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An array of coupled cavities, each of which contains an N four-level atom, is investigated. When cavity fields

dispersively interact with the atoms, an effective Bose–Hubbard model can be achieved. By numerically comparing

the full Hamiltonian with the effective one, we find that within the parameters region, the effective Hamiltonian can

completely account for the Mott-insulator as well as the phase transition from the similar Mott-insulator to superfluid.

Through jointly adjusting the classical Rabi frequency and the detuning, the nonlinearity can be improved.
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1. Introduction

Over the past ten years, quantum entang-
lement[1−7] and quantum nonlinearity[8−16] have
aroused people’s interest dramatically. Strong non-
linear interaction between photons yields an attract-
ing phenomenon, photon blockade,[10,17] where a sin-
gle photon in a cavity can block the injection of the
second one. Unfortunately, photons tend to inter-
act only weakly, thus enhancement of photon–photon
interaction at the few-photon level is a challenge in
quantum optics. To improve the nonlinearity of the
photon, Imamoğlu et al.[9,10] have proposed a scheme
for atoms with a level structure considered in electro-
magnetically induced transparency (EIT)(see Fig. 1,
ε = δ = 0). Grangier et al.[12] clarified it when this
is strictly a photon–photon interaction. Soon after,
Werner and Imamoğlu[13] reinvestigated the system
based on the exact eigenstates and found that large
detuning δ affects the photon blockade when the EIT
phenomenon emerges.

As is well known, controlling the interactions of
solid state material in experiment is very difficult ow-
ing to their microscopic property. Thus, simulation of
the microscopic interactions with artificial structure
is a hot research field because this kind of artificial
structure can be accessed and manipulated individu-
ally. Most recently, interests have arisen for an array
of coupled cavities because spin chain,[18−21] Bose–
Hubbard interaction and superfluid-to-Mott-insulator

quantum phase transition can be simulated in these
structures.[14,17,22] In Ref. [17], Hartmann et al. em-
ployed a polariton technique to investigate the non-
linearity of photon and to simulate Bose–Hubbard in-
teraction. Under strong classical driven conditions,
the dark state polariton (joint atomic-photonic excita-
tion) becomes photon. They obtained effective photon
nonlinearity which is exactly the same with the reso-
nant case in Ref. [10]. Thus, Imamoǧlu relaxed a re-
stricting assumption and increase achievable photon–
photon interaction by at least one order of magnitude.
However, due to the limitation of the dark state po-
lariton method, the effective Hamiltonian (expression
of U) in Ref. [17] still has no relation with detuning δ,
although in their numerical simulation they compare
the full Hamiltonian with large δ with the effective
Hamiltonian without the parameters δ.[14,17]

The detuning δ definitely affects Kerr nonlinear-
ity as it has been shown in Refs. [12] and [13] that the
dispersion can affect the photon antibunching so as to
affect the photon blockade.[13] In this paper, we aim
at achieving an effective Hamiltonian corresponding
to dispersive interaction in a coupled cavity system
which has not been studied before. By careful adia-
batic elimination of all atomic degrees of freedom, we
obtain an effective Bose–Hubbard model which con-
tains all parameters and corresponds to the one and
the only full Hamiltonian. We analyse the effect of the
detuning δ on the Kerr nonlinearity and find that the
large value of the detuning can slightly enhance the
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Kerr nonlinearity which is reverse to the nonlinearity
decreasing with the increasing of classical Rabi fre-
quency. By comparing the full Hamiltonian with the
effective one, we find that within the parameters re-
gion the effective Hamiltonian can completely account
for the Mott-insulator as well as the phase transition
from Mott-insulator to superfluid.

2. Model and the effective Hamil-

tonian

We consider an array of cavities which are cou-
pled via the exchange of photons. Each of the cavities
contains N four-level atoms. The atomic configura-
tion is shown in Fig. 1, which is of the same struc-
ture with EIT.[10,11,17] The cavity mode couples to the
transitions |b〉 ↔ |a〉 and |d〉 ↔ |c〉 while the classical
laser drives the atomic transitions |c〉 ↔ |b〉 with Rabi
frequencies Ω. Here, we still consider ε = 0, which
shows that it is the two-photon resonance and the
EIT phenomenon emerges. In a rotating frame, with

respect to H0 =
N∑

j=1

[ ∑
s=a,b,c,d

ωs(|sj〉〈sj |)− δ|bj〉〈bj | −

∆|dj〉〈dj |
]
+ ωa†a, the Hamiltonian within one cavity

is

Hfullc = H1 + H2, (1)

with

H1 =
N∑

j=1

[δ|bj〉〈bj | + Ω(|bj〉〈cj | + h.c.) (2)

+∆|dj〉〈dj |],

H2 =
N∑

j=1

[g1a
†|aj〉〈bj | + g2a

†|cj〉〈dj | + h.c.)], (3)

where gi is the coupling strength between the cavity
and the atoms, ∆ and δ represent the detuning shown
in Fig. 1, and a is the annihilation operator of the
cavity field. In the strong classical driving regime, i.e.,

Fig. 1. The configuration of the four-level atom.

|Ω| À |gi|, we switch into the dressed state picture
determined by H1. The eigenstates are

|±j〉 =
1√

Ω2 + λ2
±

(λ±|bj〉 + Ω|cj〉), (4)

where

λ± =
δ

2
±

√
δ2 + 4Ω2

2
. (5)

Performing the transformation

H3 = ei H1tH2 e− i H1t,

we have

H3 =
N∑

j=1

{g1a
†|aj〉

(√
λ2

+ + Ω2

λ+ − λ−
e− i λ+t〈+j |

−

√
λ2
− + Ω2

λ+ − λ−
e− i λ−t〈−j |

)

+ g2a
†[
−λ−

√
λ2

+ + Ω2

Ω(λ+ − λ−)
ei(λ+−∆)t|+j〉

+
λ+

√
λ2
− + Ω2

Ω(λ+ − λ−)
ei(λ−−∆)t|−j〉]〈dj | + h.c.}, (6)

where √
λ2
± + Ω2/(λ+ − λ−)

and
λ±

√
λ2
± + Ω2/[Ω(λ+ − λ−)]

are the probability amplitude of wave function so that
they are less than one. If |λ±| À g1, |λ± − ∆| À g2,
with the method of effective Hamiltonian theory,[23]

the Hamiltonian effectively equals

H4 =
N∑

j=1

−V a†a|aj〉〈aj | − Paa†|dj〉〈dj |

+ Ω̄g1g2(a†2|aj〉〈dj | e− i ∆t + h.c.), (7)

where

V =
g2
1

(λ+ − λ−)2

(
λ2

+ + Ω2

λ+
+

λ2
− + Ω2

λ−

)
,

P =
g2
2

Ω2(λ+ − λ−)2

[
λ2
−(λ2

+ + Ω2)
λ+ − ∆

+
λ2

+(λ2
− + Ω2)

λ− − ∆

]
, (8)

Ω̄ =
1

2Ω(λ+ − λ−)2

[
(λ2

+ + Ω2)
(

λ−

λ+
+

λ+

λ− − ∆

)
+(λ2

− + Ω2)
(

λ+

λ−
+

λ−

λ+ − ∆

)]
.

We assume that initially the atoms are not populated
at |±〉 (i.e. no population at the bare states |b〉 and
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|c〉). In Eq. (7), we have omitted the terms taken ac-
tion on the atomic state |±〉. The first line in Eq. (7)
stands for Stark shifts on the levels |aj〉 and |dj〉 and
the second line means that the jumping from |dj〉 to
|aj〉 creats two photons, vice versa. Thus, we see that
the nonlinear process exists in the Hamiltonian.

Because of the large value of Ω, |∆| À Ω̄g1g2

(Ω̄ ≈ 1/Ω) can be satisfied. Therefore, we can use
the effective Hamiltonian theory once more and adia-
batically eliminate the excited state |d〉 in Eq.(7). If
the atoms are initially in its ground state |a〉, finally
we obtain the effective Hamiltonian as

Heffc = Ua†2a2 + NV a†a, (9)

with

U = −N(Ω̄g1g2)2

∆
. (10)

If ∆ < 0, U will be the onsite repulsive potential
and for ∆ > 0, U stands for attractive interaction.
The effective Hamiltonian (9) contains all parameters,
which means that it can be the unique correspondence
to the full Hamiltonian Eqs. (1)–(3) at least in the as-
pect of containing all the parameters. We will show
the validity of the effective Hamiltonian by comparing
it with the full Hamiltonian numerically in the next
section.

If δ = 0, from Eq. (8), when |Ω| À |∆|, Ω̄ ≈ 1/Ω;
then we can deduce U = −N(g1g2)2/∆Ω2, which is
exactly the same as that in Refs. [10] and [17]. There-
fore, our result can be reduced to the resonance case.
During the deduction of dispersive Hamiltonian (7),
adiabatic elimination conditions are summarized as

|Ω| À |gi|,

|λ±| À g1, |λ± − ∆| À g2,

|∆| À Ω̄g1g2, (11)

which are the parameters region. Hereafter, we will
work on the parameters region.

The variations of repulsive potential U with δ and
Ω are shown in Fig. 2. We see that with the increase
of Ω, the value of U decreases, which corresponds to
that in Refs. [10] and [17]. However, with the increase
of δ, the repulsive potential increases a little. Thus,
large value of δ will not reduce the Kerr nonlinearity,
on the contrary, it can enhance U a little. Undoubt-
edly, before we verify the effective Hamiltonian, the
correctness of the effect of detuning δ should be illus-

trated from the full interaction rather than from the
expression of U . We will show it in the next section.

Fig. 2. The variations of onsite repulsion U (a) with

Rabi frequency of classical pumping for δ = 1011 Hz, (b)

with δ for Ω = 10
√

Ng1. The parameters are N = 1000,

g1 = g2 = 2.5 × 109 Hz, ∆ = −1.25 × 109 Hz.

3. Numerical results for coupled

cavities

Now, we consider a coupled array of cavities with
the photon hopping term

Hh = J
∑

s

(a†
sas+1 + h.c.), (12)

where
∑

s is the sum of all cavities and J is the over-
lap integral over the nearest neighboring cavity. If
every cavity is with the same frequency and the con-
dition min{|Ω|, |λ±|, |λ± − ∆|,∆} À J is satisfied,
the above deduction procedures are still held. Com-
bining Eq. (9) with Eq. (12), we finally have the total
effective Hamiltonian of the coupled array system

Heff =
∑

s

Ua†2
s a2

s + NV a†
sas

+J
∑

s

(a†
sas+1 + h.c.). (13)

We see that the effective Hamiltonian is the Bose–
Hubbard model.

To verify the correctness of our effective Hamilto-
nian, we present a numerical simulation by comparing
the effective Hamiltonian Eq. (13) with the full Hamil-
tonian, Hfulls =

∑
s Hfullc + Hh (the summation over

Eq. (1) plus Eq. (12)). We consider two coupled cav-
ities, each of which contains one photon and all the
atoms are in their ground state, i.e., the system state
is |1a, 1a〉 (the nonlinearity will have effects) . The dy-
namic evolution of effective Hamiltonian Eq. (13) in
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subspace |2, 0〉, |1, 1〉, |0, 2〉 can be done easily. How-
ever, for Hfulls, we need to find the subspace of Hfulls.
Because the two excitations are involved in the evo-
lution process, the subspace bases become a bit more
complicated. We give the bases and the matrix of
Hamiltonian in Appendix A.

We first discuss the effects of detuning δ and
the classical Rabi frequency Ω on the validity of the
Hamiltonian Eq. (13). Figure 3(a) shows the mean
photon number in cavity one n1 = 〈a†

1a1〉 for ef-
fective Hamiltonian as well as for the full Hamilto-
nian with several values of δ. For all the lines in
Fig. 3(a), Ω = 20

√
Ng1. For effective Hamiltonian

Eq. (13), n1 always keeps one. Only when the detun-
ing δ = 1011 Hz, the full model can be equal to the
effective one. For δ = 106 Hz, we see that the detuning
changes the behavior of the system greatly, which can
be interpreted as the repulsive interaction decrease
due to the decreasing of detuning δ, corresponding to
that shown in Fig. 2(b). Figure 3(b) shows the effect
of Ω on the effectiveness of the effective Hamiltonian
Eq. (13). For all the lines in Fig. 3(b), δ = 106 Hz.
If the detuning keeps its value of 106 Hz, we must
increase Ω greatly so as to keep the validity of the
effective Hamiltonian.

Fig. 3. Comparison of mean photon number n1 between

the effective Hamiltonian (dotted line) and full Hamilto-

nian for several value of δ (a) as well as Ω (b). The

parameters are N = 1000, g1 = g2 = 2.5 × 109 Hz,

∆ = −1.25×109 Hz, J = 6×105 Hz. (a) The δ = 1011 Hz,

107 Hz and 106 Hz are corresponding to the solid, dash-

dot and dashed lines; (b) the Ω = 280
√

Ng1, 100
√

Ng1,

20
√

Ng1 are corresponding to the solid, dash-dot and

dashed lines.

We divided the function of δ and Ω into two cases:
1) If the Rabi frequency Ω is extremely large (larger
than g (∆) for four orders or more), for small value
of δ (even if δ = 0), the nonlinear two-photon process
can still exist, as shown in Fig. 3(b). In our numer-
ical calculation, we find that if δ = 0, only when Ω

is as high as 400
√

Ng1 does the effective model equal
the full model. This case is discussed in Ref. [10]. 2)
If Ω is moderately large (larger than g (∆) for two
or three orders), for example 20

√
Ng1 as shown in

Fig. 3(a) and in Ref. [17], large value of δ can still
keep the correctness of effective Hamiltonian. In the
other words, large detuning favors the happening of
two-photon process. We now explain it from a mathe-
matical as well as a physical point of view. See Eqs. (5)
and (11), for extremely large Ω, λ± ≈ ±Ω (for zero or
small δ), the condition |λ± −∆| À g2 can be satisfied
very well. However, for not large enough Ω, if δ = 0,
both λ+ −∆ and λ− −∆ cannot be much larger than
g2, while the large value of δ can help to improve λ+ so
that λ+−∆ À g2 will be satisfied very well (nonlinear
process needs at least one of the terms associated with
ei(λ+−∆)t and ei(λ−−∆)t being treated adiabatically,
see Eq. (6)). From physical point of view, no popula-
tion at levels |b〉 and |c〉 is the condition for the exis-
tence of two-photon nonlinear process. Large Ω and
δ can cooperate to do it. Very high Rabi frequency Ω

can make no population at levels |b〉 and |c〉. When the
classical Rabi frequency Ω is not extremely large, if δ

is not large enough, atoms may populate at level |b〉 so
that the jumping from |d〉 to |a〉 may be divided into
two one-photon process; but if δ are very high, the
large detuning can also make no population at level
|b〉; thus the nonlinear two-photon process definitely
happen and we have large value of U . We conclude
that large δ and Ω is desirable for the happening of
the nonlinear process. However, they play different
roles in affecting the nonlinearity interaction U . As is
well known, large value of Ω decreases U while large
value of δ reversely increases it. If we improve Ω for
one order, U will decrease two orders (based on the pa-
rameters of Fig. 3). However, if we keep Ω moderately
large and increase δ, we can increase U at least two
orders. Thus, in order to enhance the nonlinearity, we
should choose moderately large Ω and δ together.

Since we have made clear the role of detuning
and classical pumping, we choose reasonable param-
eters Ω and δ to show the Mott phase in a cou-
pled cavities system. If the onsite repulsion is larger
than the hopping rate, i.e., U À J , photons are iso-
lated in their own cavities, that is to say, the sys-
tem is in Mott-like phase. Adopting the parameters
in Fig. 4 (dashed line), we have the onsite repulsion
U = 1.25 × 107 Hz. The condition U À J is approxi-
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mately satisfied, thus in Fig. 4, we see that the mean
photon number n1 = 〈a†

1a1〉 from full Hamiltonian for
δ = 1011 Hz (solid line) is almost one and the fluc-
tuation F1 = 〈(a†

1a1)2〉 − 〈a†
1a1〉2 is relatively small,

which means that the double occupancies of a cavity
are strongly suppressed and the system is in the Mott
insulator phases. Noticing that there is little differ-
ence between the full model and the effective one, we
know that the effective Hamiltonian can account for
the interaction of the full system.

Fig. 4. Comparison of mean photon number n1 and the

fluctuation F1 between the effective Hamiltonian (dotted

line) and full Hamiltonian (solid line), where we choose

δ = 1011 Hz, Ω = 20
√

Ng1, and the other parameters are

the same as that in Fig. 3.

Now, we discuss the case of quantum phase tran-
sition. In Fig. 5(a), we let the Rabi frequency of clas-
sical field Ω change from 25

√
Ng1 to 100

√
Ng1 with

time evolution. Figure 5(b) shows the time evolution
of the effective repulsion U as well as the hopping rate
J . We see that with the increasing of Ω, the value of U

decreases (corresponding to Fig. 2(a)) and the relation
between U and J changes from U > J to U < J . Al-
though the mean photon number approximately keeps
fixed, its fluctuation becomes larger when the value of
U is decreased. Thus, the photon can freely jump be-
tween adjacent cavities which means it is now in a
superfluid phase. Therefore, by adjusting the value
of Rabi frequency, the system can receive a phase
transition similar to the phase transition from Mott-
insulator to superfluid. Little difference between full
model and effective model is shown in Figs. 5(c) and
5(d), which can further verify the correctness of our
effective Hamiltonian.

During the above discussion, to compare the ef-
fective model with the full model easily, we have ne-
glected the loss of the cavity and atoms. Owing to
strong classical driving and large detuning, no popula-
tion is at the excited states, so the atomic spontaneous
emissions are much less and can be ignored. The loss

of the system mainly results from the cavity decays.
To generate sufficiently larger nonlinearity (exceeding
the decays rate), from Eq. (10), we know that the
strong coupling gi is still needed, the larger the cou-
pling, the larger the nonlinearity. For the parameters
of Fig. 3, the coupling gi should be 3 or 4 orders of
magnitude higher than the cavity decay rates if we
need the repulsion U to be 1 or 2 orders of magnitude
higher than the cavity loss rate. For toroidal micro-
cavities, the Q factor can be as high as 108,[24−27]

for which gi/Γc ∼ 104;[17] thus the repulsive potential
U being 1 or 2 orders of magnitude higher than the
cavity loss rate can be achieved. In addition, larger
number of atoms can also improve the nonlinearity.

Fig. 5. The time variations of (a) Rabi frequency Ω, (b)

the effective repulsive potential U and hopping rate J as

well as their relation, (c) the mean photon number and

(d) their fluctuation for full model (dotted line) as well

as for effective model (solid line). The parameters are

N = 1000, g1 = g2 = 2.5 × 109 Hz, ∆ = −2.5 × 109 Hz,

J = 0.4 × 106 Hz, δ = 1011 Hz.

4. Conclusion

We have achieved an effective Hamiltonian corre-
sponding to dispersive interaction in a coupled cav-
ities system. By careful adiabatic elimination of all
atomic degrees of freedom, we obtain an effective
Bose–Hubbard model, which contains all parameters
and corresponds to the one and the only full Hamil-
tonian. By comparison between the full Hamiltonian
with the effective one, we find that within the pa-
rameters region, the effective Hamiltonian can com-
pletely account for the Mott-insulator as well as the

074205-5



Chin. Phys. B Vol. 20, No. 7 (2011) 074205

phase transition similar to the phase transition from
Mott-insulator to superfluid. We analyse the effects of
detuning δ and Rabi frequency Ω on the Kerr nonlin-
earity and find that high Rabi frequency Ω decreases
the two-photon nonlinearity while the large value of
detuning δ can slightly improve it. Thus, by adjust-
ing Ω and δ together, we can improve the nonlinearity,
compared with the resonant case.

Appendix A

We give the detailed calculation of the density
matrix of two-mode fields here.

For the zero excitation subspace,

|0a〉 = |0〉 ⊗
N∏

j=1

|aj〉. (A1)

For the one excitation subspace,

|1a〉 = |1〉 ⊗
N∏

j=1

|aj〉,

|0b〉 = |0〉 ⊗ 1√
N

N∑
j=1

| · · · bj · · · 〉,

|0c〉 = |0〉 ⊗ 1√
N

N∑
j=1

| · · · cj · · · 〉. (A2)

For the two excitation subspace,

|2a〉 = |2〉 ⊗
N∏

j=1

|aj〉,

|1b〉 = |1〉 ⊗ 1√
N

N∑
j=1

| · · · bj · · · 〉,

|1c〉 = |1〉 ⊗ 1√
N

N∑
j=1

| · · · cj · · · 〉,

|0bb〉 = |0〉 ⊗

√
2

N(N − 1)

N∑
i 6=j=1

| · · · bi · · · bj · · · 〉,

|0bc〉 = |0〉 ⊗

√
1

N(N − 1)

N∑
i 6=j=1

| · · · bi · · · cj · · · 〉,

|0cc〉 = |0〉 ⊗

√
2

N(N − 1)

N∑
i 6=j=1

| · · · ci · · · cj · · · 〉,

|0d〉 = |0〉 ⊗ 1√
N

N∑
j=1

| · · · dj · · · 〉. (A3)

For the initial state |1a, 1a〉, the two cavities sys-
tem will have 23 base vectors. We enumerate these

states as |2a, 0a〉, |1b, 0a〉, |1c, 0a〉, |0bb, 0a〉, |0bc, 0a〉,
|0cc, 0a〉, |0d, 0a〉, |1a, 1a〉, |0b, 1a〉, |0c, 1a〉, |1a, 0b〉,
|0c, 0b〉, |1a, 0c〉, |0c, 0c〉, |0b, 0b〉, |0b, 0c〉, |0a, 2a〉,
|0a, 1b〉, |0a, 1c〉, |0a, 0bb〉, |0a, 0bc〉, |0a, 0cc〉, |0a, 0d〉,

H1,2 = H8,9 = H8,11 = H9,15 = H10,12

= H11,15 = H13,16 = H17,18 =
√

Ng1,

H1,8 = H8,17 =
√

2J,

H2,2 = H5,5 = H9,9 = H11,11 = H12,12 = H16,16

= H18,18 = H21,21 = δ,

H2,3 = H9,10 = H10,10 = H11,13 = H12,14

= H12,15 = H14,16 = H15,16 = H18,19 = Ω

H2,4 = H18,20 =
√

2(N − 1)g1,

H2,9 = H3,10 = H11,18 = H13,19 = J,

H3,5 = H19,21 =
√

N − 1g1,

H3,7 = H19,23 = g2,

H4,4 = H15,15 = H20,20 = 2δ,

H4,5 = H5,6 = H20,21 = H21,22 =
√

2Ω,

H7,7 = H23,23 = ∆,

H8,9 = H8,11 = H9,15 = H10,12 = H11,15

= H13,16 = H17,18 =
√

Ng1. (A4)

Except the complex conjugate of the elements in (A4),
the others matrix elements of the two cavities Hamil-
tonian are all zero.
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