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Analytical investigation on mean and turbulent
velocity fields of a plane jet*
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This paper analyses the downstream developments of the mean and the turbulent velocity fields of a plane jet.

Based on the conservation of mass and the conservation of momentum, the mean-velocity half width (reflecting the

jet spread rate) and the relative mass flow rate (jet entrainment) are related to the decay rate of the centreline mean

velocity. These relations are not subject to self-preservation. Both analytical and experimental results suggest that

the jet spread rate (K1) and the entrainment rate (K3) (and thus the decay rate K2) can be well estimated from the

centreline velocity, i.e., K1 ~ 0.6K2 and K3 o« K. The effect of initial mean velocity and RMS velocity profiles on the

downstream mean velocity field appears to be embodied in the constants K; Ko and K3. The analytical relationship

for the self-preserving Reynolds shear stress, obtained for the first time, works well.
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1. Introduction

This study is to analytically investigate the turbu-
lent flow-field characteristics of isothermal plane jets.
Such jet flows have received significant attention be-
cause of their simplicity in configuration and their fun-
damental significance as a basic flow for the turbulence
research.

The initial conditions of a plane jet are con-
ventionally defined to be the exit Reynolds number
R.(= UpH/~ with Uy, being the momentum-averaged
exit mean velocity, H being the nozzle height and ~
being the kinematic viscosity), the lateral exit profiles
of the mean velocity and the turbulence intensity, the
aspect ratio A, (= w/H with w being the long nozzle
width of the plane nozzle), the nozzle-exit geometric
profiles and the global density ratio of the jet fluid to
the ambient fluid. The downstream development of
the jet also depends on the boundary conditions, e.g.,
the presence or the absence of side walls for the plane
jet.

It has been widely accepted!! =22 that a jet issuing
into quiescent surroundings continuously re-adjusts
its dynamical behaviour relative to its initial state,
so that it asymptotically attains a self-similar state

in the far field. Previously this asymptotic state
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was expected to depend only on the rate of momen-
tum addition and to be independent of other initial
conditions.?3] That is the asymptotic growth rates of
all jets are universal and the asymptotic normalised
mass flow rates of all jets are identical, regardless
of any differences in jet initial conditions except for
the momentum addition rate and the exit Reynolds
number R.. However, this past view has later been
proved, both analytically and experimentally, to be
wrong (see, e.g., Refs. [1] and [2]). Self-preserving re-
lations for the half width and for the centreline mean
velocity of a plane jet were often checked by the meth-
ods in the previous work. However, the relationship
between the exit flow field and the details of the self-
similar state has not been investigated so far.

The objective of the present study is first to anal-
yse the statistical turbulent flow field of a free plane
jet based on the conservation of momentum and the
conservation of mass and then to verify the analytical
result with previous experiment results. Specifically,
we will examine the influences of the jet initial mean
velocity and the RMS velocity profiles on the down-
stream mean velocity field, on the entrainment rate

and on the Reynolds shear stress.
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2. Basic analysis

2.1. General case

Here we consider a turbulent free plane jet (Fig. 1)
that is statistically two-dimensional, stationary, in-
compressible and not subject to any external body
force.

potentialtransition
core

self-preservation

Fig. 1. Schematic view of a plane turbulent jet, with the

coordinate system and key notations presented.

Applying the principles of conservation of mass
and conservation of momentum to the jet passing
through the control volume, we obtain an equation

for the time-averaged stream-wise momentum

| o+ - wnay = [

oo —HJ2

H/2
po(UZ)dy, (1)

where the angular brackets denote the time averaging;
the subscript ‘o’ refers to the nozzle exit; U and u are
the stream-wise components of the instantaneous ve-
locity and the velocity fluctuation, respectively (note:
U= (U)+ u and (u)
ponent of the velocity fluctuation; p, is the density

= 0); v is the lateral com-

of the original jet fluid and p(x) is the fluid density
at position x, p = p, for incompressibility. Using
the local centreline velocities Uc(x) = (U)(x,0) with
Use = (U)(0,0), the local jet half-velocity width y; s,
at which (U)(x,y1/2) = 0.5U. and H as the normali-
sation scales, we can rewrite Eq. (1) as

Ayy12UZ = BLHUZ, (2)

where

A = / (f2 4 g11 — g22)dn,

— 00

with [ = (U)(@,0)/Ue, g1 = (a)(@,0)/UZ, 22 =
(W) (@,n) /U2 and 1 = y/yy2; Br = [117,€2()de

with e(§) = (U)(0,£)/Usc and & = y/H. Tt follows

that
2
Yz _ o (Yo
7o ( UC> ’ (3)

with 01 = BlAl_l.
the nozzle exit can be related with U, by

H/2
i

H/2

= f_lﬁz e(£)d€. Therefore, Eq. (3) may be

rewritten as
2
Y2 _ o (Y
2 _ g, (U) (5)

with Cy = By A] ' By 2.
From the practical point of view, one of the most

The bulk mean velocity through

:B2Uoc> (4)

where By

important parameters of the mean jet flow is the en-
trainment rate, which can be measured by the ratio of
the mass flow rate at « (M) to the initial counterpart
(M,), i.e., M, /M,. At the jet exit, the mean rate, at
which mass is added to the jet, can be expressed as

M, = poU,Hw. (6)

At distance x downstream from the jet exit, the mass
flow rate, which increases due to the jet entrainment,
becomes

e [ o

where Ay = [0 f(n)dn. It follows that the ratio
M, /M, can be expressed as (p = po)

(z,y)wdy = AzpyyjowlUec,  (7)

= Ay —=2— 8
M, = py H Uy ®
Substituting Eq. (3) or Eq. (5) into Eq. (8) leads to
M U
P o, 2o 9
M, U ©)
with Cg = (AQBl)(AlBQ)il, or
M, Up
=042 1
i, ~ 9, (10)

with Cy = (A2B1)(A1B3)~!. Note that relations
given in Egs. (3), (5), (9) and (10
to any conditions for the self-similarity of the flow, in

) are not subject

which f, g11 and g5 are all independent of x.

2.2. Similarity solutions

It has been long observed experimentally that
for the turbulent plane jet, all the lateral profiles

of the normalized mean velocity f = (U)/U. and
the Reynolds stresses g11 = (u?)(z,n)/UZ, g2 =

(v¥)(x,n)/U2% and g12 = {(uv) /U? as a function of
0 = y/y1 /2 become self-similar, i.e., independent of z,
as the flow proceeds sufficiently downstream into the
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far field. In such a self-similar far-field region, the use
of the self-similar profiles can reduce the boundary-
layer equation of the axial mean momentum (neglect-
ing the viscous term)

to an ordinary differential equation. Using (U) =
Uc(z)f(n), (w) = UZ(z)g12(n) and the continuity

equation

ou)  a{v) _
Ox + oy 0,
we obtain
o(U) _dU. U. dyiy2 ,
Ox N E‘f B y1/2 dx f ™
o) _ Ue ., 9uw)  Ulgi,

dy _y1/2 7 dy y1/2’

dy /2 dU. dy /2
nf —\y12 iz + Ue dr

dx

n
*d*
X/Of(n)n,

where a prime denotes the differentiation with respect

<V> =U.

to 1. Substituting the above terms into Eq. (11) leads
to the following ordinary differential equation:

Y172 AU 2o d(y1/2Uc) f
U. dzx U.dx

n
x / F0r7)dn* = —gl. (12)

Since the right-hand side is only a function of 7, so
should be the left-hand side.

square brackets must be independent of z; in other

Hence, the terms in

words,
Y12 dU. Ky
= — 1
U, dz 2’ (13)
d(y12Uec)  y12dU.  dyre Ky
©/ e e = — 14
U.,dzx U. dz + dz 2’ (14)

where Ky and K are experimental constants, depend-
ing only on initial conditions of the jet. It is derived
from Eq. (2) that

Yij2dUc _ 1dyip
U, dz 2 dz

(15)

We can obtain from Egs. (13) and (15) that K1 = —K)
and

(16)

where z, is the x location of the jet virtual origin and
the jet is assumed to spread linearly. By substituting
this linear relation into Eq. (5), we obtain

Uy 2 T — To
b)) =K 1
(UC> H (17)

with Ky = K;/C5. In addition, according to Eq. (10),
the normalised mass flow rate, M, /M,, can be ex-

pressed as

SIS
I
S
NJNH
~
[\v]
N
8
8
)
N———
—
~
)

T — 1/2
= (K3 H") , (18)

where the constant K3 = CZKQ is the slope of the lin-
ear (M, /M,)?, which is a measure of the entrainment
rate of the plane jet flow. With Egs. (14) and (15),
equation (12) can reduce to

n
P /O F(6)dE = 2K gl (19)

As indicated in Ref. [4], in the self-similar far-field re-
gion, the lateral profile of f = U/U, as a function of
n = y/y1/2 is independent of the initial velocity pro-
files. Thus it follows that the solution of Eq. (19) for
f should not be correlated with K7, which is possi-
ble only when g15 = KjA(n) with A independent of
K>. Previous measurements (e.g., Refs. [3] and [4])
have also consistently suggested that f can be well
approximated by the following Gaussian distribution
(see Fig. 5 in Section 3.2)

e 2, (20)

f(’i):a:

Substitution of this distribution into Eq. (19) leads to

g12(n) = %? = % {\/ 817;2erf (nm)

—G(n)\/7r1n2}, (21)

where
n 2
Gn) = / g€ M2arf (yvin2) dg,
0

and

n 2
erf(n) = %/o e S d¢

is the error function. The dependence of g12 on the
initial conditions of the jet is embodied in K;. The jet
spreading rate may vary with different initial velocity
profiles (see Section 3.1). Since the Reynolds shear
stress
(uv) = *%% = *%Ucf'
Y Yi/2
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or
Tt /

gi12 = —
Ucy1/2

with ~; being the turbulent viscosity, the normalized
viscosity can be expressed as

Y K, \/T/2 (
— = — erf \/21112)
T Ucyr/2 4nvIn 2 { 2In2 g

- ﬁaw} (22)

which obviously varies with Kj.

The total contributions of g1; and g2 to the
constant A; = ffooo (f? + g11 — go2)dn are generally
less than 4% (see Fig. 10 in Section 3.3), which is
much smaller than that (= 96%) of f. The contribu-
tion from f is independent of the initial conditions.
Hence, the initial condition effect on A; and As could
We therefore obtain that A; ~ 1.5
and Ay ~ 2.13 based only on f for all plane jets.
It follows that C; ~ 0.6643B,Cy ~ 0.6643B;B; 2,
C3 ~1.4142B, By *, and Cy ~ 1.4142B, B, *.

be negligible.

3. Analytic and experimental re-

sults

3.1. Dependence of constants B;, Bs,
C; — C, on initial profiles of mean
and RMS velocities

Figures 2 and 3 show previous measurements®*

of initial mean velocity e(€¢) = (U)/U,c and RMS ve-
locity h(€) = u'/U,c over the range —0.5 < y/H <
0.5. Although all previous mean exit velocity data
individually form a quasi top-hat profile, differences
between the profiles are evident due to the varying
initial conditions. The Reynolds number effect is ob-
vious on both e(§) and h(§). As R, increases, the exit
velocity profile becomes flatter and the horizontal re-
gion of uniformity widens.[*! It is also demonstrated in
Ref. [3] that the normalised mean velocity profiles do
not become identical even at R, = 7000, but become
nearly identical when R, > 10000. The dependence of
h(§) is more obvious.

Figure 3 indicates that there are discernible dif-
ferences presented in h = v’ /U, for the jets with dif-
ferent R, values. For the jet with R, = 3000, h
is approximately 0.42% at £ < 0.4 and approaches
a maximum (~6%) in the thin shear layer near the
edge (¢ > 0.4). For the jet with R, = 7000,

h is even lower (=~ 0.25%) both at & < 0.4 and
near the edges (~4%). Hence, h contributes very lit-

tle to the constant B (= f_1{32 (€2 + h2)d¢); namely,

B = fi{% e2d¢. For example, the contribution of A
to the case with R, = 3000 is about 0.36% and is less

than 0.2% for other cases considered.

1.2 1
1.0
0.8 F
— A
¥ )
0.6 = 3
° ]
v |
04 o [4 10000 —
- e [4 16500 A
0.2 polynomial 6Morder A
0 1 | | 1 |
—0.50 —0.25 0 0.25 0.50
3
Fig. 2. Distributions of exit mean velocity.
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Fig. 3. Distributions of exit turbulence intensity.

Figure 4 shows the results of B; (= f_1{32 e2d¢)
and By (= Llﬁz edf), together with their related
constants Cy ~ 0.6643B,Cy ~ 0.6643B,B, 2, C3 ~
1.4142B, By ', and Cy ~ 1.4142B,B; . The B; and
By are calculated with the velocity profiles e(§) from
Refs. [3] and [4]. We fit the experimental data points
of e(&) by integrating the polynomial, e.g., those from
Ref. [4] for R, = 7000 are well fitted by the 6'® or-
der polynomial. All the constants do not vary signifi-
cantly with R.. Interesting as well, there is little dif-
ference between the results related with Refs. [3] and
[4]. Since the nozzle configurations and the boundary
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conditions in Refs. [3] and [4] are quite different, we
can conclude that constants By, By and thus C1—Cjy
are all weakly correlated with the Reynolds number.
As demonstrated on the plot, we approximately obtain
that Cy = 0.6, Cy = 0.66, C5 = 1.34 and Cy = 1.28.
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Re/10%

Fig. 4. Values of By, Ba, and C7 — C4 for different pro-
files of e(§). Open symbols are results from Ref. [4]; closed
symbols are results from Ref. [3].

3.2. Mean velocity field

Figure 5 presents lateral distributions of f =
(U) /U, obtained at z/H = 50 in the self-similar region
by Deo et al.l¥ and Namar et al.?] for several Reynolds
numbers. As expected, when plotting f = (U)/U,
against 7 = y/y1 /2 all the data points collapse well no
matter how different the Reynolds numbers and other
initial conditions are. This implies that f is indepen-
dent of initial conditions. Figure 5 also demonstrates
that f can be well approximated by the Gaussian dis-
tribution f(n) = e~ 2,

T T T T T T T T
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v [3 4000
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L ° [4] 3000 |
v [4 7000
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S~ L * 16500
04~
0.2
0 L 1 L

Fig. 5. Lateral distributions of (U)/U. in the self-similar
region.

Figures 6(a) and 7(a) show, respectively, the half-
width of the mean velocity field and the centreline

mean velocity decay obtained by Namar et al.[] and
Deo et al.l Apparently, equations (16) and (17) are
well satisfied by almost all data for z/H > 10, suggest-
ing the establishment of the self-similarity of the mean
velocity field. Figures 6(b) and 7(b) demonstrate that
as R, increases, both K7 and Ky decrease.
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Fig. 6. (a) Dependence of the half width of the mean
velocity field on Reynolds number. (b) Dependence of Kj
on Reyonlds number.
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Fig. 7. (a) Inverse variation of the centreline mean veloc-
ity. (b) Dependence of K2 on Reyonlds number.
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Fig. 8. (a) Entrainment rates of plane jets obtained from
direct measurements (curves) and from indirect measure-
ments based on Eq. (10) (dots). (b) Dependence of K3 on
Reyonlds number.
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Figure 8(a) shows direct and indirect measure-
ments of the entrainment rates (M, /M,) of the tur-
bulent plane jets at various Reynolds numbers. Note
that the direct measurement data were obtained from
the integration of the lateral profiles of the mean ve-
locity, while those indirect data were estimated based

ratio U./Uy,). Quite obviously, the direct and the in-
direct results agree very well, thus validating Eq. (1)
implicitly. Figure 8(b) demonstrates that the jet with
smaller R, has higher entrainment rate K5, which may

be due to the more organized underlying large-scale

on Eq. (1) and Cy (based on the centreline velocity — structures.
Table 1. Comparison of K1, K2 and K3 obtained from different experiments.[3:4]
Re 300014 700014 1000014 1650014 10001] 200003 4000(3!
K 0.1220 0.1120 0.1050 0.0890 0.1576 0.120 0.1106
Ko 0.2010 0.1840 0.1730 0.150 0.2350 0.202 0.1933
K3 0.3260 0.2740 0.2460 0.2320 0.3940 0.3080

The experimental data of K;—K3 obtained from
Figs. 6-8 are plotted in Fig. 9. Also shown on the plot
is the ratio K /K>s. It is deduced from Egs. (16) and
(17) that Cy = K;1/K> and thus K; = CoKs. Ob-
viously, based on the data from Refs. [3] and [4], the
direct measurement results of Cy = K /K agree very
well with that calculated from Cy =~ 0.66433132_2 R
0.6 (see Fig. 4). In other words, once K5 has been
measured, K7 can be well estimated as K; ~ 0.6K5.
Similarly, K3 can be obtained approximately as K3 =
C3K,, where Cy ~ 1.414231352. Indeed, the analyt-
ical and the directly measured results are consistent
with each other as displayed on the plot.

0-9 T T T T | T T T T ‘ T T T T ‘ T T T T
| curves: analytical ]
| dots: measured 7
L Cy =0.6
o6 Lo oo
L B O =Ki/K> i
0.3 B Ks K2C3 i
L I A
0 L T I T T [ T TN T T N O N AN N N S| |
0 0.5 1.0 1.5 2.0

Re/10%

Fig. 9. Analytical and experimental results of Ca, K1—
K3: closed symbols from Ref. [3]; open symbols from
Ref. [4].

3.3. Reynolds stresses

Figures 10 and 11 show, respectively, lateral pro-
files of the normalized Reynolds normal stresses g11 =
(u?)(x,n) /U2, gaa = (v?)(x,m)/U? and the normal-
ized Reynolds shear stress gia = (uv) /U2 obtained

in the far-field region (x > 25H) by the previous

[3-5,7,10,14] Unfortunately, the previous

investigations.
stress data obtained by hot-wire measurements are
very scattering! The cause of this scattering is many-
fold, e.g., different initial and boundary conditions and
experimental errors. We believe the main cause is the

uncertainties of the hot-wire measurements.

0.08 T T T T T T
[ a E?.:D Sym. Ref. Re 1
Koo v v [14] 2800 ]|
0.06 = g11 [37 4,5, 14] L [5] 16000
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2 K o ™R o uAé . w  [3] 7000 |
. 4] 3000
2’ 004 ~_922 [BIN “o" ; {4} 7000 ]
= L « N4 4 o [4 10000 -
S i S \A . e [4 16500
L / N Wy i
o2 g22 [14] ~ \X‘D g L] ]
[ v ,
\ & =
[ N a7 | ] A
L NG v B
0 | | | | | S 4fog o o

Fig. 10. Lateral profiles of the turbulence intensity com-
ponents g11, g22 in plane jets.

Despite the problem, it can be deduced from
Fig. 10 that, in general, g11 is significantly larger than
g22. To validate Eq. (21) through the experimental
results, we estimate g2 by taking K; = 0.11 from
Refs. [5] and [14], 0.10 from Refs. [7] and [10]. The
results are presented in Fig. 11. Evidently, the predic-
tion of Eq. (21) for g12 with K7 = 0.11 and K; = 0.1
agrees well with the measurements of Ref. [5] and
Ref. [10] at n < 1. We also observe that the results of
Eq. (21) differ appreciably from the measurements of
Browne et al.[l and Heskestad!'¥ for K; = 0.10 and
K; = 0.11. We attribute this difference to the mea-
surement errors for two reasons. First, the measure-

ments for the mean velocity data shown in Fig. 5 are
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much more accurate than that for the Reynolds shear
stress (and also normal stresses). Second, Eq. (21)
is derived from the self-similar equation (19) and the
Gaussian distribution given in Eq. (20), which fits well
to the profile of U(y)/U.(x).
Eq. (21) is valid for estimating gi2 or the Reynolds

Hence, we believe that

shear stress based on the measured mean velocity field.

o Heskestad[4]

*° K;=0.11 o Sakai et al.[s][ ,
v Browne et al.[”
0.02 * Gordeyev et al.[10]
L o9 1
v
v o]
S v
> o

ooil [v K1 =0.10

Fig. 11. Lateral normalized profiles of the Reynolds shear
stress for /H = 40.

4. Summary

The present study has investigated the effect of
initial velocity profiles on the downstream velocity
characteristics of a turbulent free plane jet. We have
also analysed the velocity-field characteristics of the
jet based on the principle of momentum conserva-
tion, obtaining several relationships for the jet half-
width, the centreline mean velocity, the entrainment
rate the Reynolds shear stress and the turbulent vis-
cosity. Some of these relationships have been reported
previously, e.g., in Pope,[?* while the last one, equa-
tion (21) for self-preservation is given for the first time.

Based on the analytical results and the previous
measurements, the following main conclusions can be
drawn.

(i) Constants Bj, Bs in Egs. (3)—(5) and C1-Cy
in Egs. (3), (5), (9), (10) depend very weakly on the
exit Reynolds number and perhaps also on other ini-
tial conditions. Specifically, their values are estimated
to be 1 = 0.6, Cy ~ 0.66, C3 ~ 1.34 and Cy ~ 1.28.
It follows that the approximations

2 2
Y1/2 Usc Uy,
—= =~ 0.6 ~ 0.66 | —
H ( U. ) (Uc>

M’I‘ Uoc Ub
— =~ 1.34 ~ 1.28—
M, 3 U. 8UC

may be generally valid in the flow region downstream

and

from the potential core, which are not subject to the

establishment of the self-preservation. These approx-
imations have not been considered so far in the liter-
ature.

(ii) The effect of initial mean velocity and RMS
velocity profiles on the downstream mean velocity field
is embodied in Ky or K5 rather than By, B> and C{—
04.

(iii) The jet spread rate K; and the entrain-
ment rate K3 (and thus K») may be well estimated
from the measurement of the centreline velocity, i.e.,
K1 ~ 06K2 and K3 ~ C42K2

(iv) The newly-derived analytical relation given
in Eq. (21) works reasonably well to estimate the
Reynolds shear stress.
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