
Chin. Phys. B Vol. 20, No. 7 (2011) 074204

Time evolution of distribution functions
in dissipative environments∗

Hu Li-Yun(�|�)a)†, Chen Fei(� �)a),

Wang Zi-Sheng(�]))a), and Fan Hong-Yi(�öÂ)b)

a)College of Physics and Communication Electronics, Jiangxi Normal University, Nanchang 330022, China

b)Department of Physics, Shanghai Jiao Tong University, Shanghai 200030, China

(Received 19 November 2010; revised manuscript received 6 January 2011)

By introducing the thermal entangled state representation, we investigate the time evolution of distribution func-

tions in the dissipative channels by bridging the relation between the initial distribution function and the any time

distribution function. We find that most of them are expressed as such integrations over the Laguerre–Gaussian func-

tion. Furthermore, as applications, we derive the time evolution of photon-counting distribution by bridging the relation

between the initial distribution function and the any time photon-counting distribution, and the time evolution of R-

function characteristic of nonclassicality depth.
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1. Introduction

Decoherence is an important topic in the fields
of quantum optics, quantum computing and quantum
information processing. It usually happens when a
system is immersed in a thermal environment, or a
signal (a quantum state) through a quantum channel,
and is described by a master equation (ME) which
is set up for a better understanding of how quantum
information is processed.

Usually, an ME is solved by transforming it into
a partial differential equation for either the char-
acteristic function or a quasi-probability distribu-
tion (Fokker–Planck equation or Langevin equation),
which is not suitable for any initial density opera-
tor. For different quantum optical systems, Moya-
Cessa solved the above problem by using superoper-
ator techniques,[1] which bring the ambiguity as re-
garding the explicit operator-form. By introducing a
fictitious mode as a counterpart mode of the system
mode under review,[2−5] we construct the thermal en-
tangled state representation (TESR) |η〉, which can
arrange MEs of density operators in quantum statis-

tics as state-vector evolution equations due to the el-
egant properties of |η〉. In our approach, therefore,
many MEs can be concisely solved. Thus the TESR
is beneficial to quantum decoherence theory.

On the other hand, phase-space representations
are of considerable theoretical interest because they
constitute a framework within which the formal dif-
ferences between quantum and classical mechanics are
minimized and they provide an important framework
within which the transition from quantum to classical
physics can be understood.[6,7] In addition, distribu-
tion functions (such as Wigner-, Q- and P-functions)
in phase space have been a major topic in studying
quantum mechanics and quantum statistics. For ex-
ample, the P-function is used to define the R-function
which is continuous interpolation between Q and P
functions, and can be used as a measure of nonclassi-
cality of quantum states.[8] To the best of our knowl-
edge, however, the time evolution of distribution func-
tions (DFs) in dissipative environments, especially
for the time evolution of photon-counting distribution
and R-function, has not been derived analytically in
literature up to now.
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In this paper, we will investigate the time evolu-
tion of DFs, including that of photon-counting distri-
bution and R-function, in the dissipative channels by
using the TESR. Our paper is arranged as follows. In
Section 2, we briefly review the characteristic function
(CF) formula in the TESR. In Sections 3 and 4, we
derive the evolution formulas of Wigner-, Q- and P-
functions for amplitude damping channel and thermal
channel, respectively, i.e., bridge the relation between
the initial DF and the any time DF. It is shown that
most of them are expressed as such integrations over
Laguerre–Gaussian function. Section 5 is devoted to
applications of these evolution formulas, involving the
time evolution of photon-counting distribution and R-
function. Conclusions are drawn in the last section.

2. Characteristic function for-

mula in thermal entangled

state representation

Recall that the TESR is constructed in the dou-
bled Fock space[9,10] based on Umezawa–Takahash
thermo field dynamics (TFD),[11−13] i.e.,

|η〉 = exp
(
−1

2
|η|2 + ηa† − η∗ã† + a†ã†

) ∣∣0, 0̃
〉

= D (η) |η = 0〉 , (1)

where D (η) = eηa†−η∗a is the displacement opera-
tor, and ã† is a fictitious mode accompanying the real
photon creation operator a†,

∣∣0, 0̃
〉

= |0〉
∣∣0̃〉

, and
∣∣0̃〉

is annihilated by ã with the relations
[
ã, ã†] = 1 and[

a, ã†] = 0. It is easily seen that |η = 0〉 has the prop-
erties of

|I〉 ≡ |η = 0〉 = ea†ã† ∣∣0, 0̃
〉

=
∞∑

n=0

|n, ñ〉 , (2)

where ñ = n, and ñ denotes the number in the ficti-
tious Hilbert space, and

a |η = 0〉 = ã† |η = 0〉 ,

a† |η = 0〉 = ã |η = 0〉 ,(
a†a

)n |η = 0〉 =
(
ã†ã

)n |η = 0〉 .

(3)

Note that density operators ρ(a†, a) are defined in the
real space which are commutative with operators (ã†,
ã) in the tilde space.

Next we first bridge the relation between the CF
and the entangled state representation 〈η|. Accord-
ing to the TFD theory, the CF of density operator ρ,

χS (λ, λ∗) = tr(ρ eλa†−λ∗a), can be calculated as

χS (λ) =
∞∑

m,n

〈n, ñ| eλa†−λ∗aρ |m, m̃〉

= 〈η = 0|D (λ) |ρ〉

= 〈η = −λ| ρ〉 , (4)

or

χS (λ) =
∞∑

m,n

〈n, ñ| ρ eλa†−λ∗a |m, m̃〉

= 〈ρ| η = λ〉 , (5)

where |ρ〉 ≡ ρ |I〉 . Equation (4) or (5) is the CF for-
mula in TESR, with which the CF of density operator
is simplified as an overlap between two pure states in
enlarged Fock space, rather than using ensemble av-
erage in the system-mode space. Thus we can then
simplify the calculation of χS (λ) by virtue of some
important properties of the entangled state represen-
tation 〈η| . For example, for the coherent state 〈α|,
|ρ〉 ≡ |α〉 〈α| I〉 = |α, α̃∗〉 = D (α) D̃ (α∗)

∣∣0, 0̃
〉
, thus

the CF of 〈α| is given by χS (λ) = 〈η = −λ| α, α̃∗〉 =
exp(− |λ|2 /2 + λα∗ − λ∗α). In addition, further
using the (inverse-) Fourier transformations relation
between the CF and the quasi-probability functions
(QPFs), such as W-, Q- and P-functions, one can ob-
tain these QPFs.

3. Evolution formulas of Wigner-,

Q- and P-functions for ampli-

tude damping channel

In this section, we consider the time evolution of
Wigner-, Q- and P-functions for amplitude damping
channel, (dissipation in a lossy cavity) described by
the following ME:[14]

dρ

dt
= κ

(
2aρa† − a†aρ − ρa†a

)
, (6)

where κ is the rate of decay. Operating Eq. (6) on the
vector |I〉 and using Eq. (3), we can reform Eq. (6)
as[5]

d
dt

|ρ〉 = κ
(
2aã − a†a − ã†ã

)
|ρ〉 , (7)

thus the formal solution of Eq. (7) is

|ρ (t)〉

= eκt(aã−ã†a†+1) e(1− e2κt)(a†−ã)(a−ã†)/2 |ρ0〉 , (8)
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where we have used the operator identity[15]

eλ(A+σB) = eλA exp
[
σ

(
1 − e−λτ

)
B/τ

]
, (9)

which is valid for [A,B] = τB. Then projecting Eq. (8)
on 〈η|, and noticing exp

[
κt

(
aã − ã†a†)] as the two-

mode squeezing operator,[16]

〈η| exp
[
κt

(
aã − ã†a†)] = e−κt

〈
η e−κt

∣∣ , (10)

as well as the eigen-equations of |η〉, i.e.,

(a − ã†) |η〉 = η |η〉 , (a† − ã) |η〉 = η∗ |η〉 ,

〈η| (a† − ã) = η∗ 〈η| , 〈η| (a − ã†) = η 〈η| , (11)

we can obtain

〈η |ρ (t)〉 = e−(1/2)T |η|2
〈
η e−κt

∣∣∣ρ0

〉
,

T = 1 − e−2κt. (12)

Note the relation between the CF and the TESR in
Eq. (4), we can recast Eq. (12) into

χS (λ, t) = e−(1/2)T |λ|2χS

(
λ e−κt, 0

)
, (13)

which is just the relation between the any time CF
and the initial CF in amplitude damping channel.

3.1.The time evolution of Wigner func-

tion (WF)

Using the Fourier transformations of CF χS (λ)
and the WF, i.e.,[17]

W (α) =
∫

d2λ

π2
eλ∗α−λα∗

χS (λ) , (14)

so multiplying the item
∫

(d2λ/π2) eλ∗α−λα∗
to the

left side of Eq. (13), we have

W (α, t)

=
∫

d2λ

π2
eλ∗α−λα∗

e−(1/2)T |λ|2χS

(
λ e−κt, 0

)
= e2κt

∫
d2λ

π2
e−(1/2)T e2κt|λ|2+(λ∗α−λα∗) eκt

× χS (λ, 0) . (15)

Thus we can obtain the evolution of WF by Eq. (15)
once the initial CFs are known. For example, we still
consider the coherent state |β〉, whose CF is shown
above, after substituting it into Eq. (15), we have

W (α, t) = e2κt

∫
d2λ

π2
exp

[
− 1

2
e2κt |λ|2

+ λ
(
β∗ − eκtα∗) + λ∗ (

eκtα − β
) ]

=
2
π

exp
[
−2

∣∣α − β e−κt
∣∣2] , (16)

where we have used the following formula[18]∫
d2z

π
eζ|z|2+ξz+ηz∗

= −1
ζ

e−(ξη/ζ), Re ζ < 0. (17)

Equation (16) indicates that the coherent state
|β〉 evolves to another coherent pure state |β e−κt〉
through the amplitude damping channel, which is a
known result.[1,3]

Furthermore, employing the inverse Fourier trans-
formations,

χS (λ) =
∫

eλα∗−λ∗αW (α) d2α, (18)

for χS (λ, 0) in Eq. (15), we can rewrite Eq. (15) as

W (α, t)

= e2κt

∫
d2λ

π2
e−(1/2)T e2κt|λ|2+(λ∗α−λα∗) eκt

×
∫

eλβ∗−λ∗βW (β, 0) d2β

=
2
T

∫
d2β

π
e−(2/T )|α−β e−κt|2W (β, 0) , (19)

where we have interchanged the order of integrations
and used Eq. (17). Equation (19) is another new ex-
pression to obtain the evolution of WF when the initial
WF is known, which is also obtained by using another
method.[19]

3.2.The time evolutions of Q- and P-

functions

In a similar way to derive Eqs. (15) and
(19), multiplying

∫
(d2λ/π2) eαλ∗−α∗λ e−|λ|2/2,∫

(d2λ/π2) eαλ∗−α∗λ e|λ|
2/2 to the left side of Eq. (13),

respectively, and noticing

Q (α) =
∫

d2λ

π2
eαλ∗−α∗λχA (λ) , (20)

P (α) =
∫

d2λ

π2
eαλ∗−α∗λχN (λ) , (21)

and the corresponding inverse transforms with

χS (λ) = χA (λ) e|λ|
2/2 = χN (λ) e−|λ|2/2, (22)

we have

Q (α, t)

=
∫

d2λ

π2
eαλ∗−α∗λ e−(1/2)(2− e−2κt)|λ|2χS

(
λ e−κt, 0

)
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= e2κt

∫
d2λ

π2
e−( e2κt−1)|λ|2+α eκtλ∗−α∗λ eκt

χA (λ, 0)

= e2κt

∫
d2λ

π2
e−( e2κt−1)|λ|2+α eκtλ∗−α∗λ eκt

×
∫

eλβ∗−λ∗βQ (β, 0) d2β

=
∫

d2β

πT
exp

(
− 1

T

∣∣α − β e−κt
∣∣2) Q (β, 0) , (23)

and

P (α, t)

=
∫

d2λ

π2
eαλ∗−α∗λ e−(1/2)(T−1)|λ|2χS

(
λ e−κt, 0

)
= e2κt

∫
d2λ

π2
eα eκtλ∗−α∗λ eκt

χN (λ, 0)

= e2κt

∫
d2λ

π2
eα eκtλ∗−α∗λ eκt

×
∫

eλβ∗−λ∗βP (β, 0) d2β

= e2κt

∫
d2βP (β, 0)

×
∫

d2λ

π2
e(α eκt−β)λ∗−(α∗ eκt−β∗)λ

= e2κtP
(
α eκt, 0

)
, (24)

where in the last step, we have used the formula∫
d2z

π2
exp (αz∗ − α′∗z) = δ (α) δ (α′∗) . (25)

Equations (23) and (24) are the time evolution of Q-
and P-functions, respectively.

For the coherent state |β〉, as an exam-
ple, the corresponding Q- and P-functions are
Q (α, 0) = (1/π) exp(− |α − β|2) and P (α, 0) =
δ (β − α) δ (β∗ − α∗) , respectively, then

Qβ (α, t) = Qβ e−κt (α, 0) , (26)

Pβ (α, t) = δ
(
β e−κt − α

)
δ
(
β∗ e−κt − α∗)

= Pβ e−κt (α, 0) , (27)

which are in agreement with the result of Eq. (16),
i.e., the output state is still a pure coherent state with
the amplitude β e−κt .

4. Evolution formulas for thermal

channel

When a quantum state evolves in the thermal
channel, the evolution of the density matrix can be
described by ME,[14]

dρ

dt
= κ (n̄ + 1)

(
2aρa† − a†aρ − ρa†a

)

+ κn̄
(
2a†ρa − aa†ρ − ρaa†) , (28)

where κ represents the dissipative coefficient and n̄ de-
notes the average thermal photon number of the en-
vironment. When n̄ = 0, Eq. (28) reduces to the ME
describing the photon-loss channel (amplitude damp-
ing).

Similarly to Eq. (7), we can obtain[2,15]

|ρ (t)〉

= exp
[(

aã − ã†a† + 1
)
κt

]
× exp

[
(2n̄ + 1)

(
1 − e2κt

)
2

(
a† − ã

) (
a − ã†)]

× |ρ0〉 . (29)

Projecting it on 〈η| and using Eq. (11), we have

〈η| ρ (t)〉 = exp
(
−A

2
|η|2

) 〈
η e−κt

∣∣ ρ0〉 , (30)

(A = (2n̄ + 1) T ),

or
χS (λ, t) = e−(1/2)A|λ|2χS

(
λ e−κt, 0

)
. (31)

In comparison with Eq. (13), we can directly ob-
tain the evolution formulas about Wigner- and Q-
functions,

W (α, t) =
2
A

∫
d2β

π
e−(2/A)|α−β e−κt|2W (β, 0) ,

(32)

Q (α, t) =
1

(n̄ + 1) T

∫
d2β

π
Q (β, 0)

× e−(|α−β e−κt|2/(n̄+1)T ), (33)

and using a similar way to derive Eq. (24), we also
have

P (α, t)

=
1

n̄T

∫
d2β

π
e−(1/n̄T )|α−β e−κt|2P (β, 0) . (34)

For the coherent state |β〉, the W-, Q-, P-functions of
the output state are

W (α, t) =
2/π

2n̄T + 1
e−2|α−β e−κt|2/(2n̄T+1),

Q(α, t) =
1/π

n̄T + 1
e−|α−β e−κt|2/(n̄T+1),

P (α, t) =
1/π

n̄T
e−|α−β e−κt|2/n̄T ,

respectively, which imply that in the thermal channel,
the output state is no longer the pure coherent state
but a mixed state.
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5. Applications of time evolution

of distribution functions

5.1. Evolution of the photon-counting

distribution

As an important application of the above evolu-
tion formulas, we consider the evolution of photon-
counting distribution in thermal channel. In quantum
optics photon counting is important for judging the
nonclassical features of light field, most measurements
of the electromagnetic field are based on the absorp-
tion of photons via the photoelectric effect. This is
true not only in so far as photodiodes, photomulti-
pliers, being used, but also for such homely devices
as the photographic plate and the eye. So the prob-
lem of photo-electric detection attracts the attention
of many physicists and scientists.

In Refs. [20] and [21], the TESR was used so that
some new formulas of photon-counting distribution
are derived. Three of those are

p (m) =
2 (−ζ)m

(2 − ζ)m+1

∫
d2α e−2ζ|α|2/(2−ζ)

× Lm

{
4 |α|2

2 − ζ

}
W (α) , (35)

p (m) =
(−ζ)m

(1 − ζ)m+1

∫
d2α e−ζ|α|2/(1−ζ)

× Lm

{
|α|2

1 − ζ

}
Q (α) , (36)

p (m) =
ζm

m!

∫
d2α |α|2m e−ζ|α|2P (α) , (37)

where ζ is called the quantum efficiency (a measure)
of the detector, m is the photon-number detected, and
Lm {x} is the Laguerre polynomials. Thus substitut-
ing Eqs. (32)–(34) into Eqs. (35)–(37) and using the
following integration formula:[21]∫

d2α

π
e−B|α|2+Cα+C∗α∗

Lm

{
Ā |α|2

}
=

(
B − Ā

)m

Bm+1
eCC∗/BLm

{
ĀCC∗/B

B − Ā

}
, (38)

we can obtain

p (m, t)

=
2 [(A − 1) ζ]m

[(A − 1) ζ + 2]m+1

∫
d2βW (β, 0)

× e−2ζ e−2κt|β|2/[(A−1)ζ+2]

× Lm

{
−4 e−2κt/ (A − 1)

(A − 1) ζ + 2
|β|2

}
, (39)

p (m, t)

=
(Nζ)m

(Nζ + 1)m+1

∫
d2βQ (β, 0)

× e−ζ e−2tκ|β|2/(Nζ+1)

× Lm

{
− e−2tκ/N

Nζ + 1
|β|2

}
, (40)

(N = T + T n̄ − 1) ,

and

p (m, t)

=
(n̄T ζ)m

(n̄T ζ + 1)m+1

∫
d2βP (β, 0)

× e−ζ e−2κt|β|2/(n̄Tζ+1)

× Lm

{
− e−2κt/(T n̄)

n̄T ζ + 1
|β|2

}
, (41)

where we have interchanged the order of integrations
and in the last equation, we have used the following
formula[21]

∂m

∂τm

∂m

∂υm
eAτυ+Bτ+Cυ

∣∣
τ=υ=0

= (A)m
m!Lm

(
BC

−A

)
, (42)

which corresponds to the case of amplitude damp-
ing when n̄ = 0. Under the limiting expression
limx→0 xmLm(− |α|2 /x) = (1/m!) |α|2m, Eqs. (39)–
(41) are reduced to

p (m, t) =
2

(
−ζ̄

)m(
2 − ζ̄

)m+1

∫
d2β e−2ζ̄|β|2/(2−ζ̄)

× Lm

{
4 |β|2

2 − ζ̄

}
W (β, 0) , (43)

p (m, t) =

(
−ζ̄

)m(
1 − ζ̄

)m+1

∫
d2β e−ζ̄|β|2/(1−ζ̄)

× Lm

{
|β|2

1 − ζ̄

}
Q (β, 0) , (44)

p (m, t) =
ζ̄m

m!

∫
d2α |α|2m e−ζ̄|α|2P (α, 0) ,(

ζ̄ = ζ e−2κt
)
, (45)

respectively. For the amplitude damping channel,
thus, one can see that the photon-counting distri-
bution is related to the decay of quantum efficiency
ζ̄ = ζ e−2κt.

As another example, we consider the co-
herent state, whose P-function is P (β, 0) =
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δ (β − α) δ (β∗ − α∗) . Using Eq. (41) we immediately
have

pα (m, t) =
(n̄T ζ)m

(n̄T ζ + 1)m+1 exp

(
−ζ e−2κt |α|2

n̄T ζ + 1

)

×Lm

{
− e−2κt/(T n̄)

n̄T ζ + 1
|α|2

}
, (46)

which is the photon-counting distribution of coherent
state in thermal environment, a Laguerre–Gaussian
function. Of course, equation (46) can be obtained by
Eq. (39) or Eq. (40).

For the photon-added coherent state, its density
operator is ρ0 = Cα,na†n |α〉 〈α| an,[22] where Cα,n =
[n!Ln(− |α|2)]−1 is the normalization factor, |α〉 =
exp(− |α|2 /2+αa†) |0〉 is the coherent state,[23,24] and
Ln (x) is the nth-order Laguerre polynomial. The Q-
function of ρ0 is Q (β, 0) = Cα,n |β|2n exp[− |β|2 −
|α|2+αβ∗+α∗β]/π, thus substituting it into Eq. (40),
we finally obtain

p (m, t)

= Cα,n e−|α|2 ∂2n

∂αn∂α∗n

[
e|α|2pα (m, t)

]
. (47)

In particular, when n = 0, i.e., the case of coherent
state, equation (47) is just reduced to Eq. (46).

5.2. Evolution of the R-function

Let us use the new formula Eq. (34) to obtain
the time evolution of R-function. The R-function is
defined as[8]

R (z, τ)

=
1
τ

∫ ∞

−∞

d2α

π
exp

(
−1

τ
|α − z|2

)
P (α) , (48)

where α and z are complex variables, P (α) is a P-
function and τ is a continuous parameter. When we
vary τ from 0 to 1, there exists a critical point τm such
that R (z, τ) becomes non-negative and non-singular
in the whole phase space when τm 6 τ < 1. The great-
est lower bound of τ is called nonclassical depth.

Substituting Eq. (34) into Eq. (48) and inter-
changing the order of integrations, we have

R (z, τ, t)

=
1

τ + n̄T

∫ ∞

−∞

d2β

π
e−|z−β e−κt|2/(τ+n̄T )

× P (β, 0) , (49)

where we have used Eq. (17). Equation (49) seems to
be a new time evolution formula for R-function and is

reduced to Eq. (48) at the initial time, it can be used to
investigate the nonclassicality of quantum states.[25,26]

For example, we take the number state |m〉 〈m| as an
example. Using the following formal expression of P-
function in terms of the density operator ρ,[27]

P (β, 0)

= e|β|
2
∫

d2α

π
〈−α| ρ |α〉 e|α|2 eα∗β−αβ∗

, (50)

where 〈−α| , |α〉 are the coherent states, the P-
function of |m〉 〈m| is

P (β, 0) =
(−1)m

m!
e|β|

2
∫

d2α

π
|α|2m eα∗β−αβ∗

. (51)

Substituting it into Eq. (49) and interchanging the
order of integrations, we have

R (z, τ, t)

=

(
τ + n̄T − e−2κt

)m

(τ + n̄T )m+1 e−|z|2/(τ+n̄T )

×Lm

{
− e−2κt |z|2 / (τ + n̄T )

τ + n̄T − e−2κt

}
, (52)

where the integrable condition is −n̄T 6 τ < e−2κt −
n̄T and we have used the formula

Lm (ξη) =
eξη

m!

∫
d2z

π
zmz∗m e−|z|2+ξz−ηz∗

. (53)

It is clearly seen that Eq. (52) just becomes Eq. (10)
in Ref. [8] when t = 0, and that for any z, when
τ + n̄T − e−2κt > 0, i.e., τ > e−2κt − n̄T (6 1),
R (z, τ, t) is always positive. In particular, if 0 ≤
e−2κt − n̄T , we have

κt ≤ κct =
1
2

ln
n̄ + 1

n̄
, (54)

which agrees with the result of keeping nonclasscial-
ity in Ref. [28], then τm = e−2κt − n̄T. This indi-
cates that the output state is nonclassical when equa-
tion (54) is satisfied. On the other hand, in compar-
ison with the nonclassical depth (τm = 1) of number
state, we see that the nonclassical depth decreases due
to the effect of environment, as expected. It is inter-
esting to point out that the threshold value of the
decay time keeping nonclassicality is larger than that
((1/2) ln[(2n̄ + 2)/(2n̄ + 1)]) of keeping negativity of
WF.[29,30] When n̄ = 0 (amplitude damping), espe-
cially, κct → ∞, i.e., under the amplitude damping
case, the number state is always nonclassical. In this
sense, the nonclassical depth is more insensitive to the
environment than the negativity of WF. This property
of nonclassical depth may be useful for characterizing
nonclassicality in experiment.
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6. Conclusion

In summary, by introducing the TESR, we con-
verted the calculation of CF to an overlap between
two “pure states” in enlarged Fock space. Further, we
obtained the relation between the initial CF and the
any time CF when a quantum state evolves in am-
plitude damping channel and thermal channel. Using
the Fourier transform relation between the CF and
the distribution functions, we further derived the time
evolution of Wigner-, Q- and P-functions. The results
show that most formulas are expressed as such inte-
grations over Laguerre–Gaussian function. As some
important applications of these evolution formulas, we
considered the evolution of photon-counting distribu-
tion in thermal channel, i.e., we presented three new
formulas to calculate the any time photon-counting
distribution from the initial W-, Q-, and P-functions
so that it would be convenient for investigating the
evolution of quasi-probability functions in a dissipa-
tive channel by using these formulas. Finally, we
should mention that our work can be further expanded
to both the nonlinear case and the generalized param-
eter distribution.[31−33]
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