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A model on the coexisting phase of quasicrystal-crystal is proposed, with which we concretely investigate the inter-

face effects for coexisting phases of one-dimensional orthorhombic quasicrystal-isotropic crystal and three-dimensional

icosahedral quasicrystal-cubic crystal. The phason strain fields which play an important role in some processes are

determined. Some factors affecting the strain fields, e.g., the material constants of phonon, phason, phonon–phason

coupling of the quasicrystal and the elastic modulus and the size of the crystal are also explored.
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1. Introduction

Quasicrystal is a new solid phase structure as well
as a novel material and, like other solid phases and ma-
terials, it has defects such as dislocations and cracks.
On the dislocations, Edagawa[1] made a review, and
on the cracks Fan and Mai[2] gave a review, separately.
Apart from dislocations and cracks, the interface also
is a kind of defect in the solid phase and is particularly
important. All quasicrystals observed to date are al-
loys, but in the alloys the quasicrystalline phases often
coexist with the relevant crystalline phases.[3−8] In ad-
dition, in Refs. [9]–[12], this problem was studied ex-
perimentally and researchers have considered the long-
period structure in magnesium alloys and the precipi-
tation of quasicrystalline phase to be a very important
part of this research. In the case where structural
transitions appear,[4,5] it was pointed out that the
phase transitions are mainly induced by the phason
strain field. Some further discussion on this topic was
given in Refs. [13]–[15]. Furthermore, the continuous
phase transition between icosahedral quasicrystal and
body-centre cubic crystal was observed,[16,17] which is
induced by the phason strain field. This implies the
importance of the phason strain fields of quasicrys-
tals in the coexisting phase between quasicrystals and
crystals. Because the crystal–quasicrystal phase tran-
sition is a continuous phase transition, there must be

an interface between quasicrystal and crystal in the
process, and the effect of the interface is significant.
There are many research results on dislocations and
cracks in quasicrystals,[18−25] while the interface has
not been well studied. We propose a simple model of
the coexisting phase, and devote it to analysing the
effect of the interface. The phason strain fields of the
quasicrystals in the coexisting phase are evaluated for
some coexisting systems, which may be beneficial for
studies of crystal–quasicrystal phase transition.

2. Physical model

The above description shows that the coexisting
phase and phase transition between quasicrystals and
crystals is a very complicated phenomenon. However,
quantitative analysis is only available for some simple
physical models. Due to this, we consider the anti-
plane deformation state alternatively. Assume that a
quasicrystal lies in the upper half-plane (i.e., y > 0),
which is characterized by the material constants in-
cluding phonon, phason and phonon–phason coupling
elastic constants Cij , Ki and Ri, and the crystal co-
existing with the quasicrystal lies in the lower half-
plane with finite thickness h(i.e., it is located in the
region −h < y < 0) characterized by phonon elastic
constants C

(c)
ij , then the plane y = 0 is the interface

between the quasicrystal and crystal (see Fig. 1).
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Fig. 1. Physical model of coexisting quasicrystal and

crystal.

In what follows, we will study a one-dimensional
orthorhombic quasicrystal coexisting with an isotropic
crystal, and three-dimensional icosahedral quasicrys-
tals coexisting with a body-centre cubic crystal, re-
spectively. The strain analysis will be given by the
theories of elasticity of quasicrystals and the Fourier
transformation.

3. Formulation and mathematical

solution

According to the Landau[26] phenomenological
theory on the elementary excitation of condensed mat-
ter, the density function of quasicrystals can be ex-
pressed as

ρ(r) =
∑

ρG exp(iG · r),

ρG = |ρG| exp(iϕG). (1)

Bak[27] suggested that

ρG = G · u + G′ · w, (2)

where G is the reciprocal vector in the physical space,
and G′ the conjugate one in the perpendicular space,
u and w are the phonon and phason vectors, respec-
tively. Therefore, there are two strain tensors[2]

εij =
1
2

(
∂ui

∂xj
+

∂uj

∂xi

)
, wij =

∂wi

∂xj
, (3)

where i, j = 1, 2, x1 = x, x2 = y, ∂/∂x3 = ∂/∂z = 0
for plane and anti-plane deformation, εij is the phonon
strain tensor similar to that in the crystals, and wij is
the phason strain tensor, an unusual field that appears

only in this new solid phase. The appearance of pha-
son displacement vectors and phason strain tensors re-
sults in the essential difference between quasicrystals
and crystals. In the following subsections we will dis-
cuss two different kinds of coexisting phases between
quasicrystals and crystals.

3.1.One-dimensional orthorhombic qua-

sicrystal-isotropic crystal coexis-

tence

We will focus on the interface between crys-
tals and quasicrystals when they coexist. As men-
tioned above, in quasicrystals there are two elemen-
tary excitations, i.e., phonons u(ux, uy, uz) and pha-
sons w(wx, wy, wz). For one-dimensional orthorhom-
bic quasicrystals, if we consider the anti-plane elas-
ticity problems and assume the z-axis to be the
quasiperiodic direction, then the non-zero displace-
ment components are only uz and wz, and all field
variables are independent of coordinate z, i.e.,

∂

∂x3
=

∂

∂z
= 0. (4)

The final governing equation of their deformation
equilibrium is(

a1
∂4

∂x4
+ a3

∂4

∂x2∂y2
+ a5

∂4

∂y4

)
F = 0, (5)

where F (x, y) denotes the displacement potential and
a1, a3, a5 are the material constants composed of Cij ,
Ki and Ri discussed by Liu et al.[28] We have assumed
that the crystal coexisting with the quasicrystal lies in
the lower half-plane with thickness h (−h < y < 0),
then the plane y = 0 is the interface between the qua-
sicrystal and crystal. For simplicity, suppose that the
crystal is an isotropic material, characterized by elas-
tic constants C

(c)
44 = µ(c) (see Fig. 1). At the interface,

there are the following boundary conditions:

y = 0, −∞ < x < ∞, σzy = τf(x) + ku(x),

Hzy = 0, (6)

where σzy and Hzy represent the phonon stress com-
ponent and the phason stress component, τ is the ap-
plied constant shear stress, f(x) denotes the distribu-
tion function of applied stress, u(x) = uz(x, 0) is the
value of displacement component of phonon field at
the interface, and k is a material constant taken as

k =
µ(c)

h
, (7)
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where µ(c) and h are the shear modulus and thick-
ness of the crystal, respectively. In addition, the outer
boundaries are assumed to be stress-free.

The above formulas are for quasicrystal, while for
crystal there are the following formulas:

∇2u(c)
z = 0, (8)

σ(c)
zy = σ(c)

yz = 2µ(c)ε(c)
yz , σ(c)

zx = σ(c)
xz = 2µ(c)ε(c)

xz , (9)

because only the phonon field exists, and

ε
(c)
ij =

1
2

(
∂u

(c)
i

∂xj
+

∂u
(c)
j

∂xi

)
(10)

is similar to that of the first one of Eq. (3).
We here use Fourier analysis rather than the com-

plex variable function method, which is different from
the method in Ref. [28].

Applying the Fourier transform

F̄ (ξ, y) =
∫ ∞

−∞
F (x, y) ei ξxdx (11)

to Eq. (5), we have(
a5

d4

dy4
+ a3ξ

2 d2

dy2
+ a1ξ

4

)
F̄ = 0. (12)

If the solution of Eq. (12) is given by

F̄ (ξ, y) = e−λ|ξ|y,

where λ is a parameter. Substituting the former solu-
tion into Eq. (12) leads to

a5λ
4 − a3λ

2 + a1 = 0, (13)

with roots

λ1, λ2, λ3, λ4 = ±

√
2a3 ±

√
a2
3 − 4a1a5

2a5
. (14)

Then

F̄ (ξ, y) = A e−λ1|ξ|y+B e−λ2|ξ|y+C e−λ3|ξ|y+D e−λ4|ξ|y.

By considering the condition of stress free at y = ∞,
C = D = 0, there must hold

F̄ (ξ, y) = A e−λ1|ξ|y + B e−λ2|ξ|y, (15)

where A(ξ) and B(ξ) are unknown functions to be de-
termined.

According to Ref. [28], we have

σzy = (R6C44 − R5C55)
∂3F

∂x2∂y
,

Hzy = −
(

C55
∂2

∂x2
+ C44

∂2

∂y2

)(
K1

∂

∂x
+ K2

∂

∂y

)
F,

uz =
(

R6
∂2

∂x2
+ R5

∂2

∂y2

)
F. (16)

The Fourier transforms of part of the stresses and
displacements are

σ̄zy = −(R6C44 − R5C55)ξ2 dF̄

dy
,

H̄zy = − iC55K1 |ξ| ξ2F̄ + C55K2ξ
2 dF̄

dy

+ iC44K1 |ξ|
d2F̄

dy2
− C44K2

d3F̄

dy3
,

ūz =
(
− ξ2R6 + R5

d2

dy2

)
F̄ . (17)

Substituting Eq. (15) into the second equation of
Eq. (17) and then into the second equation of Eq. (6),
we have

B = αA, (18)

where

α =
−λ1c2 − λ3

1c4 + i(c1 + λ2
1c3)

λ2c2 + λ3
2c4 + i(−c1 − λ2

2c3)
,

c1 = C55K1, c2 = C55K2,

c3 = C44K1, c4 = C44K2. (19)

Therefore, the number of unknown functions is
reduced to only one. The values of the Fourier trans-
forms of the stress and displacement component at the
interface are

σ̄zy(ξ, 0) = A(ξ) |ξ| (λ1 e−λ1|ξ|y + αλ2 e−λ2|ξ|y),

ūz(ξ, 0) = A(ξ)ξ2[(−R6 + λ2
1R5) e−λ1|ξ|y

+α(R6 − λ2
2R5) e−λ2|ξ|y], (20)

and the Fourier transform of the first of the boundary
conditions (6) is

σ̄zy(ξ, 0) = τ f̄(ξ) + kū(ξ, 0). (21)

From Eqs. (20) and (21), one determines the unknown
function

A(ξ) =
τ f̄(ξ)

|ξ| (λ1 + αλ2) − kξ2[−R6 + λ2
1R5 + α(R6 − λ2

1R5)]
. (22)
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Thus, all stress and displacement components for
phonon and phason fields can be evaluated

σzy =
1
2π

∫ ∞

−∞
σ̄zy e− i ξxdξ

=
1
2π

∫ ∞

−∞
A(ξ) |ξ|(λ1 e−λ1|ξ|y

+αλ2 e−λ2|ξ|y) e− i ξxdξ,

uz =
1
2π

∫ ∞

−∞
ūz e− i ξxdξ

=
1
2π

∫ ∞

−∞
A(ξ)ξ2[(−R6 + λ2

1R5) e−λ1|ξ|y

+α(R6 − λ2
2R5) e−λ2|ξ|y] e− i ξxdξ,

wz =
1
2π

∫ ∞

−∞
w̄z e− i ξxdξ

= − 1
2π

∫ ∞

−∞
A(ξ)ξ2[(−C55 + λ2

1C66) e−λ1|ξ|y

+α(C66 − λ2
2C55) e−λ2|ξ|y] e− i ξxdξ, (23)

and the phason strains are

wzx =
∂wz

∂x

= − i
1
2π

∫ ∞

−∞
A(ξ)ξ3[(−C55 + λ2

1C66) e−λ1|ξ|y

+α(C66 − λ2
2C55) e−λ2|ξ|y] e− i ξxdξ,

wzy =
∂wz

∂y

=
1
2π

∫ ∞

−∞
A(ξ)ξ3[λ1 |ξ| (−C55 + λ2

1C66) e−λ1|ξ|y

+λ2 |ξ|α(C66 − λ2
2C55) e−λ2|ξ|y] e− i ξxdξ,(24)

which is an analytic solution. The effects of all pa-
rameters concerning symmetry and geometry of the
quasicrystal and crystal and the behaviour of inter-
face are explored.

For practical calculation, we can give concrete val-
ues for different f(x) forms and different values of h,
τ , C44, C55, C66, K1, K2, R5, R6 and µ(c).

3.2.Three-dimensional icosahedral qua-

sicrystal-cubic crystal

The coexisting phase between three-dimensional
icosahedral quasicrystal and the cubic crystal is more
interesting, which is observed experimentally. For
simplicity, we here consider also the anti-plane state.
Assume that z-axis is the direction of five-fold symme-
try of the icosahedral quasicrystal, then for this case
the elastic deformation will be governed by the follow-
ing equations:[2]

∇2uz = 0, ∇2wz = 0, (25)

and there are the following stress-strain relations:

σzy = σyz = 2µεyz + Rwzy,

σzx = σxz = 2µεxz + Rwzx,

Hzy = Rεyz + (K1 − K2)wzy,

Hzx = Rεxz + (K1 − K2)wzx (26)

for quasicrystal, and

∇2u(c)
z = 0,

σ(c)
zy = σ(c)

yz = 2µ(c)ε(c)
yz , σ(c)

zx = σ(c)
xz = 2µ(c)ε(c)

xz

for crystal, where µ(c) = C
(c)
44 . Of course, the strain

tensors defined by Eq. (10), and the boundary con-
ditions at the interface (6), respectively, still hold for
the present case.

After Fourier transforms, the solution of Eq. (25)
is very easy to obtain as

uz(x, y) =
1
2π

∫ ∞

−∞
A(ξ) e−|ξ|y−i ξxdξ,

wz(x, y) =
1
2π

∫ ∞

−∞
B(ξ) e−|ξ|y−i ξxdξ,

and the relevant stresses

σzy = −2µ
1
2π

∫ ∞

−∞
|ξ|A(ξ) e−|ξ|y−i ξxdξ

−R
1
2π

∫ ∞

−∞
|ξ|B(ξ) e−|ξ|y−i ξxdξ,

Hzy = −R
1
2π

∫ ∞

−∞
|ξ|A(ξ) e−|ξ|y−i ξxdξ

− (K1 − K2)
1
2π

∫ ∞

−∞
|ξ|B(ξ) e−|ξ|y−i ξxdξ,(27)

where A(ξ) and B(ξ) are arbitrary functions to be de-
termined.

According to the second formula of boundary con-
ditions (6), one may find the relation between the two
unknown functions to be

B(ξ) = − R

K1 − K2
A(ξ). (28)

From Eqs. (27) and (28), we obtain

σ̄zy = −(2µ +
R2

K1 − K2
)A(ξ) |ξ| ,

and the first formula in Eq. (6) determines the un-
known function

A(ξ) = − τ f̄(ξ)(
R2

K1 − K2
+ µ

)
|ξ| + k

, (29)

such that
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B(ξ) =
Rτf̄(ξ)

(K1 − K2)
[(

R2

K1 − K2
+ µ

)
|ξ| + k

] , (30)

where τ and k are defined by Eqs. (6) and (7) respectively.
Thus, the problem is solved. The phason strain field can be determined as

wzy(x, y) = −Rτ
1
2π

∫ ∞

−∞

|ξ| f̄(ξ)
(R2 − µ(K1 − K2)) |ξ| + k(K1 − K2)

e−|ξ|y−i ξxdξ,

wzx(x, y) = iRτ
1
2π

∫ ∞

−∞

ξf̄(ξ)
(R2 − µ(K1 − K2)) |ξ| + k(K1 − K2)

e−|ξ|y−i ξxdξ. (31)

For practical calculation, we can give concrete val-
ues for different f(x) forms and different values of h,
τ , µ, K1, K2, R and µ(c).

4. Discussion and conclusion

We only analyse the results given by Eq. (31)
because the coexistence and the transition between
icosahedral quasicrystals and cubic crystals are more
interesting based on the experimental observation and
their corresponding mathematical solutions are sim-
ple.

The phason strain field given by Eq. (31) shows

the effects of the applied stress at the interface, which
are described by τ and f̄(ξ)(the Fourier transforms
of the distribution functionf(x)), and it also reveals
the effects of µ, K1, K2, R, the phonon, phason and
phonon-phason coupling elastic constants of the qua-
sicrystal and k(= µ(c)/h), the ratio between elastic
modulus and size of the crystal. Some factors related
to the experimental environment have not been taken
into account because we discuss the problem from the
point of view of mathematical elasticity.

As an example, assume f(x) = 1 for −a/2 < x <

a/2, and f(x) = 0 for x < −a/2 and x > a/2, further
assume a to be very small, then from Eq. (31), we can
obtain

wzy(x, y) =
µ(c)

h
τa

R(K1 − K2)
[µ(K1 − K2) − R2]2

exp
(
− µ(c)(K1 − K2)

µ(K1 − K2) − R2

y

h

)
cos

{
µ(c)(K1 − K2)

µ(K1 − K2) − R2

(
a

2
− x

h

)}
,

wzx(x, y) =
µ(c)

h
τa

R(K1 − K2)
[µ(K1 − K2) − R2]2

exp
(
− µ(c)(K1 − K2)

µ(K1 − K2) − R2

y

h

)
sin

{
µ(c)(K1 − K2)

µ(K1 − K2) − R2

(
a

2
− x

h

)}
. (32)

For further comparison, assume that f(x) = δ(x), then from Eq. (31), we have

wzy(x, y) =
µ(c)

h
τa

R(K1 − K2)
[µ(K1 − K2) − R2]2

exp
(
− µ(c)(K1 − K2)

µ(K1 − K2) − R2

y

h

)
sin

{
µ(c)(K1 − K2)

µ(K1 − K2) − R2

x

h

}
, (33)

wzx(x, y) =
µ(c)

h
τa

R(K1 − K2)
[µ(K1 − K2) − R2]2

exp
(
− µ(c)(K1 − K2)

µ(K1 − K2) − R2

y

h

)
cos

{
µ(c)(K1 − K2)

µ(K1 − K2) − R2

x

h

}
. (34)

Figure 2 shows the variations of the phason
strains with x or y for different µ(c) values and the
given values of µ, K1, K2 and R, and the measured
values of these quantities for Al–Pd–Mn icosahedral
quasicrystals are provided in Refs. [29] and [30] as
µ = 72.4 GPa, K1 = 125 MPa, K2 = −50 MPa,
and R = −0.04 µ.

Owing to space limitations, we do not show the
variation of the phason strains for different values of

a/h and τ/µ.

It is evident that there are three multiple factors
as follows:

1) The principal part, which consists of
three factors µ(c)/h, τa, and [R(K1 − K2)]/
[µ(K1 − K2) − R2]2, denoting the crystal property,
the applied stress at the interface and the quasicrys-
tal property, respectively.
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Fig. 2. (colour online) Ratios of shear modulus of crystal-quasicrystal (a) wzy versus x, (b) wzy versus y, (c)

wzx versus x, (d) wzx versus y.

2) The exponential function, describing the
crystal–quasicrystal interaction.

3) The trigonal function, reflecting the crystal–
quasicrystal interaction too. Of course, for other ap-
plied stresses, i.e., for different forms of distribution
function f(x), the solutions will differ.

In addition, the characteristic of solution (24) is
quite different from that of Eq. (31) due to the dif-
ference between quasicrystalline systems. We do not
further discuss solution (24) due to the limitation of
space.
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