domain model, the independent variables
of the equation of motion are time ¢ and position z, so
the phase factor ¢ = k,z—wt existing in field Eqgs. (17)
and (26) can be directly calculated. In the 1D beam,
the DC SC field Ey4. can be given in the form of a

function of radial position r as

I {r/r%,

2meovzo L1/, >,

0<7r<rpo,

Eq. = — (30)
where ¢ is the dielectric constant in the vacuum, and
v, is the initial axial speed of an electron. Integrat-
ing expression (30) in the radial range of [0, ry], the
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difference between the beam voltage V}, and the helix
voltage V}, is given by the depression voltage AV as

AV = |, — Wl

1.52 x 10* [1+2In(r,/m)].  (31)

V2
So the initial relativistic factor vy for each electron is

given by

%0 = 5 (V= AV). (32)

The final self-consistent equations for the 1D
time-domain model can be given by the combination
of Egs. (17), (26), (28) and (29). In solving the simul-
taneous equations, a set of grids with the electrons
uniformly distributed in them are set up so as to treat
the moving course of the electrons from the gun to the

collector.

3. Numerical results

The sequence for simulation using this 1D time-
dependent theory is as follows. First, set the initial
conditions. The electrons are uniformly distributed in
the structure, and both RF and SC fields are zero at
each grid. Second, the signals with temporally var-
ied amplitudes are injected. The stimulating sources
for the RF field equations and for the SC field equa-
tions are calculated by accumulating electron charges
to the grid and averaging over the scale of a time pe-
riod. Third, the SC fields are calculated directly while
the RF fields are calculated by using the MacCormack
method. Fourth, the trajectories for the electrons are
calculated by solving the equations of motion using the
fourth-order Runge-Kutta method. The procedure is
repeated over the time scale.

The SWS chosen to be simulated is a helix TWT
built by the Northrop-Grumman Corporation. The
average radius and the pitch of the helix are 1.245 mm
and 0.8014 mm, respectively. The wall radius is
2.794 mm. No vane is loaded in the structure. There
are three rods with rectangular cross sections running
along the helix. The dielectric constants of the rods
are all 6.5 and their crosssection dimensions are all
0.508 mmx1.473 mm. The helix voltage, the electron
beam current and the fill-ratio (i.e. the ratio of the
beam radius to the helix radius) are 2.84 kV, 170 mA,
and 0.5, respectively.

A plot for the evolution of the input power with
time is shown in Fig. 1. In this paper, two kinds of

input powers are chosen to be simulated. One is an in-
put power of the continuous type. In this simulation,
a signal with a frequency of 5 GHz and a stabilized
power of 30 mW is injected at the initial axial posi-
tion of z = 0. The rising time for the input power is
1 ns (i.e., the input power increases up from zero to
its stabilized value in 1 ns). The other is of the im-
pulse type. In this simulation, an impulse signal with
a frequency of 5 GHz and a peak power of 30 mW
is injected with the delayed and the standing time of
1 ns and 2 ns, respectively. Both kinds of input pow-
ers are shown in Fig. 1 as the solid and the dashed
lines, respectively.

T T T T
30F <
I’ \ continous input power
g II ‘\ - - —impulse input power
g ] \
~ [
g 20F ' | A
: P
s 1 “
5 h !
o, 1
= 10 " \ 4
= \
/ !
, \
7 \
/ \
O L 1 1 1
0 1 2 3 4 5
Time/ns

Fig. 1. Evolutions of input power with time.

The plots for the stabilized time-dependent out-
put power varying with the axial position are shown
in Figs. 2 and 3. Also included in Figs. 2 and 3 are

the plots for the frequency-domain!®%

output power
varying with the axial position. It is noted that the

input power for simulating the stabilized output power

1000 T T T
— time-dependent theory, 5 GHz
- — frequency-domain theory, 5 GHz
100 ¢ ==
z
8
2 10 3
1<
2,
k=
a 1 3
IS
5
©)
0.1 E
0.01 L L . L .
0 20 40 60 80

Axial position/mm

Fig. 2. Evolutions of the base frequency (i.e. 5 GHz)
output power with the axial position. The solid curve
corresponds to the stabilized output power of the time-
dependent theory with the input power of the continuous
type, the dashed curve corresponds to the output power

of the frequency-domain theory.
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is of the continuous type and is described in Fig. 1 by
the solid line. The comparison of the base frequency
output power of the time-dependent theory and the
frequency-domain theory is given in Fig. 2. The com-
parison of the base frequency and the first harmonic
output power is given in Fig. 3. The curves are so sim-
ilar that there is no obvious difference between the two
theories for the stabilized situation. As the frequency-
domain theory of BWI is popularly used in practical
calculation and simulation, this homology can prove
the validity of the time-dependent theory implicitly.

1000 ¢ T T T
F - - - frequency-domain theory, 5 GHz
I — - - frequency-domain theory, 10 GHz
i time-dependent theory, 5 GHz
100 F —— time-dependent theo: 10 GHz
= 3 D ry,
< 3
P [
)
z 10&
Q E
2 3
8 [
2, 1t
= E
=1 E
o _
0.1
0.01L . - .
0 20 40 60 80

Axial position/mm

Fig. 3. Evolutions of the base frequency (i.e. 5 GHz) and
its first harmonic (i.e. 10 GHz) output power with the axial
position. The solid curve corresponds to the stabilized out-
put power of the time-dependent theory with the input power
of the continuous type, the dashed curve corresponds to the
output power of the frequency-domain theory.

100 T T T T
...... position =50 mm
8L --- position=60 mm -
= — position="70 mm
=~
=
£ 60} 1
-3 [ A
a,
-
2 40r ]
B
S
o
201 ]
o
0 . L )
0 1 2 3 4 5

Fig. 4. Evolutions of the output power with time at the
axial positions of 50 mm, 60 mm and 70 mm, respectively.
The input power type for this figure is the continuous one

shown in Fig. 1.

The evolutions of the output power with time at
different axial positions are shown in Figs. 4 and 5.
The shapes of all curves of the output power are the
same as those of the input power curves in Fig. 1. The
stabilized values shown in Fig. 4 are 96.3 W, 54.5 W,

and 14.9 W, which are very close to the peak values
of 99.2 W, 56.1 W, and 15.7 W shown in Fig. 5, re-
spectively.

100 T T T
...... position =50 mm
- - - position =60 mm
80 c T
—— position =70 mm
=
~
g 6ot 1
g
o
a,
% aof 1
a,
i
S
o
20+ T
0 L 1 il

Time/ns

Fig. 5. Evolutions of the output power with time at the
axial positions of 50 mm, 60 mm, and 70 mm, respec-
tively. The input power type for this figure is the impulse
one shown in Fig. 1.

The technology of pitch taper is usually used in
helix TWTs as a way to enhance the output power.
In this paper, a structure with a helix pitch taper is
given in Fig. 6. The main helix pitch is 0.8014 mm
for 0 < 2z < 70 mm. The pitch decreases linearly to
0.68 mm at z = 100 mm and further decreases lin-
early to 0.58 mm at z = 120 mm which is the output
position. The output power of the signal with the fre-
quency of 5 GHz is about 210 W, which is much larger
than the stabilized output power of 130 W shown in
Fig. 3. Though the length of the structure is longer,
the output power is notably enhanced.

. . . 1000
0.80
rrrrrrrrrr pOWGI‘
< ot —+— helix pitch 100 =
g =~
;; o 10
2 0.70 /,o g
A . 1 5
g 0.65 | /’,“ <§
% 01 O
0.60 "
s s s 0.01
0 40 120

Axial position/mm

Fig. 6. Evolutions of the stabilized output power with
the axial position and the shape of helix pitch taper.

4. Conclusion

A one-dimensional time-dependent nonlinear the-
ory for helix TWTs with BWI is developed in this
paper. The RF fields of the base frequency and its
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harmonics are described by the generalized electro-
magnetic fields. The SC fields are calculated as the
residual part with the RF fields extracted from the to-
tal fields, which are obtained from the Maxwell’s equa-
tions with current and charge sources. The numerical
results show that the time-dependent theory is able to
simulate the characteristics of the BWI, such as the
output power of the base frequency and of its harmon-
ics, the effect of pitch taper. In the present work, the
model for the SC fields is just a simple one. The model
for the SC fields can be improved in time-dependent

theories , which will be a future work. More exact

models for calculating the SC fields, such as the Pois-
son’s equations model and the particle in cell method,

should be developed in the future.
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