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We present Turing pattern selection in a reaction–diffusion epidemic model under zero-flux boundary conditions.

The value of this study is twofold. First, it establishes the amplitude equations for the excited modes, which determines

the stability of amplitudes towards uniform and inhomogeneous perturbations. Second, it illustrates all five categories

of Turing patterns close to the onset of Turing bifurcation via numerical simulations which indicates that the model

dynamics exhibits complex pattern replication: on increasing the control parameter ν, the sequence “H0 hexagons →
H0-hexagon-stripe mixtures → stripes → Hπ-hexagon-stripe mixtures → Hπ hexagons” is observed. This may enrich

the pattern dynamics in a diffusive epidemic model.
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1. Introduction

In epidemiology, mathematical models have been
an important method in analysing the spread and con-
trol of infectious diseases qualitatively and quantita-
tively. The research results are helpful to predict the
developing tendency of the infectious diseases, to de-
termine the key factors to the spread of them and to
seek the optimum strategies of preventing and control-
ling the spreading of them.[1] Researches in theoretical
and mathematical epidemiology have proposed many
epidemic models to understand the mechanism of dis-
ease transmissions.[2−15]

More recently, many studies[16−38] have provided
that spatial epidemic model is an appropriate tool
for investigating fundamental mechanism of com-
plex spatiotemporal epidemic dynamics. In these
studies, reaction–diffusion equations have been inten-
sively used to describe spatiotemporal dynamics, in
which the spatial spreading of infectious is studied
by analysing travelling wave solutions and calculating
spreading rates.

Furthermore, there are some researches of pattern
formation in the spatial epidemic model, starting with
the pioneer work of Turing.[39] Turing’s revolutionary

idea was that the passive diffusion could interact with
a chemical reaction in such a way that even if the
reaction by itself has no symmetry-breaking capabili-
ties, diffusion can de-stabilize the symmetric solutions
so that the system with diffusion can have them.[21]

Spatial epidemiology with diffusion has become a prin-
cipal scientific discipline aiming at understanding the
causes and consequences of spatial heterogeneity in in-
fectious diseases.[24,33,36−38] In these studies, the au-
thors investigated the pattern formation of a spatial
epidemic model with self-diffusion or cross-diffusion
and found that model dynamics exhibits a diffusion-
controlled formation growth to stripes, spots and co-
existence or chaos pattern replication. However, these
studies only focus on the bifurcation phenomena when
varying the controlling parameter(s), and little atten-
tion has been paid to the study on the selection of
Turing patterns.

Due to the insightful work of many scientists over
recent decades, we can now focus on pattern selec-
tion by using the standard multiple-scale analysis.
The key of this method is the so-called amplitude
equations.[40−54] The amplitude equations formalism
introduced by Newell and Whitehead,[40] and Segel[44]

is a natural scheme to extract universal properties of
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pattern formation. Amplitude equations describe slow
modulations in space and time of a simple basic pat-
tern that can be determined from the linear analysis
of the equations of motion of the reaction–diffusion
system. Amplitude equations have been discussed in
some reaction–diffusion systems.[42,49,52−54]

Based on the discussion above, in this paper, we
focus mainly on the Turing pattern selection in a spa-
tial epidemic model. The organization of this paper
is as follows. In the next section, we introduce the
two-dimensional epidemic model and give a general
survey of the linear stability analysis and bifurcations
with zero-flux boundary conditions. In Section 3, we
carry out the multiple-scale analysis to derive the am-
plitude equations and present and discuss the results
of Turing pattern formation via numerical simulation,
too. Finally, conclusions and remarks are presented in
Section 4.

2. The model and Turing instabil-

ity analysis

2.1.The model system

In Ref. [7], Berezovsky and co-workers introduced
a simple epidemic model. The total population (N)
is divided into two groups susceptible (S) and infec-
tious (I), i.e., N = S + I. The model describing the
relations between the state variables is

dS

dt
= rN

(
1 − N

K

)
− β

SI

N
− (µ + m)S,

dI

dt
= β

SI

N
− (µ + d)I, (1)

where the birth process incorporates density depen-
dent effects via a logistic equation with the intrinsic
growth rate r and the carrying capacity K, β denotes
the transmission rate (the infection rate is constant), µ

is the natural mortality; d denotes the disease-induced
mortality and m is the per-capita emigration rate of
uninfective.

The concept of basic demographic reproductive
number Rd is given by

Rd =
r

µ + m
.

It can be shown that if Rd > 1, the population grows,
while Rd < 1 implies that the population does not
survive.

The epidemic threshold, the basic reproductive
number, is then computed as

R0 =
β

µ + d
.

Usually, the disease will successfully invade when
R0 > 1 but will die out if R0 < 1.

Re-scalling the model (1) by letting

S → S/K, I → I/K, t → t/(µ + d)

leads to the following model:

dS

dt
= νRd(S + I)(1 − (S + I) ) − R0

SI

S + I
− νS,

dI

dt
= R0

SI

S + I
− I, (2)

where ν = (µ + m)/(µ + d) is the ratio of the average
life-span of susceptible to that of infectious.

For details, we refer to the reader Section 2 in
Ref. [7].

For simplicity, skip the term −νS in the first ex-
pression of Eq. (2), and by a change of independent
variable dt → (S + I)dt, we can obtain the modified
model in the first quadrant that is equivalent to the
polynomial system

dS

dt
= νRd(S + I)2(1 − (S + I) ) − R0SI,

dI

dt
= R0SI − I(S + I). (3)

Assume that the susceptible (S) and infectious
(I) population move randomly, described as Brown-
ian random motion, then we propose a simple spatial
model corresponding to Eq. (3) as follows:

∂S

∂t
= νRd(S + I)2(1 − (S + I) ) − R0SI + d1∇2S

= f(S, I) + d1∇2S,

∂I

∂t
= R0SI − I(S + I) + d2∇2I = g(S, I) + d2∇2I,

(4)

where the nonnegative constants d1 and d2 are the
diffusion coefficients of S and I, respectively. ∇2 =
∂2

∂x2 + ∂2

∂y2 , the usual Laplacian operator in two-
dimensional space, is used to describe the Brownian
random motion.[55]

Model (4) is to be analysed under the following
non-zero initial condition:

S(r, 0) > 0, I(r, 0) > 0,

r = (x, y) ∈ Ω = [0, L] × [0, L], (5)

and zero-flux boundary condition

∂S

∂n
=

∂I

∂n
= 0. (6)
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In the above Eqs. (5) and (6), L denotes the size of the
system in the directions of x and y; n is the outward
unit normal vector of the boundary ∂Ω. The main
reason for choosing such boundary conditions is that
we are interested in the self-organization of patterns.
And zero-flux conditions imply that there is no flux
of population through the boundary, i.e., no external
input is imposed from outside.[56]

In the absence of diffusion, considering model (1),
model (4) has one disease-free equilibrium E1 = (1, 0),
which corresponds to the susceptible population be-
ing at its carrying capacity with no infected popula-
tion and an endemic equilibrium point E∗ = (S∗, I∗),
which depends on the parameters Rd and R0 and ν is
given implicitly by

S∗ =
νR0Rd − R0 + 1

νR2
0Rd

, I∗ = (R0 − 1)S∗. (7)

It is easy to see that S∗ > 0, I∗ > 0 when

1 < R0 <
1

1 − νRd
. (8)

In the presence of diffusion, we set S = S∗ + S̃,
I = I∗ + Ĩ, where S̃, Ĩ ¿ 1. For simplicity, we still
write S̃, Ĩ as S, I and linearize Eq. (4) in S and I to
obtain

∂S

∂t
= fSS + fII + d1∇2S,

∂I

∂t
= gSS + gII + d2∇2I, (9)

where

fS =
∂f

∂S

∣∣∣∣
(S∗,I∗)

= 2νRd(S∗ + I∗)(1 − S∗ − I∗)

− νRd(S∗ + I∗)2 − R0I
∗,

fI =
∂f

∂I

∣∣∣∣
(S∗,I∗)

= 2νRd(S∗ + I∗)(1 − S∗ − I∗)

− νRd(S∗ + I∗)2 − R0S
∗,

gS =
∂g

∂S

∣∣∣∣
(S∗,I∗)

= (R0 − 1)I∗,

gI =
∂g

∂I

∣∣∣∣
(S∗,I∗)

= (Rd − 1)S∗ − 2I∗.

It is well known that the equilibrium E∗ =
(S∗, I∗) of model (4) is stable if both eigenvalues are
negative, with fS < gI and fSgI < fIgS .

Any solution of model (9) can be expressed as a
Fourier series in space,[49−53] which grow in the form

S(r, t) ∼ exp(λt + ik · r),

I(r, t) ∼ exp(λt + ik · r), (10)

where k · k = k2, k and λ are the wave-number and
frequency, respectively.

Substituting the above equation into Eq. (9) leads
to the dispersion relation for λ

λ2 −
(
fS + gI − (d1 + d2)k2

)
λ + fSgI

− fIgS − k2(fSd2 + gId1) + k4d1d2 = 0.

(11)

2.2.Turing instability

We know that one type of instability (or bifur-
cation) will break the type of symmetry of a system,
i.e., at the bifurcation point, two equilibrium states co-
exist and will exchange their stabilities. Biologically
speaking, this bifurcation corresponds to a smooth
transition between equilibrium states.[55−60]

The Turing instability, mathematically speaking,
for d1 ¿ d2, occurs when Im(λ(k)) = 0, Re(λ(k)) = 0
at k = kc 6= 0.[56,58] Then the Turing instability of
model (4) occurs when

νc =

(
2 d1R0 − d2R0 − d1 + 3 d2 − 2

√
d1

2R0
2 − d1d2R0

2 − d1
2R0 + 2 d1d2R0

)
(R0 − 1)

d2R0Rd
, (12)

and the wavenumber kc satisfies

k2
c =

(νR0Rd − R0 + 1)(4d2R0 − d2R
2
0 − d2νR0Rd − d1R0 + d1 + 3d2)

2νd1d2RdR2
0

. (13)

It is easy to know that when ν < νc, Turing pat-

terns will emerge.

Figure 1 shows the phase diagram obtained from

the linear stability analysis with Rd = 1.8, d1 = 0.01,

d2 = 0.25 in R0–ν plane. Turing bifurcation curve νc

and the critical boundary line of the positive equilib-

rium condition ν+ = (R0 − 1)/(R0Rd) separate the

parametric space into three domains. Domain I, lo-

074702-3



Chin. Phys. B Vol. 20, No. 7 (2011) 074702

cated above the Turing bifurcation curve, corresponds
to the disease-free system. Domain III, below the crit-
ical boundary line of the positive equilibrium condi-
tion, is a region of no positive equilibrium. Domain II,
below the Turing bifurcation curve and above the crit-
ical boundary line of the positive equilibrium condi-
tion, the corresponding solution of the model is unsta-
ble and Turing instability occurs, so Turing patterns
emerge. This domain is called the Turing space.

Fig. 1. The phase diagram of model (4) with param-

eters Rd = 1.8, d1 = 0.01, d2 = 0.25. The Turing bi-

furcation curve νc and the critical boundary line ν+ =

(R0 − 1)/(R0Rd) of the positive equilibrium condition (8)

separate the parametric space into three domains. Domain

II is called Turing space.

For the sake of further finding the effect of dif-
fusion on the stability of the solutions of model (4),
in Fig. 2, we give the relation between Re(λ) and ν.
In Fig. 2(a), for model (3) with parameters Rd = 1.8,
R0 = 1.17, i.e., without diffusion, one can see that the
real part of λ is always negative, so the solutions of
Eq. (3) are stable. While in Fig. 2(b), for model (4)
with Rd = 1.8, R0 = 1.17, d1 = 0.01, d2 = 0.25, i.e.,
with diffusion, it is easy to see that the real part of
λ is positive when 0.08072174739 = ν1 < ν < ν2 =
0.1200987009. That is to say, with the fixed param-
eters, if ν1 < ν < ν2, the solutions of Eq. (4) are
unstable. In this region, despite that the solutions are
unstable, the diffusion can de-stabilize the symmetric
solutions so that the system with diffusion added can
have the symmetry-breaking capabilities, i.e., form the
Turing pattern.

From the linear stability analysis, we can obtain
the Turing instability for model (4) and determine the
conditions of emergency of Turing pattern. Unfortu-
nately, we cannot determine the selection and compe-
tition of Turing pattern. In the next section, we shall

consider the selection and the formation of Turing pat-
terns close to the onset ν = νc, Turing bifurcation,
defined by Eq. (12).

Fig. 2. The relation between Re(λ) and ν. (a) Model

(3) with Rd = 1.8, R0 = 1.17, Re(λ) < 0, the solu-

tions of Eq. (3) are stable. (b) Model (4) with Rd = 1.8,

R0 = 1.17, d1 = 0.01, d2 = 0.25 and ν1 = 0.08072174739,

ν2 = 0.1200987009. In the range ν1 < ν < ν2, Re(λ) > 0;

in this region, the solutions of Eq. (4) are unstable.

3. Pattern formation

3.1.Amplitude equations

A multiple-scale perturbation analysis yields the
well-known amplitude equations.[41] And the method
of multiple-scale perturbation analysis is based on the
fact that near the instability threshold the basic state
is unstable only in regard to perturbations with wave
numbers close to the critical value, kc (defined by
Eq. (13)). Turing patterns (e.g., hexagonal and stripe
patterns) are thus well described by a system of three
active resonant pairs of modes (kj ,−kj) (j = 1, 2, 3)
making angles of 2π/3.

074702-4



Chin. Phys. B Vol. 20, No. 7 (2011) 074702

Close to onset ν = νc, the solutions of Eq. (4) can be expanded as

U =

 S

I

 = U∗ ·
3∑

j=1

[
Aj exp(ikj · r) + Aj exp(−ikj · r)

]
, (14)

where

U∗ =

d1(R0 − 1) −
√

d1d2R0(2 − R0) + d1
2R0(R0 − 1)

d2(R0 − 1)
, 1

T

defines the direction of the eigenmodes (i.e., the ratio S/I) in concentration space; Aj and the conjugate Aj are,
respectively, the amplitudes associated with modes kj and −kj , |kj | = kc. By the analysis of the symmetries,
up to the third order in the perturbations, the spatiotemporal evolutions of the amplitudes Aj (j = 1, 2, 3) are
described through the amplitude equations

τ0
∂A1

∂t
= µA1 + Γ A2A3 −

[
g1|A1|2 + g2(|A2|2 + |A3|2)

]
A1,

τ0
∂A2

∂t
= µA2 + Γ A1A3 −

[
g1|A2|2 + g2(|A1|2 + |A3|2)

]
A2,

τ0
∂A3

∂t
= µA3 + Γ A1A2 −

[
g1|A3|2 + g2(|A1|2 + |A2|2)

]
A3,

(15)

where µ = (νc − ν)/ν is a normalized distance to on-
set. Notably, for model (4), the stationary state be-
comes Turing unstable when the bifurcation parame-
ter ν decreases, so that µ, the distance to onset, in-
creases when the bifurcation parameter ν decreases.

Amplitude equation (15) allows us to study the
existence and stability of arrays of hexagons and
strips. Close to onset ν = νc, the uniform state is un-
stable only to perturbations with wave vectors close to
kc (Eq. (13)). To solve the coefficients of Eqs. (15), we
perturb model (4) at the equilibrium (S∗, I∗). Model
(4) can be written as

∂

∂t
U = L · U + H, (16)

where L is the linear operator, H is the nonlinear
terms,

L =

 fS + d1∇2 fI

gS gI + d2∇2

 , H =

 H1

H2

 ,

(17)
where

H1 = νRd

(
2(S + I)3 − S2 − I2 − 2SI

)
+ R0 SI,

H2 = I2 − (R0 − 1) SI. (18)

The variations of Ai in Eq. (15) occur on a scale
much larger than the basic scale and Ai can be written
in terms of the slow variables. Near the Turing bifur-
cation threshold, we expand the bifurcation parameter

ν in different orders of ε, |ε| ¿ 1,

νc − ν = εν1 + ε2ν2 + ε3ν3 + o(ε4). (19)

Equally,

U = εU1 + ε2U2 + ε3U3 + o(ε4), (20)

H = ε2h2 + ε3h3 + o(ε4), (21)

L = Lc + (νc − ν)L1 + (νc − ν)2L2 + o((νc − ν)3)

= Lc + (νc − ν)M + o((νc − ν)2), (22)

where

Li =
1
i!

∂iL

∂νi
, Lc = L(ν=νc), M =

 0 1

0 0

 . (23)

From the chain rule for differentiation we there-
fore must make the replacements

∂

∂t
= ε

∂

∂T1
+ ε2 ∂

∂T2
+ o(ε3), (24)

where T1 = εt, T2 = ε2t.
Using scalings (19)–(24), we can expand equation

Eq. (16) into a perturbation series with respect to ε.
For order ε1, we have the following linear equa-

tion:
LcU1 = 0. (25)

Solving Eq. (25), we obtain

U1 = U0

 3∑
j=1

Aj exp(ikj · r) + c.c.

 , (26)
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where c.c. denotes the complex conjugate. U0 is the
eigenvector of the linear operation Lc.

For order ε2, we have

LcU2 =
∂

∂T1
U1 − ν1MU1 − h2, (27)

where h2 represents the terms of order ε2 in nonlinear
expansion H. In order to let U2 be nonsingular, the
right-hand side of Eq. (27) cannot have a projection
on the operator L†

T (the Fredholm alternative). This
statement leads to the value of ∂

∂T1
Wj (j = 1, 2, 3).

After substituting Eq. (26) into Eq. (27), we can ob-
tain

U2 = V0 +

(
3∑

j=1

Vj exp(ikj · r) +
3∑

j=1

Vjj exp(2ikj · r)

+
3∑

j,k=1

Vjk exp(i(kj − kk) · r) + c.c.

)
, (28)

where the vectors V0, Vj , Vjj and Vjk are the coeffi-
cients of e, eikj ·r, e2ikj ·r, ei(kj−kk)·r, respectively; they
can be solved from Eq. (27).

For order ε3 in the expansion, we obtain

LcU3 =
∂

∂T1
U1 +

∂

∂T2
U2 − ν1MU2 − ν2MU1 − h3,

(29)
where h3 is the terms at order ε3 in nonlinear terms
H. After substituting Eqs. (26) and (28) into Eq. (29)
and using the Fredholm alternative of order ε3, we can
obtain the values of ∂

∂T1
Vj + ∂

∂T2
Wj (j = 1, 2, 3).

The amplitude function A1 of the basic pattern
eikj ·r can be written as

∂A1

∂t
= ε

∂W1

∂t
+ ε2 ∂V1

∂t
+ o(ε4). (30)

Substituting the values of ∂
∂T1

Wj (j = 1, 2, 3) and
∂

∂T1
Vj + ∂

∂T2
Wj (j = 1, 2, 3) into Eq. (30) and consider

Eq. (24), we obtain the coefficients τ0, Γ , g1 and g2 of
amplitude equation (15). In the software Maple, we
can obtain the exact but complex expressions of the
coefficients τ0, Γ , g1 and g2. The expressions of these
coefficients are shown in Appendix A.

With fixed parameters set

(Rd, R0, d1, d2) = (1.8, 1.17, 0.01, 0.25), (31)

from the above computation, one can obtain

Γ = 33.08803180, g1 = 190.9741185,

g2 = 3888.227316. (32)

3.2.Amplitude stability

Each amplitude in Eq. (15) can decompose to
mode ρi = |Ai| and the corresponding phase angle ϕi.
Then, substituting Aj = ρj expϕj (j = 1, 2, 3) into
Eq. (15) and separate the real and imaginary parts,
one can obtain four real variable differential equations
as follows:

τ0
∂ϕ

∂t
= −Γ

ρ2
1ρ

2
2 + ρ2

1ρ
2
3 + ρ2

2ρ
2
3

ρ1ρ2ρ3
sinϕ,

τ0
∂ρ1

∂t
= µρ1 + Γρ2ρ3 cos ϕ − g1ρ

3
1 − g2(ρ2

2 + ρ2
3)ρ1,

τ0
∂ρ2

∂t
= µρ2 + Γρ1ρ3 cos ϕ − g1ρ

3
2 − g2(ρ2

1 + ρ2
3)ρ2,

τ0
∂ρ3

∂t
= µρ3 + Γρ1ρ2 cos ϕ − g1ρ

3
3 − g2(ρ2

1 + ρ2
2)ρ3,

(33)
where ϕ = ϕ1 + ϕ2 + ϕ3.

The dynamical system (33) possesses four kinds
of solutions.[47,61]

(i) The conductive state (O) is given by

ρ1 = ρ2 = ρ3 = 0. (34)

(ii) Stripes (S) are given by

ρ1 =
√

µ

g1
6= 0, ρ2 = ρ3 = 0. (35)

(iii) Hexagons (H0, Hπ) are given by

ρ1 = ρ2 = ρ3 =
|Γ | ±

√
Γ 2 + 4(g1 + 2g2)µ
2(g1 + 2g2)

, (36)

with ϕ = 0 or π and exist for

µ > µ1 =
−Γ 2

4(g1 + 2g2)
. (37)

(iv) The mixed states are given by

ρ1 =
|Γ |

g2 − g1
, ρ2 = ρ3 =

√
µ − g1ρ2

1

g1 + g2
, (38)

with g2 > g1.
In what follows, we will give a discussion about

the stability of the above four stationary solutions.
In the case of stripes, to study the stability of sta-

tionary solution (35), we give a perturbation at sta-
tionary solution (ρ0, 0, 0), where ρ0 =

√
µ/g1. Setting

ρ1 = ρ0 + ∆ρ1, ρ2 = ∆ρ2, ρ3 = ∆ρ3, linearization of
Eq. (33) can be written as

∂ρ

∂t
= LA · ρ, (39)
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where

LA =


µ − 3g1ρ

2
0 0 0

0 µ − g2ρ
2
0 Γρ0

0 Γρ0 µ − g2ρ
2
0

 , ρ =


∆ρ1

∆ρ2

∆ρ3

 .

(40)
The characteristic equation of matrix LA can be ob-
tained as

λ3 + P1λ
2 + P2λ + P3 = 0, (41)

where

P1 = (3 g1 + 2 g2) ρ0
2 − 3 µ,

P2 =
(
6 g1 g2 + g2

2
)
ρ0

4 −
(
4 µ g2 + Γ 2 + 6 µ g1

)
ρ0

2

+ 3 µ2,

P3 = 3 g1 g2
2 ρ0

6 −
(
3 g1 Γ 2 + µ g2

2 + 6 µ g1 g2

)
ρ0

4

+
(
2 µ2g2 + 3 g1 µ2 + µΓ 2

)
ρ0

2 − µ3.

The eigenvalues of characteristic equation (41) are
solved as

λ1 = µ − 3 g1 ρ0
2, λ2 = µ + Γρ0 − g2 ρ0

2,

λ3 = µ − Γρ0 − g2 ρ0
2. (42)

Substituting ρ0 =
√

µ/g1 into Eq. (42), we obtain

λ1 = −2µ, λ2 = µ(1 − g2/g1) + Γ
√

µ/g1,

λ3 = µ(1 − g2/g1) − Γ
√

µ/g1. (43)

It is easy to know that equation (33) has stable so-
lutions when the eigenvalues λ1, λ2 and λ3 are all
negative. Since in Eq. (33), µ > 0, g2/g1 > 1, these
three eigenvalues are negative if the following condi-
tion holds:

µ > µ3 =
Γ 2g1

(g2 − g1)2
. (44)

Next, we consider the stability of the hexagons.
Similar to the above process, we perturb Eq. (33) at
the point (ρ0, ρ0, ρ0) as follows:

ρi = ρ0 + ∆ρi, i = 1, 2, 3, (45)

where ρ0 =
|Γ | ±

√
Γ 2 + 4(g1 + 2g2)µ
2(g1 + 2g2)

. Under the

perturbation, equation (33) can be linearized as

∂ρ

∂t
= LB · ρ, (46)

and

LB =


µ − (3 g1 + 2 g2) ρ0

2 Γρ0 − 2 g2 ρ0
2 Γρ0 − 2 g2 ρ0

2

Γρ0 − 2 g2 ρ0
2 µ − (3 g1 + 2 g2) ρ0

2 Γρ0 − 2 g2 ρ0
2

Γρ0 − 2 g2 ρ0
2 Γρ0 − 2 g2 ρ0

2 µ − (3 g1 + 2 g2) ρ0
2

 , ρ =


∆ρ1

∆ρ2

∆ρ3

 . (47)

The characteristic equation of LB can be obtained
as

λ3 + Q1λ
2 + Q2λ + Q3 = 0, (48)

where

Q1 = (9 g1 + 6 g2) ρ0
2 − 3 µ,

Q2 =
(
27 g1

2 + 36 g1 g2

)
ρ0

4 + 12 Γρ0
3g2

−
(
18 µ g1 + 3 Γ 2 + 12 µ g2

)
ρ0

2 + 3 µ2,

Q3 =
(
54 g1

2g2 + 27 g1
3
)
ρ0

6 + 36 g1 Γg2ρ0
5

+ (6 g2 Γ 2 − 36 µ g1 g2 − 9 g1 Γ 2 − 27 µ g1
2)ρ0

4

−
(
2 Γ 3 + 12 µΓg2

)
ρ0

3

+
(
9 µ2g1 + 6 µ2g2 + 3 µΓ 2

)
ρ0

2 − µ3.

Solving the characteristic equation (48), we can obtain
the eigenvalues

λ1 = λ2 = µ − Γρ0 − 3 g1 ρ0
2,

λ3 = µ − 3 g1 ρ0
2 − 6 g2 ρ0

2 + 2 Γρ0. (49)

Substituting the stationary hexagon solution (36)
into Eq. (49), we can obtain two cases of stability as
follows.

For the stationary solution

ρ−0 =
|Γ | −

√
Γ 2 − 4(g1 + 2g2)µ
2(g1 + 2g2)

,

λ1 and λ2 are always positive, so the corresponding
pattern is also always unstable.

For the stationary solution

ρ+
0 =

|Γ | +
√

Γ 2 + 4(g1 + 2g2)µ
2(g1 + 2g2)

,

λi (i = 1, 2, 3) is negative when the parameter µ satis-
fies the following condition:

µ < µ4 =
2g1 + g2

(g2 − g1)2
h2. (50)

Summarize the above analyses, we can conclude
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(I) The conductive state (O) is stable for µ <

µ2 = 0 and unstable for µ > µ2.
(II) The stripe is stable when µ > µ3 = Γ 2g1

(g2−g1)2
.

(III) The hexagon H0 is stable only for µ < µ4 =
2g1+g2

(g2−g1)2
Γ 2 and hexagon Hπ is always unstable.

(IV) the mixed states can exist for µ > µ3 and
are always unstable.

With fixed parameter set (31), one can obtain

µ1 = −0.06409677030, µ2 = 0,

µ3 = 0.3114118460, µ4 = 0.6381189919. (51)

The existence and stability limits of the solutions,
as functions of the scaled bifurcation parameter µ, are
ordered according to the scheme in Fig. 3. Stable
branches H0 and Hπ are mutually exclusive. With
the parameters set (31), the stable branch is H0 be-
cause Γ = 33.08803180 > 0. A subcritical hexagonal
branch comes out first at µ > µ1 = −0.06409677030,
but loses stability when µ > µ4 = 0.6381189919.
The supercritical stripe state branch S is unstable
when close to the critical point but becomes stable for
µ > µ3 = 0.3114118460. In the range µ3 < µ < µ4,
both branches H0 and S are stable.

Fig. 3. Bifurcation diagram for model (2) with param-

eters Rd = 1.8, R0 = 1.17, d1 = 0.01, d2 = 0.25. H0:

hexagonal patterns with ϕ = 0; Hπ : hexagonal patterns

with ϕ = π; S: stripe patterns. The solid lines and

dotted lines represent stable states and unstable states

respectively. µ1 = −0.06409677030 (corresponding to

ν = 0.1283238449), µ2 = 0 (ν = 0.1200987009), µ3 =

0.3114118460 (ν = 0.08269854275), µ4 = 0.6381189919

(ν = 0.04346143895).

3.3.Pattern selection

In this subsection, we perform extensive numeri-
cal simulations of the spatially extended model (4) in
2-dimensional (2D) spaces, and the qualitative results
are shown here. All our numerical simulations employ
the non-zero initial and zero-flux boundary conditions

(i.e., Eqs. (5) and (6)) with a system size of L×L, with
L = 100 discretized through x → (x0, x1, x2, · · · , xN )
and y → (y0, y1, y2, · · · , yN ), with N = 300. The time
steps τ = 0.1, other parameters are fixed as in expres-
sion (31).

We use the standard five-point approximation
for the 2D Laplacian with the zero-flux bound-
ary conditions.[62] More precisely, the concentrations
(Sn+1

i,j , In+1
i,j ) at the moment (n + 1)τ at the mesh po-

sition (xi, yj) are given by

Sn+1
i,j = Sn

i,j + τd1∆hSn
i,j + τf(Sn

i,j , I
n
i,j),

In+1
i,j = In

i,j + τd2∆hIn
i,j + τg(Sn

i,j , I
n
i,j),

with the Laplacian defined by

∆hSn
i,j =

Sn
i+1,j + Sn

i−1,j + Sn
i,j+1 + Sn

i,j−1 − 4Sn
i,j

h2
,

where h = L
N = 1

3 , f(S, I) and g(S, I) are defined in
Eq. (4).

Initially, the entire system is placed in the sta-
tionary state (S∗, I∗) and the propagation velocity of
the initial perturbation is thus on the order of 5×10−4

space units per time unit. And the system is then in-
tegrated for 105 or 106 time steps and some images
are saved. After the initial period during which the
perturbation spreads, the system either goes into a
time-dependent state, or to an essentially steady state
(time independent).

In the numerical simulations, different types of
dynamics are observed and we have found that the
distributions of susceptible and infected species are al-
ways of the same type. Consequently, we can restrict
our analysis of pattern formation to one distribution.
In this section, we show the distribution of susceptible
S for instance.

When the parameter is located in domain II in
Fig. 1, the so-called Turing space, the model dynam-
ics exhibits spatiotemporal complexity of Turing pat-
tern formation. In Fig.4, via numerical simulation, we
show typical stationary snapshots arising from ran-
dom initial conditions for several values of ν or µ.

In Fig. 4(a), Hπ-pattern, µ2 < µ = 0.0174748010
(corresponding to ν = 0.118), it consists of black (min-
imum density of S) hexagons on a white (maximum
density of S) background, i.e., isolated zones with low
population density. We call this pattern holes. In
this case, the infectious are isolated zones with high
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population density, that means, the epidemic may be
outbreak in the region.

In Fig. 4(b), when increasing µ to 0.0341277705
(ν = 0.116), a few of stripes emerge and the remainder
of the holes pattern remains time independent, i.e., it
is a stripes–holes pattern. This pattern is called Hπ-
hexagon-stripe mixture pattern, when increasing µ to
0.0591072247 (ν = 0.113), model dynamics exhibits a
transition from stripes–holes growth to stripes replica-
tion, i.e., holes decay and the stripes pattern emerges
(Fig. 4(c)).

In Fig. 4(d), µ = 0.1506985568 (ν = 0.102),
with increasing µ, a few of white hexagons (i.e.,

spots, associated with high population densities) fill

in the stripes, i.e., the stripes–spots pattern emerges.

This pattern is called H0-hexagon-stripe mixture pat-

tern, when increasing µ to 0.3172282516 > µ3 =

0.3114124327 (ν = 0.082), model dynamics exhibits

a transition from stripe–spot growth to spots repli-

cation, i.e., stripes decay and the spots pattern (H0-

pattern) emerges (Fig. 4(e)). Under the control of

these parameters, the infectious are isolated in zones

with low population density, that means the epidemic

may not outbreak in the region. In other words, in

this case, the region is safe.

Fig. 4. Five categories of Turing patterns of S in model (4) with parameters Rd = 1.8, R0 = 1.17, d1 = 0.01,

d2 = 0.25. (a) µ = 0.017474801 (ν = 0.118); (b) µ = 0.0341277705 (ν = 0.116); (c) µ = 0.0591072247 (ν = 0.113);

(d) µ = 0.1506985568 (ν = 0.102); (e) µ = 0.3172282516 (ν = 0.082). The iteration numbers are (a), (e) 200000;

(b), (c), (d) 100000.

From Fig. 4, one can see that values for the con-

centration S are represented in a grey scale varying

from black (minimum) to white (maximum). On in-

creasing the control parameter µ, the sequence Hπ

hexagons → Hπ-hexagon-stripe mixtures → stripes →
H0-hexagon-stripe mixtures → H0-hexagons can be

observed. Notably, in these cases, the distance to on-

set (i.e., µ) decreases when ν increases. That is to say,

on increasing the control parameter ν, the sequence

H0 hexagons → H0-hexagon-stripe mixtures → stripes

→ Hπ-hexagon-stripe mixtures → Hπ hexagons is ob-

served.

4. Conclusions and remarks

In summary, this study presents the Turing pat-
tern selection in a spatial epidemic model. The value
of this study is twofold. First, it establishes the am-
plitude equations for the excited modes, which deter-
mines the stability of amplitudes towards uniform and
inhomogeneous perturbations. Second, it illustrates
all five categories of Turing patterns close to the onset
of Turing bifurcation via numerical simulations which
indicates that the model dynamics exhibits complex
pattern replication.

In the epidemic model (1) or (4), with the
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fixed parameters Rd = 1.8, R0 = 1.17, for obtain-
ing the positive equilibrium, from condition (8), we
know ν > 0.08072174739, which corresponds to µ =
0.3278716024. That is to say, for model (4), the
normalized distance to onset is µ < 0.3278716024.
On the other hand, from the results of Fig. 1 and
Eq. (51), one can know that with the fixed param-
eters set (31), when ν > 0.1200987009 (correspond-
ing to µ = 0), i.e., parameters located in the domain
I in Fig. 1, the steady state is only the stable solu-
tion of model (4). Briefly, 0 < µ < 0.3278716024
(i.e., 0.08072174739 < ν < 0.1200987009), there ex-
hibits the emergency of Turing patterns (domain II in

Fig. 2).

In contrast to the results in Refs. [33] and [36–38],

we find that the spatial epidemic model dynamics ex-

hibits a diffusion-controlled formation growth not only

to stripes and stripes–spots but also to holes, stripes–

holes and spots replication. That is to say, the pat-

tern formation of the epidemic model is not simple,

but richer and complex.

The methods and results in the present paper may

enrich the research of the pattern formation in the

spatial epidemic model, or may be useful for other

reaction–diffusion systems.

Appendix A: The coefficients of the amplitude Eq. (15)

Set
Q =

√
d1R0 (d1R0 − d2R0 + 2 d2 − d1),

then the coefficients of the amplitude equations (15) are obtained as follows:

τ0 =
A1

A2
, (A1)

A1 = R0(d2R0 − 2 d1R0 − 3 d2 + d1 + 2 Q) (d1 − d1R0 + Q)(d1 − d2),

A2 = (12 d1
2d2 − 8 d1

3 − 4 d1d2
2)R0

4 + (−46 d1
2d2 + 20 d1

3 − 8 Qd1d2 + 8 Qd1
2 + 22 d1d2

2

+ d2
2Q)R0

3 + (52 d1
2d2 + 28 Qd1d2 − 38 d1d2

2 − 16 d1
3 − 6 d2

2Q − 16 Qd1
2)R0

2

+ (9 Qd1
2 − 18 d1

2d2 + 11 d2
2Q + 20 d1d2

2 + 4 d1
3 − 25 Qd1d2)R0 − Qd1

2 + 5 Qd1d2 − 6 d2
2Q.

Γ =
A3

A4
, (A2)

A3 = 2 R0 ((d2 − 2 d1)R0 + 2 Q − 3 d2 + d1)((8 d1d2 − 6 d1
2 − 2 d2

2)R0
2 + (8 d1

2 − 5 d2Q

+ 6 d1Q − 18 d1d2 + 7 d2
2)R0 − 5 d1Q + 7 d1d2 − 2 d1

2 + 8 d2Q − 6 d2
2,

A4 = (12 d1
2d2 − 4 d1d2

2 − 8 d1
3)R0

4 + (8 Qd1
2 − 46 d1

2d2 + 20 d1
3 + 22 d1d2

2 + d2
2Q

− 8 d1Qd2)R0
3 + (28 d1Qd2 + 52 d1

2d2 − 38 d1d2
2 − 6 d2

2Q − 16 d1
3 − 16 Qd1

2)R0
2

+ (4 d1
3 + 9 Qd1

2 − 25 d1Qd2 − 18 d1
2d2 + 11 d2

2Q + 20 d1d2
2)R0 − Qd1

2 − 6 d2
2Q + 5 d1Qd2.

g1 =
A5

A6
, (A3)

A5 = R0 (d1 + 2 Q − 2 d1R0 − 3 d2)(165 d1
3R0

2 − 111 d1R0
2Qd2 + 221 Qd1R0 d2

+ 471 d1R0
2d2

2 − 497 d1
2R0

2d2 − 732 d1d2
2R0 + 471 d1

2d2R0 + 360 d1d2
2 − 192 d1

2d2

− 66 Qd1d2 − 111 Qd1
2R0 + 108 Qd1

2R0
2 + 33 d2

2R0
2Q − 66 d2

2R0 Q + 32 d2
3R0

3

− 192 d2
3R0

2 + 32 d1
3 − 89 d1R0

3d2
2 − 89 d1

3R0 − 216 d2
3 + 360 d2

3R0 − 108 R0
3d1

3

+ 165 d1
2R0

3d2 + 45 d2
2Q + 33 Qd1

2),

A6 = 9 d1(12 d1
3R0

2 + Qd1
2 + 18 d1R0

2d2
2 − 34 d1

2R0
2d2 − 20 d1d2

2R0 + 18 d1
2d2R0

− 4 d1R0
3d2

2 − 4 d1
3R0 − 8 R0

3d1
3 + 12 d1

2R0
3d2 + 8 Qd1

2R0
2 − 8 d1R0

2Qd2 + 20 Qd1R0 d2

− 8 Qd1
2R0 + 6 d2

2Q − 5 d2
2R0 Q + d2

2R0
2Q − 5 Qd1d2)(R0

2 − 2 R0 + 1).
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g2 =
A7

A8
, (A4)

A7 = (12 d2
3 − 76 d1d2

2 − 60 d1
3 + 124 d1

2d2)(d2 − 2 d1)R0
5 + ((36 d2

2Q − 382 d1
2d2 + 124 d1

3

+ 324 d1d2
2 − 94 Qd1d2 + 60 Qd1

2 − 72 d2
3)(d2 − 2 d1) + (124 d1

2d2 − 76 d1d2
2 − 60 d1

3

+ 12d2
3)(2Q − 3 d2 + d1))R0

4 + ((324 d1
2d2 − 76 d1

3 + 240 Qd1d2 − 94 Qd1
2 − 408 d1d2

2

+ 135 d2
3 − 129 d2

2Q)(d2 − 2 d1) + (36 d2
2Q − 382 d1

2d2 + 124 d1
3 + 324 d1d2

2 − 94 Qd1d2

+ 60 Qd1
2 − 72 d2

3)(2Q − 3 d2 + d1))R0
3 + ((135 d1d2

2 − 72 d1
2d2 − 129 Qd1d2 − 81 d2

3

+ 12 d1
3 + 117 d2

2Q + 36 Qd1
2)(d2 − 2 d1) + (324 d1

2d2 − 76 d1
3 + 240 Qd1d2 − 94 Qd1

2

− 408 d1d2
2 + 135 d2

3 − 129 d2
2Q)(2Q − 3 d2 + d1))R0

2 + (+12 d1
3 − 129 Qd1d2 − 81 d2

3

+ 135 d1d2
2 − 72 d1

2d2 + 117 d2
2Q + 36 Qd1

2)(2Q − 3 d2 + d1)R0.

A8 = d1(12 d1
3R0

2 + Qd1
2 + 18 d1R0

2d2
2 − 34 d1

2R0
2d2 − 20 d1d2

2R0 + 18 d1
2d2R0 − 4 d1R0

3d2
2

− 4 d1
3R0 − 8 R0

3d1
3 + 12 d1

2R0
3d2 + 8 Qd1

2R0
2 − 8 d1R0

2Qd2 + 20 Qd1R0 d2 − 8 Qd1
2R0

+ 6 d2
2Q − 5 d2

2R0 Q + d2
2R0

2Q − 5 Qd1d2)(R0
2 − 2 R0 + 1).
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