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Using the linear response theory and random phase approximation, we develop a general dynamic electron transport

theory for multiprobe mesoscopic structures in an arbitrarily time-dependent external field. In this case, the responses

of the dynamic current, charge and internal potential to the external fields can be determined self-consistently. Without

loss of generality, charge (current) conservation and gauge invariance under a potential shift are satisfied. As an example,

we employ a quantum wire with a single barrier to discuss the response of the internal potential.
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1. Introduction

As the applications of nanostructure electronic
devices increase rapidly in many fields, the elec-
tronic transport features of small conductive struc-
tures are becoming more and more important, es-
pecially for those driven by time-dependent exter-
nal perturbation.! =% Possible future applications of
nanostructures will involve high frequences, so de-
tailed knowledge of time-dependent transport be-
haviour is required. The time-dependent elec-
tron transport in mesoscopic structures is strongly
influenced by charging effects and the quantum
effect.!'=3:6=12] The interaction and coherence of elec-
trons also play a central role in ensuring charge (cur-
rent) conservation and gauge invariance under a po-

ft [1-3,7,12]

tential shi In the regime of the linear re-

sponse and low-frequency approximation, Biittiker et
al.l=313] formulated the microscopic expression for
the dynamic conductance of mesoscopic structures
by employing continuous and discrete potential mod-
els. However, the electron—electron interaction was
frequently determined by low-frequency approxima-
tion or by introducing frequency-independent geomet-
ric capacitance.l! 3712l In this work, we will present
a series of general and applicable formulas to self-
consistently determine the dynamic charge and inter-
nal potential response to the time-dependent external
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fields based on the random phase approximation and
linear response theory.

Before embarking on the detailed calculations, we
discuss some general features of the model and the
calculation. We consider a multiprobe mesoscopic
structure consisting of a finite region connected to
some perfectly straight semi-infinite leads, as shown
in Fig. 1, and let e,,, be a unit vector parallel to
the lead m and pointing inwards from the structure,
let ey, be the unit vector perpendicular to ey, (de-
fined so that one has a right-handed coordinate sys-
tem (€zm, €ym, €2m) With e, pointing into the page),
and let S, = |Sy,| be the cross-section curve of lead
m. Finally, denoted by (2, the finite screening re-
gion bounded by curve S,,. The calculation is per-
formed self-consistently in the sense that the fields re-
sult from the voltage applied to the leads (reservoirs).
Our starting points are calculating the current and
charge responses to the external fields, consequently
obtaining the internal potential response.

The outline of this paper is as follows: in Sec-
tion 2, we will develop the general formulas for the re-
sponses of current, internal potential and charge with
the aid of the linear response theory. Using the formu-
las obtained in Section 2, we will give some discussion
and employ a quantum wire structure with a single
barrier to discuss the response of the internal poten-
tial and compare it with the results given by Biittiker.
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Some concluding remarks will be given in the last sec-
tion.

Fig. 1.
structure in the calculation.

Schematic view of the multiprobe mesoscopic

2. Formulation and derivation

As shown in Fig. 1, for the system in the presence
of external fields, the Hamiltonian of the system is in
general given by

H = Hy + H'(1) (1)

The second term H'(t) in Eq. (1) represents the in-
teraction with the external fields and accounts for the
electron—electron interaction. The first term describes
the unperturbed Hamiltonian in the absence of exter-
nal fields and refers to the kinetic energy of electrons
with momentum p at the location 7,

2

p
H =
0 2Me

+U(r), (2)

where m, is the mass of the electron.

To proceed, we assume that Hy has a complete
and orthogonal set of eigenstates {¢,(r)} and they
fulfill

/ dr? (r)s(r) = 6(a — B),
/ Aot (r)a (') = (r — 7). (3)

Since the employed system is a finite region of arbi-
trary shape with an arbitrary dynamic potential con-
nected to perfect leads (or reservoirs), the spectrum
may be continuous. We therefore use an integral sign
to denote both the integration over the continuous
quantum number indexing the energy of the states
and the summation over the discrete quantum num-
bers which will characterize the propagating states
(channels) at fixed energy. The application of time-
dependent external potential V,,,(t) to a reservoir m
lead to the established distribution of internal poten-
tial, we have

H)=V(rt)=e> um(r,t)Vn(t),  (4)

where u,, (7, t) describes the function of dynamic po-
tential response (internal characteristic potential) to
the voltage, it obeys the following requirements:!!

1) In the depth of lead (or reservoirs) m,

um(rna t) = 5nm§ (5)

2) the sum of all characteristic functions at every
space point is

> tm(rt) =1. (6)

Let us write the perturbation in terms of its Fourier

components
dw
H t/ _ —1th/
() = [ Soen.
dw —iwt
:ez 3¢ U (W, )V (). (7)

In terms of the set of eigenstates {1, (7)}, the
field operator ¥(r) and its conjugation are a linear
combination of the states ¢, (r) in the so-called sec-
ond quantized form

where @, (al) is the annihilation (creation) operator
for a particle at energy ., with this we obtain the
frequency-dependent H/ in the form of second quan-
tization,

H =eY / da / 4B )6V (@)ilis,  (9)
with
() = [ Uiy rvsrdr.  (10)
The current density opersator is
jw):e/da/d@hﬂﬂ@ﬁm (11)

with
ih

Jop(r) =
s(r) 5

Vi (r) Vs (r),

€

where we simplify the notation by introducing the
double-sided derivative operator defined with respect
to the two arbitrary functions, F' and G, by

FVG = FVG - GVF. (12)
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Hence, the current operator through the cross section
of the mth lead is

fntr) = [T
e/da/dﬂ/sm Jop(rm) - dSyalas

e/da/dm&ﬁ(mm)agaﬁ. (13)

According to the general linear response theory, the

Tm) - dSp,

expectation value of current responses to voltage is
0l (w)
T Corint /
— 5 [ ar@e (B ), H o
(14)

Note that the infinitesimal n' is incorporated in order
to ensure the correct physical result, and ([ ])o denotes
thermodynamic average for the systems described by
Hy, I (2, 7) = e Ht/I] (x,,,T)eHot/h,
Egs. (9) and (13) into Eq. (14), we arrive at the main
result of this part of the calculation

6L (w) = _e2zn: / da / dBLap(Tm)ufe(w)

Na —Ng
€a — €8+ hw + ihnt

Inserting

WVo(w),  (15)

where nq(ng) refers to the Fermi-Dirac distribution
function. Linearizing Eq. (15), we obtain

0L = G (w)6Vn (w), (16)

where G, (w) are the conductance coefficients in the
frequency domain and are given by

Gmn(w) = —e /da/dﬁ]ag T uﬁa( w)

o—Ng
17
*€g+ﬁw+1ﬁ7ﬂ (17)

Using the identity in Eq. (11
h
i(gﬁ - Eoc)

Taking into account the boundary conditions in
Egs. (5) and (6), we obtain

W) = [ w3t
+ /ﬂq/;g(r)un(%'l")d}a(r)dr- (19)

), we obtain

Vo (r)dp(r) = V- Jap(r).  (18)

Substituting Eq. (18) into Eq. (19), we have

m _ h
P (w) = i(ga_gﬁ)/an-Jga(r)dr

+ /sz;;(r)un(w,r)¢a(r)dra (20)

where (2, denotes the region of reservoir m.
Integrating Eq. (20) and using the divergence the-
orem, we obtain

m

uﬁa (w) = 3

Hence, Gy (w) in Eq. (17) can be cast into

G () = G54 () + / (Ym0, 7)dr,  (22)
0
where
I
Gext — 1he /da/dﬁ 045 me 506(‘7:71)
€3 — €a
s
2
—55+ﬁw+1hnf’ 23)
gm(r) = —e /da/dm’aﬁxm /wﬁ Ybalr
s
24
—85+hw+1h77T (24)

The operator of the electrical charge density p(r) is
defined as

pr) = et (r)ir(r). (25)
In terms of the operators @, and ag, p(r) can be writ-
ten as

— [ da [apvimvamilas. (20

Using a similar procedure to the deviation of conduc-
tance coefficients, we can write the expression for the
response of charge density

0pm(r,w)
= pi’;t(nw)—i—/ I(r, v up(w,r")dr’,  (27)
0
where
ox . a8 (@m )5 (r)a(r)
pt(r) = ine? [ 4 /dﬁ e

Ng —Npg
, 28
€a — €5 + hw + ihnT (28)

(et w) = ¢ / da / ABGE (s ()5 o (')
Nog —Npg
€a —€p + hw + ihnt’

(29)
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Finally, the internal characteristic potential can be ob-
tained via the Poisson equation

V2um (w,r)

1
b2 [ e = - ).
(30)
To make further progress, take the limit as ' goes to
zero and using

1 . 1
]ITIEIO m = —1775(1') —+ P |::E:| 5 (31)

where P indicates a principal-value integral, we have

Re [GE (w)] = whez/dafag(xm)fga(:cm)

N (Ea) — Na(Ea + hw)

o (32)
Similarly,

Im (g ()] = e /da/ as(Tm /wﬂ Vo () dr

X [na(€a) = na(ea + hw)], (33)

Re [p& (r,w)] = ﬂheQ/daIag(mm)wZ}(r)wa(r)

N (Ea) — Nal(Ea + hw)
hw b

(34)

T [IT(r, ', )] = ¢ / Aoy (P ()W (' a ()

X [na(€a) = nalea + hw)].  (35)

The real (imaginary) parts of these quantities then can
be obtained by applying the Kramers—Kronig relation,
for example,

vRe [G7 ()]

Im [GE (w)] = %P/ dwv. (36)

v2 — w2

We have now arrived at our main results, which
determine the G (w), p&(w,
consistently.

r) and Uy, (w,r) self-

3. Discussion and example

3.1. External conductance and interact-
ing conductance

The first term on the right-hand side of Eq. (22)
corresponds to the external (or non-interacting) con-
ductance G2 (w) in the scattering theory given by
Biittiker. In the scattering theory, the Gt (w) is given
by

G (@)

< / ABTr (Lo (F)dap — 5.5 (F)sap (B + ho)

x W (37)

In the low frequency case, we obtain a similar expres-
sion if we take the scattering-state wave as the eigen-
functions in the leads. However, for high frequency
there are some differences between them. The sec-
ond term corresponds to the interacting conductance,
which is given by G (w) = [ gm(r,w)un(r,w)dr.
From this expression, it indicates that the AC con-
ductance depends on the spatial shape of the internal
potential. In a general DC case, this term should van-
ish. It can be proved easily by using the identity in

Egs. (3) and (18).

3.2. Current conservation

Using the charge conservation equation V - J =
iwp, one can easily obtain the charge conservation
by applying the linear response theory to the current-
density operator of Eq. (11) and using Egs. (18) and
(28). Moreover, if the area 2 is large enough, and in
each lead the solution of the Poisson equation fulfills
Vi, (w,r) =0, then it is easy to prove ) I, =
namely > Gpmn(w) = 0. Therefore, the AC con-
ductance will naturally satisfy current conservation.
Moreover, in our calculation all the responses are ob-
tained within the framework of linear response theory,
and the conservation of charge and current is satisfied
naturally.

3.3. An example: a quantum wire struc-
ture with a single barrier

As an application of the theory, we employ a typ-
ical mesoscopic example, i.e. a quantum wire with
a single barrier connected to two wide reservoirs, as
depicted in Fig. 2. Here, we assume that the whole
structure and parts of the reservoirs are in the screen-
2), which is
very large and includes all the varying distributions

ing area {2 (the dashed line box in Fig.

of the potential and charges. This means that all the
electric-field lines come from and end at the charges
inside the volume. When an AC bias potential with
frequency w is applied at reservoir «, we should con-
sider the scattering of electrons at the contact. Hence,
the scattering state wave function with wave vector k
and energy FE incident on the channel opening from
the left can be written as

U (e, y) =Y (5w e v 4 r11,ll'€_ikﬁz)<ﬁ12fD(y)- (38)

G
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Fig. 2. Schematic view of a quantum wire with a single
barrier connected to two wide reservoirs ({2 is a screening
area and no electrical field line penetrates its surface).

For the electron in x > d, the wave function can
be written as

P, y) =D tar e il (y), (39)
l/

where 2P (y) is the transverse wave function

for mode [, kff can be either real or imagi-

nary, namely, evanescent waves are included and
given by ki = [2m.E/h* — (U'm/w)} /2, 1 €
[0, int[(2mewE /m2h%)1/2]).
tering matrix elements s11,» and sa1,11,

. 1/2 . 1/2
i = () S11,00, torur = <> 821,117
v vy

_ hkj (40)

Me

Here, we introduce scat-

U

The sum in Egs. (38) and (39) is taken over all trans-
verse components.

The one-dimensional (1D) structure including a
single barrier together with the left and right leads is
divided into three portions. The wave function may
be expanded as

Vi (2,y)
I) ik(Dyg I —ikDyg
= - [alfe e+ BPem =210 (), (a1)

where, I = 1,2,3 denote various regions of the 1D
structure, @1P (y) are the transverse eigenfunctions of
electrons in this region, ko' = [2me(E — Ur)/h? —
(nm/a)?]'/2, U; is the single-barrier potential and is
given by

Up, in the barrier,
Ur = (42)
0, else.

Similarly, the scattering wave functions incident
from the right lead are

Yi(z,y)|r = (=2, y) . (43)

At the boundaries of the various regions, we match
the wave function and their derivatives, and this gives
the desired transmission coefficients

5 (A 1 pipe 0 ain

(I+1)e—ik£f+l>w1:| ¢1D (y)
n 9

= Y [ADe e 4 gl
n
(44)

kD [AD e pDe ka1 gIP )

_ Z w(I+1) [ 4T+ ik Ve pI+1) —ik(ItDg;
- kn |:Anl € Bnl e
n

x2,° (y), (45)

where x; is the interface position between regions I
and I + 1. Thus, the transfer relationship can be ob-
tained as

AV ()
BW)(x)

A(I)(a;) 3

:HMJ

BO@) | 55 oW

where M is the transfer matrix element between re-
gions J and J + 1.

The continuity of ¥ (x,y), ¥ (x,y) and ¢f(z,y)
at x = +d yields

Z [(Tmn — kﬁ(l)(?mn)Affl)eikﬁ“)d
n

. (1) ik
n ((Tmn _ kn(l)émn)Bnl eikr )}

= 2kF My~ Fd, (47)

Z [(Tmn - kﬁ(g)dmn)Ag)eikz(S)d

+ (T + K5 D6,0) B
0, (48)
where
My, = / (PP (y))" L2 (y) dy,

Toin = Y ki Mjy, Miy,. (49)
l

Hence, the scattering matrix elements s11,;;» and s21 1/
can be calculated by the following equations:

o \V2
S1, = —6ll/<l> e~ ik +ki)d
1/2 L
+ 2 <UZ> My, (Agl)e*i(’“f/l) i )d
v
+ Br(zll)el(kz'l —ki )d)a

v\ ? @) ,—i (kP k7 )d
Sa1,01r = Z o M, (Anl e "\ !
!
n
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In order to verify our theory, we discuss below the
distribution of internal response potential for differ-
ent cases. For convenience of calculation, we take
the width of the leads (¢ = 50 nm) and the trans-
verse ground-state energy A = 7w2h?/2mea? in the
1D leads as the units of length and energy, respec-
tively. zp, = xr. In the following discussion we can
express an integral over these scattering states explic-
itly in terms of an integral over energy, that is to say,
[da — .. [(dEam/Vhvam). Hence, we can ob-
tain the distribution of internal potential in terms of
the scattering wave function and Egs. (30), (34)—(36).

In Fig. 3(a) we present the distribution of the
internal characteristic potential for different cases at
temperature T = 0,w = 50,b = 0.5. For the case
without a barrier (where Uy = 0, Er = 1.6), one finds
u(z) = 1(0) in the left (right) lead, but it decreases
gradually when it penetrates the left contact, and re-
mains unchanged in the 1D portion (u(x) = 1/2), and
the potential drop appears in the transition region be-
tween the 1D and 2D portions. For U, = 3, it cor-
responds to the case of small transmission probabil-
ity, the result shows that the potential drop happens
mainly within the barrier and u(x) = 1(0) beyond the
barrier. In this case, the charges driven to the other
side of the conductor penetrate through the barrier
with a small transmission probability. Thus, most of
the charge carriers are reflected back into the 1D leads
and reservoir. Therefore, there is no charge accumu-
lation beyond the barrier, and the internal potential
u(z) should be constant (1) beyond the barrier. Fur-
thermore, with the increase of the Fermi energy, the
potential drop between the barrier and reservoirs will
increase. It is worth noting that not only does the
potential drop appear in the contacts, but also in the
leads, and there are some oscillations in the poten-
tial in the 1D leads. This fulfills the requirement of
Biittiker’s theory.

For a given Fermi energy (Here, Uy = 3,Ep =
2.4), we find that the internal characteristic poten-
tial depends on the frequency of the external fields, as
shown in Fig. 3(b). Results show that the potential
drop will increase with the increase of the frequency,

especially in the region of the contacts.

1.0

T —

[ ‘\ (a)
0.8}

0.6}

3 [ :
04 —Uo=0,Ep = 1.6
[ ----Up=3,Ep =16
L Up=0,Ep = 2.8+

o.2f 0 A

Lw =1.2,b = 0.5, w =50, """~

O-— L 1 1 L L e

Fig. 3. The distribution of the internal characteristic po-
tential (a) in different cases and (b) for different frequen-
cies.

From the results given in Figs. 3(a) and 3(b), we
find that the internal characteristic potential is contin-
uous at the boundaries, and even anywhere in screen-
ing area. It is not surprising that the internal charac-
teristic potential is the response of the internal poten-
tial to the external voltage or fields. In the example
given by us, we assume that the whole single barrier
structure and parts of reservoirs are in the screening
area, which is very large and includes all the various
distributions of the potential and charges. As men-
tioned above, all the electric-field lines come from and
end at the charges inside the volume, but not screen-
ing the internal potential,!} so the internal potential
is continuous, namely the internal characteristic po-
tential is also continuous.

4. Conclusion

In conclusion, we have provided an approach
to calculating the dynamic responses of a multi-
probe mesoscopic structure to external fields within
the framework of linear response theory, and explic-
itly presented the general formulation for calculat-
ing the external conductance, local-current response
and external charge density. This allows us to self-
consistently obtain the dynamic conductance, inter-
nal characteristic potential and charge distribution
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induced by the external fields. Furthermore, we il-
lustrated that our formulae for this theory naturally
satisfy the charge and current conservation, as well
as gauge invariance conditions under a potential shift.
As an application, we also discussed the internal char-
acteristic potential of a quantum wire structure, and
our results are in conformity with Biittiker’s conclu-
sion for a given frequency, especially at low frequency.
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