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Far-field divergence of a vectorial plane wave diffracted
by a circular aperture from the vectorial structure*
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Based on the vectorial structure of an electromagnetic wave, the analytical and concise expressions for the TE and

TM terms of a vectorial plane wave diffracted by a circular aperture are derived in the far-field. The expressions of the

energy flux distributions of the TE term, the TM term and the diffracted plane wave are also presented. The ratios

of the power of the TE and TM terms to that of the diffracted plane wave are examined in the far-field. In addition,

the far-field divergence angles of the TE term, the TM term and the diffracted plane wave, which are related to the

energy flux distribution, are investigated. The different energy flux distributions of the TE and TM terms result in

the discrepancy of their divergence angles. The influences of the linearly polarized angle and the radius of the circular

aperture on the far-field divergence angles of the TE term, the TM term and the diffracted plane wave are discussed in

detail. This research may promote the recognition of the optical propagation through a circular aperture.
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1. Introduction

A plane wave diffracted by a circular aperture is a
typical diffraction problem, which has been treated by
many different methods.' =5 Only when the radius of
aperture is of the order of the wavelength would the
vector diffraction theory be used to treat the opti-
cal propagation through an aperture. Otherwise, the
scalar diffraction theory is usually adopted. Here, the
description of a plane wave diffracted by a circular
aperture is directly started from Maxwell’s equations
and the method of vector angular spectrum is used
to resolve Maxwell’s equations. As the vector angu-
lar spectrum can be uniquely decomposed into the
two terms in the frequency domain,! the diffracted
plane wave is essentially composed of the TE and TM
terms. The TE term denotes the electric field trans-
verse to the propagation axis and the TM term means
the associated magnetic field transverse to the prop-
agation axis.7=13! In the far-field, the TE and TM
terms are orthogonal to each other. The analytical
expressions of the TE and TM terms of a diffracted
plane wave have been derived in the far-field and the
sum of the light intensities of the TE and TM terms
just constitutes the Airy disc pattern.l'*) Because the
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influence of the radius of a circular aperture on the di-
vergence of the diffracted plane wave is critical to the
practical applications, the divergence of the diffracted
plane wave will be investigated in this paper. Based
on the second-order moments and the accurate ex-
pression of light intensity, the divergence angle of a
scalar plane wave diffracted by a circular aperture will
not exceed 64.3°.1° By using the vectorial Rayleigh
diffraction integrals, non-paraxial diffraction of vec-
torial plane waves at a small circular aperture has
been examined.'®! The maximum divergence angles
defined by the FWHM (the full width between half
maximum power) in the two transversal directions
have been shown to be 45° and 32.8°, respectively.1?
In the present paper, the vectorial case is considered.
Moreover, the plane wave is treated to be linearly po-
larized, which is the familiar case in the theoretical
researches and the practical applications. Secondly,
the far-field divergence angle is defined by the second-
order moments. Finally, the far-field divergence angle
of the diffracted plane wave, which is related to the
energy flux distribution, is investigated from the vec-

torial structure of an electromagnetic wave.
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2. Far-field divergence angles of
the diffracted plane wave and
its TE and TM terms

A linearly polarized plane wave described by

= exp(ikz) (1)
sin o

passes through a co-axial circular aperture with ra-
dius R. Here, » = 24 + yj + zk and k = 27/, where
2, 7 and k are three unit vectors in the z-, y- and z-
directions, respectively and A is the wavelength of the

COos &

incident plane wave. Jones vector describes

sin av
the linearly polarized state, where « is the linearly po-
The
time dependent factor exp(—iwt) is omitted in Eq. (1),

larized angle and ranges from 0 to 360 degrees.

and w is the circular frequency. A suitable Cartesian
coordinate system is constructed as follows. The cir-
cular aperture plane is selected as the x—y plane and
the centre of the circular aperture is the origin. The
z-axis is taken to be the propagation axis. The optical
field just behind the aperture is

— | Y e, (@)

sin «v

Em(xﬁh Yo, 0)
Ey(x(b Yo, 0)

where ¢ = po/R, po = (z2 + y2)'/? and the aperture
function circ(¢) is given by

circ(¢) = (1)7 2 i i <t (3)

According to the vector angular spectrum representa-
tion of Maxwell’s equations, the diffracted plane wave
propagating toward the half free space z > 0 is ob-

- [ e

x explik(pz + qy +vz)]dpdq,  (4)

tained by

qz)l/ 2 and the vector angular
(17]

where v = (1 — p?
spectrum A(p, q) is expressed as

A(p,q) = As(pq) (z - :1:)
+ 4y(p,q) (j ~ 3k) . (5)

Here, A (p,q) and A, (p,
nents of the vector angular spectrum and are found to

be
1 oo oo
Am(p7q) = ﬁ/\ / E$('r07y050)

x exp[—ik(pzo + qyo)|dzodyo

_ RcosaJ;(kRb)

1 [eS) [eS)
Au(p7q) = ﬁ/ / Ey(anyOaO)

x exp[—ik(pzo + qyo)|dzodyo

_ RsinaJ;(kRb)
W @)

q) are the transverse compo-

where b = (p? + ¢*)'/? and J; is the first order Bessel
function of the first kind. The longitudinal component
stems from the transversality condition of the optical
field V - E(r) = 0. The dot denotes the scalar prod-
uct. In the frequency domain, we can define three unit
vectors s, e; and ey as

s =pi+qj +k,
e; = (qi —pj)/b,

e2 = 4 (pi + aj) — bk. ®)

The above three unit vectors form a mutually perpen-
dicular righthanded system as follows:

s X e = eq,
e X ey =S,

ex X s =ej. (9)

In this system, the vector angular spectrum A(p,q)
can be decomposed into two terms

A(p,q) = [A(p,q) - erler + [A(p,q) - e2]ez.  (10)

Therefore, the diffracted plane wave can be decom-
posed into the TE and TM terms

E(r) = Evg(r) + ETm(r), (11)

where Erg(r) and Ery(r) are given by

ETE(’I‘)
R [ [* (gcosa — psina)J;(kRD)
= — b3
x (qi — pg) explik(pz + qy +vz)|dpdg, (12)
ETM(’I")
R /°° /Oo (pcosa + gsina)J; (kRb)
Vb3

x (pvi+qvj — b°k)
x explik(pz + qy + v2)]dpdq.
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By taking the curl of Egs. (12) and (1

sponding magnetic fields of the TE and TM terms

3), the corre-

turn out to be

Hrg(r
_ [eoR / / (gcosa — psina)J; (kRb)
Ho A b3

(pyi + qvj — V’k)
X exp[1k(pa: + qy + vz)]dpdgq, (14)

Hry(r
/80 / / (pcosa + qsmoz)Jl(ka)
po A

(qi — pj) exp[ik(pz + qy + 72)]dpdq, (15)

where g and pg are the electric permittivity and the
magnetic permeability in vacuum, respectively. As
the TE and TM terms are not circularly symmetrical,
the electromagnetic fields of the TE and TM terms
are represented in the normal three orthogonal coor-
dinates. In fact, the plane wave diffracted by a circular
aperture of the wavelength scale is no longer circularly
symmetrical. To prove the above statements, the elec-
tric fields of the TE and TM terms are rewritten and
expressed in variables p, ¢ and z of the cylindrical co-
The electric field of the TE term can be
rewritten as follows:

ordinates.

ETE(’I”)
R oo 2m
=3 / / J1(kRb) sin(f — «)(sin 8¢ — cos 07)
o Jo
x explikpbcos(8 — )] exp(ikvyz)dbdo, (16)

(p/q) and p =
Performing the integral over the vari-

where ¢ = tan~!(y/z), § = tan™!

(xz + y2)1/2.
able 6, we have
Erg(r) = Bt (r)i + Erry(r)J, (17)

where

Erge(r) = %/ J1(kRb) exp(ik~yz)[cos aJy(kpb)
0

+ cos(2¢p — a)J2(kpb)]db, (18)
Ergy(r) = ?/0 J1 (kRb) exp(ikvyz)[sin aJo(kpb)
+ sin(2¢ — a)J2(kpb)]db. (19)

Under the integration process, the following integral
formula is used:

1 2
Jn(kpb) = %/0 exp [ik‘pbcos(@— ®)

+1n(9 @—2)]d9 (20)

Similarly, the electric field of the TM term is
ETM(’I”) = ETMI(’I”)?: + ETMy(’I')j + ETMZ(’I”)k, (21)

where

Eryve(r) = kTR/ J1(kRb) exp(ikyz)[cos aJy(kpb)
0

— cos(2¢ — a) Ja(kpb)]db, (22)
By (r) = ? /0 L (6Rb) explikry2) [sin o (K pb)
~ sin(2 — a)Ja (kpb)]db, (23)
Er.(r) = —ikRcos(p — a) /O h %Jl(ka)
« exp(iky=)J (kpb)db. (24)

The electric field of the diffracted plane wave yields
E(r) = Ey(r)i+ Ey(r)j + E-(r)k,  (25)
where
E.(r) = IcRcosoz/Oo J1(kRb)
X exp(ik*?z)Jo(k‘pb)db, (26)
E,(r) = kRsina/oo J1(kRb)
X exp(ik’sz)Jo(k‘pb)db, (27)

b
o) /O 2 (k)
x exp(ikvyz)J1(kpb)db. (28)

E.(r) = —ikRcos(p —

Because the expressions of the electric fields of the
TE term, the TM term and the diffracted plane wave
include the variable ¢, they are not circularly symmet-
rical. Therefore, the cylindrical coordinates have no
advantage over the Cartesian coordinates. Of course,

by using the following transformation formulas:

e, = cos pi + sin pj,
e, = —sin i + cos ¢F,

e, =k, (29)

we can represent the electromagnetic fields of the TE
term, the TM term and the diffracted plane wave in
the cylindrical coordinates, where e,, e, and e, are
three unit vectors in the cylindrical coordinates.

In the far-field regime, the condition kr = k(z? +
y? + 22)1/2 = o0 is satisfied. By means of the method
of stationary phase,['8720] the analytical expressions
of the TE term are found to be

Ers(r) = _ iRzsin(p p;J;)Jl(kRp/r)
x (yi — xj) exp(ikr), (30)
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Hrg(r) = - \/i e sinp = ) 1 (BEp /)

p>r?
x (w21 +yzj — p°k)exp(ikr).  (31)

The analytical expressions of the TM term turn out
to be

Eru(r) = _ Jeos(e —;)TJl(kRp/r)

x (z2i +yzj — p°k)exp(ikr), (32)
Hpy(r) = i ;(;Rcos(w - 33J1(]€Rp/r)

x (yi — xj) exp(ikr). (33)

The energy flux distributions of the TE and TM terms
in the far-field plane are given by

(S:)TE

= %Re [ETE(T') X H:[k‘E(r)}Z

_ [e0 R%Psin’(p — ) 7 (kRp/T)

- \/; 2pr? .
(S2)T™m

1

e (Brws(r) x Hiyg(r).

_ [e0 R?zcos?(o — a)J?(kRp/r)
Ho

2027
where Re means taking the real part and the asterisk

, (35)

denotes the complex conjugation. Because the elec-
tromagnetic fields of the TE and TM terms are or-
thogonal to each other in the far-field, the energy flux
distribution of the diffracted plane wave in the far-field
plane is found to be

(S2)
= (S.)TE + (5:)T™

- /@RQZJf(kRP/T> 22 + p? cos?(y
Ho

e —a)]. (36)

The powers of the TE and TM terms in the far-field
plane are given by

o [ s
-

Inserting Eq. (34) into Eq. (37), we can obtain

Prg
g0 R?23 /°° /2” sin?(¢ — a)JE(kRp/r)
=, /= 3 dpd
Ho pr
> J2(kRp/r)

60 ’/T]:i2 3
Ho pr3 do

yredzdy,

yrmdady. (37)

g0 TRz 3/ JE[kRp/ (2% + p*)1/?]
d
Io p(22 + p?)3/?
2 (1 1/2
g R / J? k;RT/ +7%) ]dT. (38)
o (1 +72)372

In the above equation, p/z has been replaced by the

variable 7. Because the far-field reference plane is
fixed, the limits of integration of variable 7 are the
same as those of the variable p. The Prg is inde-
pendent of the linearly polarized angle. The power of
the TE term in the far-field plane is independent of
the axial propagation distance, which denotes that the
power of the TE term keeps conservative upon prop-
agation. Similarly, the power of the TM term in the

far-field plane turns out to be

g0 TR? JE| k:RT/ (1+72)1/?)
Pr= | 255 / Ty AT (9

The ratio of the power of the TE term to that of the
diffracted plane wave is described by

Prg
Prg + Pru
[ AR £
dr
B 0 7(1+ 72)3/2
[ EE
- dr
0 7(1+ 72)3/2

CTE =

. (40)

In the far-field, therefore, C'rg is only determined by
the ratio R/A. The ratio of the power of the TM term
to that of the diffracted plane wave yields

Pru

— =1 - CO7E. 41
Prg + Prm e (41)

Crm =

We now investigate the far-field divergence angles

of the TE term, the TM term and the diffracted plane

wave, where the far-field divergence angle is defined
by

)

lim
Z— 00 z

tanf, = lim M

2—00 z

tan 6,
(42)

The W,(z) and W, (z) are the beam widths in the
z-plane and are given by

L
// dady

We first consider the
far-field divergence angle of the TE term. The second-

)ydady

(43)

where j = x or y (hereafter).

order moments of the TE term in the far-field are
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oo _ 72 14+ 72)1/2
/ / Tdedy / i [k(}ftr/i ;/72 )] T
— 4= 142 , 44
Wi ( a sin ) ® J2kRr/(1+12)/? (44)
(1 + 72)3/2 T
0
1/2
/ / dedy / r k]f:L/ 1;/2 L
=47= 2142 0 s . 45
Wirs(> cos” a) /°° P2 [kRr /(1 + 72)172] (45)
-
0 T(1+72)3/2
The far-field divergence angles of the TE term are found to be
[ /°° rJ2kRr/Q+ 7)Y 17
_ . 1+ 72)3/2
0,1E = tan ! 1+ 2sin? o) 22 ( , 46
TE ( ) /oo J%[kRT/(l 4 7—2)1/2] . ( )
_ o a7
[ ~ rRkRr/(1+ )V 1
0 1 2 Jo (14 72)3/2 a7
= tan~ 1+2 47
YTE an ( cos” a) /Oo PR/ +T2)1/2] (47)
_ o e

The far-field divergence angles of the TE term are determined by the linearly polarized angle and the ratio R/\.

Similarly, the far-field divergence angles of the TM term are

1+ 2cos® a
(

ea:TM = tan_l

L1+ 2sin? @)

HyTM =tan~

/°° rJ2kRr /(14 7)1 1Y
.
0, Q) "
/Oo J2kRT/(1 4+ 7%)1/2] ’
0 7(1 4 72)1/2 ]
/OO rJkRr/(L+ 72V 1Y
-
(1+72)172 (49)
/ JEkRT/(1 4 72)1/2]
T
(L4 2)i2 |

There is a relation among the beam widths of the TE term, the TM term and the diffracted plane wave as

/ / .)ydzdy
Prg + Py
/ / TEdl‘dy P / / j2<SZ>TMd$dy
— 4 T™M —o0 J —oco
PTE + PTM Prg + Prm Pry
= CreWitg(2) + CraWiny(2). (50)
‘ . L]

By using the parameters Crg and Cry as well as the 3. Numerical calculations and

far-field divergence angles of the TE and TM terms,
we can calculate the far-field divergence angle of the
diffracted plane wave by

0; = tan™! {(CTE tan” ;e + Cry tan” 9JTM)1/2} '
(51)

analyses

Figure 1 presents Crg and Cty as a function of
the ratio R/A. When the ratio R/ tends to zero, Cg

reaches the minimum value of 1/4 and Cy has the
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maximum value of 3/4. By using the L’Hospital rule,
the value of Crg at the singularity R/\ = 0 can be
derived as follows:

Cre
[ A
o 7(1+ 72)3/2
/“ (2+7%)J7[kR/(1+7°)'/?]
dr
0 7(1+ 72)3/2

/00 T dr
o (1+72)5/2

/ — T __dr +/ S —
o WrrprE )y T
By using the mathematical integral formula
00 2n—1 T T _
/ ’ ar = LOm=n) = )
0 A+ 2T (m)

where I'(.) is a Gamma function, the value of Cry at
the singularity R/A = 0 is found to be 1/4. As a result,
the value of Cy at the singularity R/A = 0 is 3/4.
When the ratio R/ is large enough, Cg reaches the
maximum value of 1/2 and Cry takes the minimum
value of 1/2. Generally, Crg is smaller than Cryy,
which means that the contribution of the power of the
TM term to that of the diffracted plane wave is larger
than the contribution of the power of the TE term to
that of the diffracted plane wave. The fluctuation in
the curves is caused by the diffraction.

0.5

0.4

CTte

0.3

(2)

0.2 :
0
R/A

0.75

0.651

Ctm

0.55

(b)
0.45 '
0 2 4 6 8 10

R/A

Fig. 1. Ctg and Ct) as a function of the ratio R/A: (a)
Crg, (b) Ctm-

Because the far-field divergence angles of the TE
term, the TM term and the diffracted plane wave are
determined by the ratio R/A and the linearly polar-
ized angle, we investigate the influences of the ratio
R/X and the linearly polarized angle on the far-field
divergence angles. Figure 2 shows the far-field diver-
gence angle of the TE term versus the ratio R/A. With
the increase of the ratio R/, the divergence angles of
the TE term decrease. The fluctuation of the diver-
gence angles of the TE term is relatively unconspicu-
ous. The divergence angle of the TE term versus the
linearly polarized angle is plotted in Fig. 3. The vari-
ation of the divergence angle of the TE term with «
is periodic and the period is 180°. When o = 0, 0,15
reaches the minimum value and 0,Tg takes the max-
imum value. When o = 90°, 0,1 has the maximum
value and 0,1 reaches the minimum value. The di-
vergence angles of the TE term with the smaller value
of R/X have the larger value.

Divergence angle/(°)

(b)

501
40}
30f

201

Divergence angle/(°)

10

R/X
Fig. 2. The divergence angle of the TE term as a func-
tion of the ratio R/A. The solid and the dotted curves

correspond to the z- and y-directions, respectively. (a)
a = 15°, (b) a=90°.

The far-field divergence angle of the TM term ver-
sus the ratio R/A is plotted in Fig. 4. As shown in
Figs. 2 and 4, the divergence angle of the TE term
versus the ratio R/\ is relatively smoothly changed,
while the divergence angle of the TM term versus the
ratio R/\ is reduced in an oscillatory way. This dif-
ference is stemmed from their different energy flux
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When the variable 7 tends to infin-
ity, the expression of numerator in Eqgs. (46) and (47)
TJE kR /(1 4+ 72)Y2) /(1 + 72)3/2 =~ J}(kR)/T? — 0
and the expression of numerator in Egs. (48) and (49)
TJEkRT/(1+72)'2]/(1+712)/? =~ JZ(kR). The vari-
ation of R will result in the oscillation of JZ(kR),
which leads to the oscillation of the divergence angle
of the TM term.

distributions.

60

. @

48

44

Divergence angle/(°)

120 240 360

a/(%)

Divergence angle/(°)

a/(%)
Fig. 3. The divergence angle of the TE term as a function

12 1 - L L
0 120 240 360

of the linearly polarized angle. The solid and the dotted
curves correspond to the - and y-directions, respectively.
(a) R/A =0.25, (b) R/X = 10.

80

Divergence angle/(°)

Divergence angle/(°)

0 2 4 6 8 10
R/A
Fig. 4. The divergence angle of the TM term as a func-
tion of the ratio R/A. The solid and the dotted curves
correspond to the z- and y-directions, respectively. (a)
o =15°, (b) o = 90°.

Figure 5 represents the divergence angle of the
TM term versus the linearly polarized angle. The vari-
ation of the divergence angle of the TM term with «
is also periodic and the period is 180°. When a = 0,
0,1Mm reaches the maximum value and 6,1y takes the
minimum value. When a = 90°, 6,1ty has the min-
imum value and 6,1\ reaches the maximum value.
The divergent properties of the TE and TM terms
can be interpreted as follows. The beam spot of the
TE term is located at the orientation perpendicular
More-
over, the energy flux distribution of the TE term is

to the direction of linearly polarized angle.

relatively centralized in the direction of linearly po-
larized angle. As a result, 6,1g takes the minimum
value in the case of a = 0, 180°, 360°, 0,1 reaches
the maximum value in the case of v = 90°, 270°, 0,k
reaches the maximum value in the case of a = 0, 180°,
360° and 6y has the minimum value in the case of
a = 90°, 270°. The beam spot of the TM term is lo-
cated at the direction of linearly polarized angle and
the energy flux distribution of the TM term is rela-
tively centralized in the orientation perpendicular to
the direction of linearly polarized angle. Accordingly,
0.1Mm reaches the maximum value in the case of o = 0,
180°, 360° and 0,1v takes the minimum value in the
case of o = 90°, 270°, fyrm has the minimum value
in the case of a = 0, 180°, 360° and 8, reaches the

maximum value in the case of a = 90°, 270°.

78

@ .

741

7ot §

Divergence angle/(°)

0 120 240 360
a/(%)

34

™ .

30

261

Divergence angle/(°)

aye

/(%)

Fig. 5. The divergence angle of the TM term as a function

0 120 240 360

of the linearly polarized angle. The solid and the dotted
curves correspond to the z- and y-directions, respectively.
(a) R/A=0.25, (b) R/A = 10.
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80

(a)

401

Divergence angle/(°)

20
0 10
R/A

80

Divergence angle/(°)

R/X

Fig. 6. The divergence angle of the diffracted planar wave as a function of the ratio R/X. The solid and the dotted

curves correspond to the z- and y-directions, respectively. (a) o = 15°, (b) o = 90°.

75

73

71

Divergence angle/(°)

69 : : : . :
0 120
a/(°)

360

31.2

30.4

29.6

Divergence angle/(°)

0 120 240 360

/(%)

Fig. 7. The divergence angle of the diffracted planar wave as a function of the linearly polarized angle. The solid
and the dotted curves correspond to the z- and y-directions, respectively. (a) R/A = 0.25, (b) R/A = 10.

Figure 6 represents the far-field divergence angle
of the diffracted plane wave versus the ratio R/\. Fig-
ure 6 can be regarded as the modulation of Figs. 2 and
4. With the increase of the ratio R/, the divergence
angles of the diffracted plane wave decrease. The di-
vergence angle of the diffracted plane wave versus the
linearly polarized angle is depicted in Fig. 7. When
R/ X is large enough such as R/\ = 10, the variational
range of the divergence angle is small. Therefore, the
influence of the linearly polarized state on the diver-
gence angle of the diffracted plane wave is omitted in
the framework of the scalar paraxial approximation.

4. Conclusions

By using the stationaryphase method combined
with the angular-spectrum representation, the analyt-
ical expressions for the TE and TM terms of a vecto-
rial plane wave diffracted by a circular aperture are
derived in the far-field. The expressions of the energy
flux distributions of the TE term, the TM term and
the diffracted plane wave are also presented in the far-
field. The contributions of the power of the TE and
TM terms to that of the diffracted plane wave are ex-
amined in the far-field. The far-field divergence angles
of the TE term, the TM term and the diffracted plane

wave, which are related to the energy flux distribu-
tions and the powers of the TE term, the TM term and
the diffracted plane wave, are derived and expressed
in the integral form. The far-field divergence angles of
the TE term, the TM term and the diffracted plane
wave are determined by the ratio R/A and the linearly
polarized angle. The influences of the ratio R/\ and
the linearly polarized angle on the far-field divergence
angles of the TE term, the TM term and the diffracted
plane wave are numerically investigated. The differ-
ent energy flux distributions of the TE and TM terms
result in the discrepancy of their divergence angles.
This research may promote the recognition of the op-
tical propagation through a circular aperture.[2':22
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