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macromolecule and a circular orifice/disk

in an electrolyte solution∗
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We present the solutions of the interaction energy for a colloid system with a charged rod-like macromolecule

immersed in a bulk electrolyte and moving along the axis of a circular orifice or disk (orifice/disk). The calculation

requires a numerical computation of the surface charge profiles, which result from a constant surface potential on the

macromolecule and the orifice/disk. In the calculation, remarkable divergences of the surface charge emerge on the

edges of the macromolecule and the orifice/disk, which are well-known edge effects. The anisotropic distribution of the

surface charge (effective dipole) results in an attraction between these two charged objects. This attraction is enhanced

with the increase of the screening length of the system for both the orifice and the disk systems. However, the sizes of

the orifice and the disk reduce to different effects on the interaction energy.
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1. Introduction

Nowadays, many experiments show that the elec-
trostatic interaction between charged colloids and
charged interfaces (charged membrane, ion–water in-
terface, porous medium, etc.) plays one of the ma-
jor roles in determining the physical properties of
many aqueous colloidal suspensions.[1−6] The effect of
the presence of a planar solid boundary was first ex-
amined theoretically by Morrison and Stukel[7] in a
study on a hard particle, which was re-examined later
by Keh et al.[8] with some mistakes corrected. The
electrostatic interaction of colloidal spheres at some
fixed boundaries, such as in a long circular tube and
along the centreline between two large parallel plates,
has also been theoretically studied under the assump-
tion of infinitely thin double layers in Refs. [9] and
[10]. However, a system possessing much more com-
plex boundaries, such as a colloidal suspension with a
porous boundary (membrane), is seldom considered.
In addition, in the colloid world, a spherical shape is
not the exclusive shape, many macromolecules are in-
trinsically very anistropic with rod-like or ribbon-like
shapes (DNA molecules, TMV or fd virus, V2O5 rib-

bons, Boehmite rods, etc.)[11,12] and disk-like shapes
(laponite, bentonite, etc.).[13,14] Coming back to ba-
sic ingredients, the electrostatic interaction between
a moderately anisotropic colloid and a charged fixed
boundary should therefore be specifically considered.
In this paper, we investigate the electrostatic interac-
tion between a charged circular orifice or disk and a
charged rod-like macromolecule that creeps along the
axis of the circular orifice or disk.

2. Model and theory

We consider a single charged rod-like macro-
molecule immersed in an electrolyte solution with a
dielectric constant ε and moving along the axis of a
circular orifice/disk (see Fig. 1). Within the frame-
work of the Linear Poisson–Boltzmann (LPB) theory,
the electric potential outside the macromolecule in the
symmetric 1 : 1 electrolyte satisfies

∇2Φ(r) = −ρf = κ2
DΦ(r), (1)

where ρf is the space charge density of the free ions
and κD =

√
2c0λB denotes the Debye screening pa-
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rameter with λB = e2β/ε and β = 1/kBT . Here, e is
the charge of an electron, c0 is the average density of
ions and kB is the Boltzmann constant. The bound-
ary conditions on the molecule and on the orifice/disk
surfaces are

Φ(r) = Φ0, r ∈ Σi, i = 1, 2. (2)

Note that we assume that there is no charge inside
the macromolecule (denoted by C in Fig. 1), i.e.,
Φ(r) = Φ0 for any point r inside the macroion (there-
fore ∆Φ(r) = 0).

Fig. 1. A sketch of the system under consideration. A

charged rod-like macromolecule C moves along the axis of

a circular orifice or disk. These two charged objects are

both immersed in an electrolyte solution.

The potential of the system can be obtained by
solving Eqs. (1) and (2) through applying the standard
Green’s function. However, this task is too cumber-
some due to the existence of a nonvanishing excluded
region for the microions (inside the macromolecule),
for which the LPB equation does not hold. Fortu-
nately, this problem can be circumvented by applying
an auxilary method introduced by Chapot et al.[15]

Following the Chapot method, we introduce an
auxilary system, in which the LPB equation holds ev-
erywhere in the volume, ∇2Φ′(r) = κ2

DΦ′(r), any r,

Φ′(r) = Φ0, r ∈ Σi, i = 1, 2.
(3)

The corresponding auxilary surface charge densities
on the macromolecule and on the orifice/disk, σ̃1 and
σ̃2, are determined in terms of the solution of the pre-
vious system

σ̃i(r) = ε−i

(
∂Φ′(r)
∂ni

)
Σ−

i

− ε+i

(
∂Φ′(r)
∂ni

)
Σ+

i

,

i = 1, 2, (4)

where ni is the outward pointing normal unit vector
of surface Σi, ε+i and ε−i are dielectric constants of
surfaces Σ+

i and Σ−
i , respectively. Now, the solution

of Eq. (3) can be easily determined in terms of the
surface charge densities σ̃1 and σ̃2,

Φ′(r) =
∫∫

Σ1

σ̃1(r′)G(r, r′)dS′

+
∫∫

Σ2

σ̃2(r′)G(r, r′)dS′, (5)

where G(r, r′) is the Green’s function, G(r, r′) =
e−κD|r−r′|/(4πε|r−r′|), which describes the potential
at point r created by a unit point charge at position
r′. The unknown auxiliary charge densities, σ̃1 and
σ̃2, can be determined by imposing the boundary con-
ditions on the macromolecule and the orifice/disk,∫∫

Σ1

σ̃1(r′)G(r, r′)dS′

+
∫∫

Σ2

σ̃2(r′)G(r, r′)dS′ = Φ0,

r ∈ Σi, i = 1, 2. (6)

The overall result of these general considerations is a
formal solution of the LPB Eq. (1), Φ(r), for any point
outside the macromolecule.

To obtain the real charge densities on the surfaces
of the macromolecule and the orifice/disk, we need to
compute the surface charge densities each as a func-
tion of the auxiliary σ̃ by using the definition

σ1(r) = −ε

(
∂Φ(r)
∂n1

)
Σ+

1

σ2(r) = ε

[(
∂Φ(r)
∂n2

)
Σ−

2

−
(

∂Φ(r)
∂n2

)
Σ+

2

]
, (7)

where Φ(r) is the solution of Eqs. (1) and (2), and
equals Φ′(r) outside the macromolecule.

3. Charge distributions on the

particle and on the orifice/disk

3.1. Sketch of the numerical method

According to the introduction in Section 2, to ob-
tain the real surface charge of the system, we should
start with the computation of the auxiliary surface
charge density by inverting Eq. (6). This calcula-
tion involves the screened electrostatic Green’s func-
tion, which was introduced in the previous section. A
numerical calculation needs to be performed to com-
pute the inverse matrix of G(r, r′) on the (discretized)
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macroion and on the orifice/disk. Due to the cylindri-
cal symmetry of the problem, we can reduce the di-
mensionality of the problem by integrating the Green’s
function over a ring (or small cylinder) that has its
centre matched with the axis of symmetry of the cylin-
der, as illustrated in Fig. 2. Then, the cylinder C and
the orifice/disk surfaces Σ2 can be decomposed into
the superposition of small cylinders (on the lateral
surface) and rings (on the head surfaces and on the
orifice/disk surface) denoted as Cj and Ri or Dk (on
the orifice/disk surface) with dimension l and surface
charge density σ̃1,i or σ̃2,i (on the orifice/disk surface).
Finally, equation (6) can be discretized as follows:

ri∈Σ1∑
i

σ̃1,iGi(ri, rj) +
ri∈Σ2∑

i

σ̃2,iGi(ri, rj) = Φ0,

rj ∈ Σk, k = 1, 2, (8)

where Gi(ri, rj) is the electrostatic potential created
on the cylinder Cj , ring Rj or Dj by the cylinder
Ci, ring Ri or Di carrying a unit surface charge den-
sity. These expressions can be easily obtained from the
derivatives of the potential created by a disk, which
can be found in Ref. [16]. We denote the potential cre-
ated by an elementary ring and an elementary cylinder
as Gring and Gcyl, respectively. A more detailed de-
scription is given in Appendix A. Once the correspond-
ing reduced Green’s function is known, the numerical
task is simplified into a standard inversion problem.
The real surface charge densities σ1 and σ2 can be
deduced from the obtained auxiliary surfaces charge
densities σ̃1 and σ̃2 through using Eq. (7). The dis-
cretized forms read

σ1(rj)

= −ε

ri∈Σ1∑
i

σ̃1,i
∂Gi(ri, rj)

∂n1,j
− ε

ri∈Σ2∑
i

σ̃2,i
∂Gi(ri, rj)

∂n1,j
,

j ∈ Σ+
1 ,

σ2(rj)

= ε

[
ri∈Σ1∑

i

σ̃1,i
∂Gi(ri, rj)

∂n2,j
+

ri∈Σ2∑
i

σ̃2,i
∂Gi(ri, rj)

∂n2,j

]

−ε

[
ri∈Σ1∑

i

σ̃1,i
∂Gi(ri, rk)

∂n2,k
+

ri∈Σ2∑
i

σ̃2,i
∂Gi(ri, rk)

∂n2,k

]
,

j ∈ Σ−
2 , k ∈ Σ+

2 , (9)

where Gi takes either the cylinder form or the ring
form obtained in Eqs. (A3) or (A4) in Appendix A,

respectively.

Fig. 2. During the numerical calculations, the cylinder

and the orifice/disk are decomposed into small cylinders

Cj and small rings, Ri and Dk. Each of these elementary

surfaces carries a uniform surface charge density σ̃1,i or

σ̃2,i (on the orifice/disk). The numerical calculations are

performed with l ≤ 0.05lD.

3.2.Numerical results

We now present the results of the surface charge
densities on the lateral and on the heads of the cylin-
der and on the orifice or disk, which are denoted as
σcyl(z), σhead(r) and σori(r) or σdisk(r), respectively.

Typical results for the profiles of the surface
charge on the lateral of the cylinder are shown in
Fig. 3. To facilitate the comparison, we also plot
the free ion density ρf . From Fig. 3, we find that
there are striking divergences of the surface charge
profiles close to the edge of the lateral of the cylinder
for both the orifice and the disk systems. This is the
well know edge effect, which is expected for charged
object with a uniform potential. In the absence of
the electrolyte (κD = 0), the divergence of the sur-
face charge in the vicinity of the edge is a classical
result.[17] For an infinite conducting dielectric with an
edge angle α, the surface charge density σ is found to
diverge in the vicinity of the edge as ρπ/α−1, where
ρ is the distance to the edge. For a cylinder, corre-
sponding to α = 3π/2, the surface charge is expected
to diverge as ρ−1/3. In an electrolyte, i.e., κD 6= 0,
the case is obviously more complex. However, the di-
vergence is expected to remain. Additionally, in the
centre area of the lateral, the charge distributes uni-
formly as the reduced centre–centre distance between
the macromolecule and the orifice/disk d/R increases,
while they change almost linearly with z/R as the d/R

decreases.
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Fig. 3. Variations of reduced surface charge on the lateral

of the cylinder σcyl(z)/σcyl(0) with z/R for: (a) the orifice

system and (b) the disk system. The reduced free ion den-

sity −ρf(z)R/σcyl(0) is also plotted for comparison. The

aspect ratio of the cylinder L/R is 4, the reduced radius of

the orifice/disk h/R is 1.5, and the screening factor κDR

is 0.583.

Figures 4 and 5 show that the profiles of the
surface charge on the cylinder head and on the ori-
fice/disk also exhibit edge effects. Furthermore, due to
the effect of the charged orifice/disk with uniform po-
tential, the surface charge peak location on the cylin-
der head shifts toward the centre as the macromolecule
gets closer to the orifice/disk. This phenomenon van-
ishes rapidly when the macromolecule leaves along the
axis of the orifice/disk for both the orifice and the
disk systems. At the same time, the profiles of the
surface charge on the orifice/disk are affected by the
macromolecule with uniform potential. Especially for
the disk system, a peak in the surface charge profile
emerges at the ratio of r/R = 1.0 when the molecule
and the disk are close (such as d/R = 2.25, see Fig. 5).
Finally, it is interesting to compare the profiles with
that of the edge effect divergence predicted for the
κD = 0 limit. Only the charge profile on the head of
the cylinder is found to be in semi-quantitative agree-
ment with the scaling law, as shown in Fig. 4. This
is expected. Since in our calculation, the length L of
the cylinder is larger than the Debye length κ−1

D and

the radius of the cylinder R is much smaller than κ−1
D ,

then the κD = 0 profile is only a very crude approxi-
mation to that of the lateral surface, while it is a fair
but not bad approximation to that of the head surface.

Fig. 4. Variations of the reduced surface charge on the

head of the cylinder with r/R for: (a) the orifice sys-

tem and (b) the disk system. The other parameters are

the same as those in Fig. 3. The predicted scaling for

the divergence in the absence of electrolyte (κDR = 0),

σhead(r)/σhead(0) = [1− (r/R)2]−1/3, is also plotted (de-

noted by circles).

Fig. 5. Variations of the surface charge on the surfaces of

(a) the orifice and (b) the disk.

4. Interaction energy of the

charged macromolecule and

the charged orifice/disk

Under the linear approximation, the interac-
tion energy between the macromolecule and the ori-
fice/disk can be written as a sum of surface integrals
over the cylinder and the orifice/disk[18]

βΩ =
1
2

( ∫∫
Σ1

dSσ1(r)Φ(r)

+
∫∫

Σ2

dSσ2(r)Φ(r)
)
− βΩ0, (10)

where Ω0 is determined by solving the LPB problem
with an infinite distance between the particle and the
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orifice/disk. The potential outside the macromolecule
Φ(r) can be found directly with Eq. (5) once the aux-
iliary charge density σ̃ is obtained.

We now focus on the interaction energy varying
with the reduced particle-orifice/disk distance d/R

with different values of reduced orifice/disk radius
h/R. From Fig. 6, we can find that there is an elec-
trostatic attraction between the particle and the ori-
fice/disk (electrostatic force F ∝ −∂Ω/∂d). This at-
traction is due to the interaction between the effective
electric dipoles of the particle and of the orifice/disk,
which come from the anisotropies of the surface charge
on these charged objects. Based on the profiles of the
surface charge shown in Figs. 3–5, the effective dipole
vectors can be indicated, as shown in Fig. 6. The effec-
tive dipole vector on the head of the cylinder points to
the centre, while the dipole vector of the orifice/disk
is in the opposite direction. This obviously causes an
attraction. Similarly, the electrostatic attraction be-
tween the like-charge macromolecules has also been
reported by Pillips[19] both in theory and in experi-
ment. An anomalous long-range attractive interaction
between two like-charge colloids confined in a conduct-
ing plane was also found by Grier and Han.[20] All of
those are not strongly accounted for by the Derjaguin–
Landau–Verwey–Overbeek theory.[21,22] Additionally,
Trizac and Derjaguin,[23] Sader et al.[24] have shown
that within the Poisson-Boltzmann (PB) theory, no
like-charge attraction is possible. However, none of
them considered the anisotropy of the surface charge
in their studies. In fact, the distribution of the surface
charge affects the electrostatic interactions quantita-
tively and qualitatively, which has also been confirmed
in our previous work.[18,25]

Meanwhile, the sizes of the orifice/disk h/R also
affect the interactions strongly. This is confirmed
when h/R is varied. For the orifice system, the ampli-
tude of the electrostatic interaction energy decreases
with the increase of the reduced orifice radius h/R at
a small colloid–orifice distance. Of course, the interac-
tion energy vanishes when h/R ∼ ∞ (see the dash line
in Fig. 6(a)), and reaches the largest when the reduced
orifice radius h/R = 0 (see the solid line in Fig. 6(a)).
In the latter situation, the orifice becomes a plane.
The situation is much different for that of the disk
system. The interaction energy increases with the in-
crease of the reduced disk radius h/R. When the disk
radius h/R approaches to ∞, the disk also becomes a
plane (the result is shown as solid line in Fig. 6(b)).

Fig. 6. The reduced interaction energy of the rod-like

charged macromolecule and the charged (a) orifice or (b)

disk versus the reduced centre–centre distance of these two

objects. The aspect ratio L/R = 4 and the screening fac-

tor κDR = 1.183.

Figure 7 shows the results of the interaction
energy with different values of reduced screen-
ing factor κDR. Compared with the bigger
κDR, the smaller one tends to enhance the in-
teraction. This phenomenon can also be found
in a spherical macromolecule system and a bulk
system with rod colloids.[15,25] Additionally, for

Fig. 7. The reduced interaction energy of the rod-like

charged macromolecule and the charged (a) orifice or (b)

disk versus the reduced centre–centre distance of these two

objects for difference screening factor κDR. The reduced

radius of the orifice/disk is h/R = 1.5.
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a general colloid solution, the Debye screening param-
eter is expressed as κ2

D = λB

∑
nizi, with ni the con-

centration of the i-th ionic species in the solution and
zi the corresponding valence. Hence, we can change
the interaction between the colloid and the charged
boundaries by changing the concentrations and the
valences of the salt ions in experiment.

5. Conclusion

In the present paper, we investigate a colloid sys-
tem of a charged rod-like macromolecule with a finite
aspect ratio immersed in a bulk electrolyte and moving
along the axis of a circular orifice or disk. In the lin-
ear Poisson–Boltzmann framework, we calculate the
interaction energy of the macromolecule and the ori-
fice/disk. An auxiliary surface charge density σ̃ is in-
troduced during solving the LPB equation. This aux-
iliary surface charge density can be found by inverting
the boundary conditions on the macromolecule and
on the orifice/disk surface. As the auxiliary surface
charge density is obtained, the other physical quanti-
ties, such as the real charge density σ, the potential
of the system Φ and the interaction energy, can be
obtained by computing the functions of the auxiliary
quantity σ̃.

The calculation results of the real surface charge
indicate that there are remarkable divergences on the
edges of the particle and of the orifice/disk. The edge
effects are due to the uniform potential conditions on
the surfaces of these charged objects. In the absence of
an electrolyte (κD = 0), the divergence of the surface
charge in the vicinity of the edge is a classical result.
Obviously, it is still valid for the charged object em-
bedded in an electrolyte, though the situation is more
complex. In addition, the profiles of the surface charge
of one charged object, such as the colloid, are simul-
taneously disturbed by the other charged object with
uniform surface potential, such as the orifice/disk.

The anisotropic distribution of the surface charge
(effective dipoles) results in an electrostatic attrac-
tion between two charged objects. This attraction is
enhanced as the particle approaches the orifice/disk.
The result may be helpful for understanding many
phenomena in experiment, such as the absorbtion of
charged colloids on a membrane in various fields[2,26]

and the increase of the velocity of a charged colloid
as it approaches an orifice in an experiment of colloid
electrophoresis.[27] Furthermore, the sizes of the ori-

fice/disk and the screening length of the system are
other crucial ingredients for this interaction.

Appendix A: Reduced Green’s

function

The electrostatic potential created by a disk with
radius R at point M in cylindrical coordinates {r, z}
(the origin being placed at the centre of the disk) reads

Gdisk(R, r, z) =
R

2ε

∫ ∞

0

J1(kR)J0(kr)√
k2 + κ2

D

× e−
√

k2+κ2
D|z−z′|dk, (A1)

where J0 and J1 are the Bessel functions of orders
0 and 1, respectively. The disk carrying a uniform
surface charge (here equal to unity) is immersed in an
electrolyte with Debye length lD and is locate at height
z′. The potential dGcyl(R, r, z) created at point M by
an infinitesimal cylinder with height dz′, radius R and
unit surface charge can be obtained directly as

dGcyl(R, r, z) = dz′
∂Gdisk(R, r, z)

∂R
. (A2)

As a result, the electrostatic potential created by a
cylinder of radius R, height l and unit surface charge
with the centre located at (0, z′) is given by

Gcyl(R, z′, r, z) =
R

2ε

∫ z′+l/2

z′−l/2

dz′′
∫ ∞

0

kJ0(kr)J0(kR)√
k2 + κ2

D

× e−
√

k2+κ2
D|z−z′′|dk. (A3)

Along the same lines, the potential Gring(r0, r, z)
created by a ring with radius r0 and thickness l can
be expressed in terms of Gdisk(r0, r, z) as

Gring(r0, r, z) = Gdisk(r0 + l/2, r, z)

− Gdisk(r0 − l/2, r, z). (A4)
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