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Numerical study of strained InGaAs quantum well lasers

emitting at 2.33 µm using the eight-band model∗
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We investigate the band structure of a compressively strained In(Ga)As/In0.53Ga0.47As quantum well (QW) on

an InP substrate using the eight-band k · p theory. Aiming at the emission wavelength around 2.33 µm, we discuss

the influences of temperature, strain and well width on the band structure and on the emission wavelength of the QW.

The wavelength increases with the increase of temperature, strain and well width. Furthermore, we design an InAs

/In0.53Ga0.47As QW with a well width of 4.1 nm emitting at 2.33 µm by optimizing the strain and the well width.
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1. Introduction

Mid-infrared lasers with AN emission wavelength
beyond 2 µm have attracted considerable interest due
to their potential application as light sources for trace-
gas sensing.[1] To realize this, there are two types of
material systems in experiment: GaSb-based materi-
als and InP-based materials.[2−4] Unlike GaSb-based
lasers, InP-based lasers, which consist of compres-
sively strained InGaAs quantum wells (QWs) as the
active regions, are more favourable for the application
owing to their advantages of low cost, good thermal
stability and mature fabrication process.[5−7] In 1994,
the active region of the QW structure consisting of
InAs wells and In0.53Ga0.47As barriers, whose lattices
were matched to the InP substrate, was first adopted
in mid-IR laser research.[8] From then on, there have
been a lot of reports on QW lasers with InAs quantum
wells, especially on the distributed feedback (DFB)
QW lasers fabricated by organometallic vapor-phase
epitaxy (MOVPE) that broke through in emitting
around 2.33 µm.[9,10]

Since the strains of these QWs are extremely large
compared with those of conventional QWs, and the
electrical and optical characteristics of these devices
are strongly dependent on their band structures, an
accurate and reliable theoretical model for calculating

the band structure of highly strained QWs is indis-
pensible. Especially for gas sensing applications in the
mid-infrared region, the design of the emission wave-
length is very important, since the environmental gas
has very narrow absorption lines.

Fujisawa et al.[11] reported the application of an
eight-band k · p model to large strained In(Ga)As
quantum wells, where the eight-band model was
demonstrated to be more effective than the six-band
model when the strain was larger than 2%. In the
present paper, we adopt the Burt–Foreman Hamil-
tonian, which is more exact than the symmetrized
Hamiltonian,[12] to calculate the band structure of the
In(Ga)As QW using the eight-band k · p model. In
addition, we add the specific ingredients, such as the
temperature, the strain and the well width influenc-
ing the band structure then the peak wavelengths, into
the model. By optimization, it can be conducive to the
experiment as regards to the In(Ga)As QW aiming at
the emission wavelength of 2.33 µm.

In this paper, the eight-band k · p model with
finite element method[13,14] is taken to calculate the
band structure of a highly strained InGaAs QW. In
Section 2.1, the eight-band k · p model is summa-
rized. In Section 2.2, detailed analysis of the band
structure of the InAs/In0.53Ga0.47As QW is made, in-
cluding changes before and after the introduction of
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the strain. For the conduction band energy levels, a
one-band model is introduced to be compared with
the eight-band k · p model. In Section 3, experimen-
tal factors, such as temperature, strain and the well
width influencing the peak emission wavelength are
discussed.

2. Theory and calculation

2.1. Eight-band k · p theory

According to Kane’s theory, we use the following
set of basis:

(|S ↑〉, |X ↑〉, |Y ↑〉, |Z ↑〉, |S ↓〉, |X ↓〉, |Y ↓〉, |Z ↓〉)T, (1)

and take the Hamiltonian in the following block ma-
trix form:[15,16]

H =

 G (K) Γ

−Γ̄ Ḡ (K)

 , (2)

where G and Γ are both 4×4 matrices, the former is
composed of four parts G = G1 + G2 + Gso + Gst,
in which G1, G2 and Gst denote the potential energy,
the kinetic energy and the strain dependent energy,
respectively, Gso and Γ describe the spin orbit split-
ting. The four parts can be found in Appendix A. The
overline denotes the complex conjugation.

Here, we consider QWs growing on a (001) InP
substrate along direction z. The bulk 8×8 matrix can
be converted into eight coupled differential equations
by replacing kz with − i(∂/∂z), and the equations are
discretized using the finite element scheme. When
Eq. (2) is applied to the hetero-structure, an incor-
rect symmetrized Hamiltonian was adopted in most
papers. The symmetrized procedure is described as[16]

Qki →
(
Qk̂i + k̂iQ

)
/2,

Qkikj →
(
k̂iQk̂j + k̂jQk̂i

)
/2, i, j = x, y, z,

where Q denotes a Kane parameter.
According to Foreman[17] and Burt’s theory,[18]

an unsymmetrized Hamiltonian can be obtained by
using a more sophisticated replacement. In Eq. (A4),
the diagonal terms are still treated in the symmetrized
procedure Qk2

i → k̂iQk̂i, while the upper triangular
matrix element is treated as

N ′kikj → k̂iN+k̂j + k̂jN−k̂i,

and the lower triangular matrix element is treated as

N ′kikj → k̂jN+k̂i + k̂iN−k̂j ,

where N− = M − ~2/2m0 and N+ = N ′ − N−. N

and M are Kane parameters. In Eq. (A5), the upper
triangular matrix element is treated as

iPki − iPεijkj → iP k̂i − iPεij k̂j ,

while the lower triangular matrix element is treated
as

− iPki + iPεijkj → − i k̂iP + i k̂jPεij ,

where P denotes a Kane parameter. It is proved that
spurious solutions can be effectively eliminated this
way, and the parameters are all cited from Ref. [19].

Within the envelop function approximation, we
have

HΨ (z) = EΨ (z) , (3)

with the envelop function and the real wave-function
given by

ϕ (z) =
8∑

i=1

|ui (z)|2, (4)

Ψ (z) = u1 |S ↑〉 + u2 |X ↑〉 + u3 |Y ↑〉
+u4 |Z ↑〉 + u5 |S ↓〉 + u6 |X ↓〉
+u7 |Y ↓〉 + u8 |Z ↓〉 , (5)

respectively.

2.2.Calculation of band structure

We study the band structure of a compressively
strained InAs/In0.53Ga0.47As QW by using the eight-
band k · p model. The conduction and the valance
band edges both shift due to the compressive strain
caused by the lattice mismatch between the InAs well
and the InP substrate.[20,21] Under the condition of
compressive strain, the heavy hole (HH) and light
hole (LH) valence bands are no longer degenerate
around Γ . The conduction and the valence band edges
shift in the following way.[20] Due to the hydrostat-
ics deformation potential δEc = ac (εxx + εyy + εzz),
where ε denotes the strain in the well and the sub-
scripts denote the directions in the lattice, the con-
duction band edge shifts up to a higher level. The
situation in the valence band edge is more compli-
cated: due to the hydrostatics deformation compo-
nent δEv = av (εxx + εyy + εzz), the HH and the LH
valence bands are no longer degenerate. Furthermore,
because of the shear deformation component

η = −1
2
δEsh =

b

2
(εxx + εyy − 2εzz) ,
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with the compressive strain, the LH band edge shifts
−η, which means down to a lower level, while the HH
band edge shifts up η to a higher level, which is there-
after the new valence band edge. The parameters used
in the above equations are shown in Table 1.

Table 1. The parameters used in this paper. All data used for

the calculation of the band structures are cited from Ref. [19].

The temperature is set to 300 K except for av, which is de-

fined positive in the model following the coordinates. In the

InAs/In0.53Ga0.47As QW, the strain ε = εxx = εyy = 3.2%,

εzz = −2(C12/C11)ε.

Parameters InAs GaAs InxGa1−xAs

a0/Å 6.0583 5.65325 Linear interpolation

Eg/eV 0.354 1.424 1.424 − 1.547x + 0.477x2

av/eV 1.0 1.16 Linear interpolation

ac/eV –5.08 –7.17 Linear interpolation

b/eV –1.8 –2.0 Linear interpolation

C11/Gpa 832.9 1221 Linear interpolation

C12/Gpa 452.6 566 Linear interpolation

me/m0 0.025 0.067 0.067 − 0.051x + 0.009x2

We can see in Fig. 1 that in the
InAs/In0.53Ga0.47As QW, the conduction band edge
shifts up to a higher level. Although the situation
in the valence band edge is more complicated, the
valence band edge shifts up eventually.

Fig. 1. Schematic diagram of energy bands in real space

for a compressively strained QW structure consisting of a

5 nm InAs well sandwiched between In0.53Ga0.47As bar-

riers lattice-matched to an InP substrate.

The numerical results, including the electron and
the hole levels and wave functions in the QW, are
presented in Fig. 2. As shown in Fig. 2, in the
InAs/In0.53GaAs0.47 QW with 5 nm well width, the
band gap between the conduction and the valence
bands is modified to 0.411 eV, which is in excellent
agreement with that given in Ref. [10]. However, the
conduction band offset ∆Ec is 0.148 eV, which is al-
most only one half of those given in Refs. [8] and [10].
To compare the energy levels in the conduction band
calculated by the eight-band model, we employ a one-
band model (see Appendix B), in which ∆Ec is treated

as a potential barrier in the QW. The numerical re-
sult of the ground energy in the well is 580 meV in the
one-band model, which is very close to E1 of 566 meV
in the eight-band model. The difference between the
two models can be explained as follows: the interac-
tion between the conduction and the valence bands is
taken into consideration in the eight-band model be-
cause of the bigger effective mass and the lower energy
levels in the conduction band compared with those in
the one-band model, where no such interaction is con-
sidered. As we know, the parameter Ep characterizes
the interaction between the conduction and the va-
lence bands. So if Ep → 0,[22] the conduction and the
valence bands decouple and the eight-band model is
transformed into a six-band model consisting of HH,
LH and SO with the conduction band as a one-band
model. In this way the interaction between the con-
duction and the valence bands is eliminated and E1

is calculated to be 580 meV, which accords perfectly
with that in the one-band model, as shown in Table 2.

Fig. 2. Outlet of wave function of each energy sub-band

and the band offsets in the InAs/In0.53Ga0.47As QW with

5 nm well width in compressive strain. There are four

bound energy levels, of which three are in the valance

band and one is in the conduction band because of the

quantum size effect.

Table 2. Results of energy level E1 calculated by dif-

ferent models. The eight-band model with Ep → 0 is

transformed into a six-band model with the conduc-

tion band as a one band model.

Model One-band Eight-band Eight-bands

E1/meV 580 566 580

3. Results and discussion

3.1. Influence of strain

For a QW consisting of a compressively strained
InxGa1−xAs well on an InP substrate, the relationship
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between the strain due to the lattice mismatch and the
peak wavelength is investigated in this section. The
band gap of the ternary compound InxGa1−xAs Eg

follows Vegard‘s law: Eg = 1.424 − 1.547x + 0.477x2.
As shown in Fig. 3, the line with squares refers to the
band gap of the InxGa1−xAs bulk without considering
the strain. The band gap decreases with the indium
composition increasing. When it is in the quantum
well and the effect of the strain is taken into consid-
eration (see the line with circles in Fig. 3), the band
gap Eg is enlarged slightly because of the shifts of the
conduction and the valence bands described in Section
2.2. Nevertheless on the whole, Eg decreases, because
the band shifts caused by the strain are too small to
compensate for the band gap narrowing caused by the
increase of the indium composition. In the 5 nm InAs
well, the energy gap between E1 and HH1 is mainly
determined by band gap Eg. So the energy gap de-
creases and the peak wavelength increases with the
increase of the strain eventually.

Fig. 3. Peak wavelengths and band gaps each as a

function of the strain or the index of the InAs in the

In(Ga)As/InGaAs QW with 5 nm well width at room tem-

perature (300 K).

3.2. Influence of temperature

Besides the strain, the temperature is taken into
consideration in the k · p model. According to Var-
nish’s law, Eg(T ) = Eg(0)–αT 2/(T +β), the band gap
Eg should be modified with the corresponding param-
eters in Table 3. The dependence is approximately
linear in Fig. 4(a). So we fit it linearly around the
room temperature as shown in Fig. 4(b). The tem-
perature coefficient with respect to wavelength in the
QW is found to be 1.38 nm/◦C, which is in excellent
agreement with the experimental result of 1.40 nm/◦C
given in Ref. [9]. This coincides with the conclu-
sion that the emission wavelength of the Fabry–Perot

laser follows the temperature dependence of the en-
ergy gap.[23,24] Moreover, as marked with dashed line
in Fig. 4(b), the temperature coefficient of the InAs
bulk material is estimated to be 4.2 nm/◦C. It can be
deduced that with the increase of the well width, the
temperature stability of the material becomes worse.

Fig. 4. (a) PL peak wavelength as a function of tempera-

ture in an InAs (5 nm)/InGaAs QW and (b) the situation

around room temperature.

Table 3. Parameters used in the Varnish equation.

Parameters InAs GaAs

Eg(0)/eV 0.417 1.519

α/meV·K−1 0.276 0.5405

β/K 93 204

3.3. Influence of well width

As shown in Fig. 5, the energy levels of the ground
state of the electron (E1), the ground state of the
heavy hole (HH1) and the energy gap between them
(E1–HH1) each is a function of the well width and the
indium composition x in the In(Ga)As/In0.53Ga0.47As
QW. Due to the quantum size effect, the energy differ-
ence between E1 and Ec, as well as that between HH1

and Ev, decreases with the increase of the well width.
So the energy gap between E1 and HH1 narrows as
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the well width increases. For the desired wavelength
of 2.33 µm, the energy gap (E1–HH1) is estimated to
be 532 meV, as marked by the dashed line parallel
to the axis of the well width in Fig. 5(c). However,
in the highly compressive strained (ε > 2%) well, it
is not easy to grow thick layers on InP substrates.[6,25]

Fig. 5. (a) Curves for conduction band energy level E1

each as a function of well width with different quantities

of indium composition x; (b) curves for heavy hole band

energy level HH1 each as a function of well width with

different quantities of indium composition x; (c) curves

for energy gap between E1 and HH1 each as a function of

well width with different quantities of indium composition

x. The endpoint of each plot denotes the corresponding

critical thickness of the wells.

On the one hand, it is the critical thickness of the
well that restricts the well width. According to the

Matthews–Blakeslee model[26] of the QW, the critical
thickness Hc of the well is given by

Hc =
b1

(
1 − ν cos2 θ

)
4π (1 + ν) cos φ

1 + ln (Hc/b1)
εav

, (6)

with b1 being the length of the Burgers vector, ν the
Poisson ratio, εav the lattice mismatch and θ and λ

the angles which define the orientation of the disloca-
tion relative to the lattice. The calculation results for
the critical thickness of the QW with indium composi-
tions of 0.9, 0.95 and 1 are 6.9 nm, 5.8 nm and 5.0 nm,
respectively, as shown by the end points in Fig. 5. In
addition, even if the well width does not approach the
critical thickness discussed in Section 3.2, the tem-
perature stability of the material with a thick well is
still not good. So we optimize the strain and the well
width to design an InAs /In0.53Ga0.47As QW with a
well width of 4.1 nm for the emission at 2.33 µm.

4. Conclusion

We introduce an eight-band k · p model to inves-
tigate the band structure of a compressively strained
InGaAs QW with an emission wavelength of 2.33 µm.
We employ the eight-band k · p model to study the
effects of strain, temperature and well width on the
emission wavelength of the QW. The wavelength in-
creases as the temperature, strain and well width in-
crease. Furthermore, the numerical result of the tem-
perature coefficient with respect to the wavelength is
in good agreement with the experimental data. Aim-
ing at the emission wavelength of 2.33 µm, we design
an InAs/In0.53Ga0.47As QW with a 4.1 nm InAs well
by optimizing the strain and the well width in the
strained In(Ga)As QW, which can guide the material
growth and the fabrication of the corresponding lasers.

Appendix A: Eight-band k · p

model

The Hamiltonian is expanded into the basis

(|S ↑〉, |X ↑〉, |Y ↑〉, |Z ↑〉, |S ↓〉, |X ↓〉, |Y ↓〉, |Z ↓〉)T,

(A1)

and takes the block matrix form

H =

 Gk Γ

−Γ̄ Ḡk

 , (A2)
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G1 =


Ec iPkx iPky iPkz

− iPkx E′
v 0 0

− iPky 0 E′
v 0

− iPkz 0 0 E′
v

 , (A3)

G2 =


A′K2 Bkykz Bkxkz Bkxky

Bkykz L′k2
x + M

(
k2

y + k2
z

)
N ′kxky N ′kxkz

Bkxkz N ′kykx L′k2
y + M

(
k2

x + k2
z

)
N ′kykz

Bkxky N ′kxkz N ′kykz L′k2
z + M

(
k2

x + k2
y

)

 , (A4)

Gst =


ac (εxx + εyy + εzz) b′εyz − iPεxjk

j b′εzx − iPεyjk
j b′εxy − iPεzjk

j

b′εyz + iPεxjk
j lεxx + m (εyy + εzz) nεxy nεxz

b′εzx + iPεyjk
j nεxy lεyy + m (εxx + εzz) nεyz

b′εxy + iPεzjk
j nεxz nεyz lεzz + m (εxx + εyy)

 , (A5)

Gso =
∆so

3


0 0 0 0

0 0 − i 0

0 i 0 0

0 0 0 0

 , Γ =
∆so

3


0 0 0 0

0 0 0 1

0 0 0 − i

0 −1 i 0

 , (A6)

Ec = Ev + Vext + E0, (A7)

E′
v = Ev + Vext − ∆0/3, (A8)

A′ =
~2

2m0

(
1

me
− Ep

E0

E0 + (2∆0/3)
E0 + ∆0

)
, (A9)

P =
√

(~2/2m0)Ep, (A10)

L′ = P 2/E0 − (~2/2m0) (γ1 + 4γ2) , (A11)

M = −(~2/2m0) (γ1 − 2γ2) , (A12)

N ′ = P 2/E0 − (3~2/m0)γ3, (A13)

l = 2bv + ac − ag, (A14)

m = ac − ag − bv, (A15)

n =
√

3dv. (A16)

The parameters are defined in Table A1.

Table A1. Definition of parameters used in the model.

E0 fundamental band gap

∆0 spin orbit energy SO energy

Ep optical matrix parameter

Ev VB edge

me relative Γ -point CB mass

γi Luttinger parameters (i =1, 2, 3)

B Kane parameter

ac hydrostatic CB deformation potential

ag hydrostatic band gap deformation potential

bv uniaxial ([100] direction) VB deformation potential

dv uniaxial ([111] direction) VB deformation potential

b′ coupling the CB edge to shear strain

Vext optional scalar potential

Appendix B: One-band model

U(x) =

 V0, |x| ≥ a;

0, |x| ≤ a.
(B1)

The Schrödinger equation in the well is

− ~2d2ϕ

2m1dx2
= Eϕ; (B2)

the Schrödinger equation outside the well is

− ~2d2ϕ

2m2dx2
+V 0ϕ = Eϕ. (B3)

Define

β2 =
2m2 (V0 − E)

~2
, k2 =

2m1E

~2
. (B4)

According to the boundary condition, the equations
are translated as follows:

cos(ka)=c e−βa,
−k sin(ka)

m1
=
−βc e−βa

m2
. (B5)

Then the solution is obtained from the following equa-
tion:

k2 + β2 =
2 (m1 − m2)

~2
E +

2m2V0

~2
. (B6)

Here the parameters in Eq. (B6) are assigned as fol-
lows: m1 = 0.025 m0 and m2 = 0.043m0 according to
Table 1, Ec = 148 meV, a = 2.5 nm. We obtain the
solution for Eq. (B6) E1 = 580 meV.
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