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Low frequency asymptotics for the spin-weighted
spheroidal equation in the case of s = 1/2*
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The spin-weighted spheroidal equation in the case of s = 1/2 is thoroughly studied by using the perturbation

method from the supersymmetric quantum mechanics. The first-five terms of the superpotential in the series of pa-

rameter 3 are given. The general form for the n-th term of the superpotential is also obtained, which could also be

derived from the previous terms Wy, k < n. From these results, it is easy to obtain the ground eigenfunction of the

equation. Furthermore, the shape-invariance property in the series of parameter 3 is investigated and is proven to be

kept. This nice property guarantees that the excited eigenfunctions in the series form can be obtained from the ground

eigenfunction by using the method from the supersymmetric quantum mechanics. We show the perturbation method

in supersymmetric quantum mechanics could completely solve the spin-weight spheroidal wave equations in the series

form of the small parameter (3.
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invariance
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1. Introduction

The spin-weighted spheroidal functions first ap-
peared in the study of the stable problem of the Kerr
black hole. For the perturbation 1 of the Kerr black
hole, Teukolsky wrote the wave equation in the Kin-

nersley tetrad and Boyer-Lindquist coordinates!* 2!
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where a and M represent the angular momentum per
unit mass and the mass of the rotating black hole, re-
spectively, A = r2 —2Mr + a2, s is the helicity or the
spin weight of the perturbation field. Teukolsky made
a nice separation of Eq. (1) and obtained the radial
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equation R(r) as
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and the angular equations ©(6) as

1 d . d 2 9 9
Lin&d&(smgde> + s+ a“w” cos” 0
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+ E} ©=0, (3)
where K = (r?+a?)w—am and A\ = E+a?w? —2amw.
The spin weight s of the perturbation field could be
O,i;il,il which correspond to scalar, neutrino,
electromagnetic and gravitational perturbations, re-
spectively. The angular equation (Eq. (3)) is the
so-called spin-weighted spheroidal wave equation and
its regular solutions are the spin-weighted harmonics
(SWSH). The spin-weighted spheroidal functions have
been widely used in many fields, such as gravitational
wave detection, quantum filed theory in curved space—
time, black hole stable problem.[' =% Further detailed
studies on them are very important.['=4 The Eq. (3),
together with the boundary condition that requires @

*Project supported by the National Natural Science Foundation of China (Grant Nos. 10875018 and 10773002).

TCorresponding author. E-mail: woailiuyanbinl@126.com

(© 2011 Chinese Physical Society and IOP Publishing Ltd

http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn

071101-1



Chin. Phys. B Vol. 20, No. 7 (2011) 071101

finite at # = 0, m, constitutes a kind of Sturm-liuvelle
problem.

We will give a brief discussion on the results of
SWSH that have been obtained in the literature. We
will also show their advantages and compare them
with our results. The SWSH has been studied in two
limits: the high frequency and the low frequency lim-
its. According to the standard conventions, the high
frequency and the low frequency correspond to the
large and the small parameter 3, where § = aw, and
w is the frequency of the mode. Our work only focuses
on the low frequency side, one could refer to Refs. [3]-
[6] for the research works on the high frequency side.

Actually, the small § regime has been extensively
investigated (Press and Teukolsky,!”) Leaver,[* Fack-
erell and Grossman,® Ryuichi Fujita and Hideyuki
Tagoshi, 9! etc.). In those works, the spin-weighted
spheroidal functions are expanded in the series of pa-
rameter 3. The differences between them are just the
forms of the expansions (Fackerell and Grossman ex-
panded them as series involving Jacobi polynomials,
while Ryuichi Fujita and Hideyuki Tagoshi used the
hypergeometric functions as the basis functions for
the expansion, etc). The previous works all concen-
trated on the numerical calculation of the eigenvalues.
Hence, the numerical calculations can be relatively
easily implemented. Nevertheless, the detailed ana-
lytic properties of the eigenfunctions and the relations
between them also need some more attention. While,
the efforts on this aspect are comparatively less. Our
investigation then is based on this background.

When 8 = 0, the spin-weighted spheroidal func-
tions become the spherical wave equations, whose so-
lutions are the famous associated Legendre’s functions
PJ*. The associated Legendre’s functions have many
nice properties, including the recurrence relations be-
tween them. These properties enable us to easily ob-
tain the P" of higher value ! from the lower ones.
Though the spheroidal wave equations are the ex-
tension of the spherical wave equations, their corre-
sponding recurrence relations are not found with the
previous methods. Until recent years, with the in-
troduction of supersymmetric quantum mechanics to
the study of the spheroidal equations (that is, s = 0
case), it becomes possible to solve the problem.10—16]
In Refs. [10]—[17], it is the superpotential that is ex-
panded in the series of the parameter § and new inter-
esting results are obtained. The most valuable result
is the recurrence relations, which reduce to that for
the associated Legendre’s functions when § = 0.10-17]
This article would apply the method to study the case
of s =1/2.

This paper is divided into two parts. In the first
part, we would use the approximation methods from
the supersymmetric quantum mechanics to calculate
the ground eigenvalue and the ground eigenfunction
for the spheroidal functions. In the second part, we
investigate the shape-invariance property and obtain
the excited eigenfunctions in the series form from the
ground eigenfunctions. Of course, the relations be-
tween the ground and the excited eigenfunctions are
the most interesting result in this work.

2. The first several terms of the

superpotential

In order to employ the technique from the super-

symmetric quantum mechanics (SUSYQM), we first

transform Eq. (3) into the Schrodinger form['0—17]

d*w 2 .2
ﬁ—i_ 1+S+ﬂ cos” 0 — 2s3cos 6
0)2 —1/4
7(m+sc?)s2) /JrE v=0 (4)
sin” 6

by using the transformation

6(6) = S ©)

with 8 = aw. The corresponding boundary conditions

now become ¥lg—o = ¥|g—, = 0. For convenience, we
apply the terminology of quantum mechanics, such as
potential energy, ground state, excited state, in the
following. Please note that it does not really refer to
a real quantum system. The potential in Eq. (4) is

V(6.8,5) = |7 + 5+ 0 cos” 6~ 25 cos
(m+scosf)? —1/4
B sin? 0 ' (6)

The superpotential W is a core concept in the
SUSYQM and is connected with the potential byl

W2 -W'=V(,5,s) — Ep. (7)

Solving the above Reccita’s equation, we could ob-
tain the superpotential W, which will give the ground
eigenfunction ¥, as

%Nexp</wcw>, (8)

according to the theory of the SUSYQM.!'8! Hence,
the key work is to solve Eq. (7). Practically, equa-
tion (7) is as difficult to deal with as Eq. (4). There-
fore, we count on the perturbation methods to tackle
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it. Expanding the superpotential W and the ground

eigenvalue Ej.,, into series of parameter [lo-17]
W=> B"W,, 9)
n=0
E0§m = Z EO,n;mﬁn; (10)
n=0

and substituting them into Eq. (7), we obtain the fol-
lowing equations'”]
1
4
~(m+ scosf)? —1/4
sin? @

= f()(a), (].].)
Wi —2WoW; = —2scosf + Ep 1. = f1(0), (12)
Wy — 2WoWa = cos? 0 + W + Epa.m = f2(6),

Wi —W§ = Eoom + 5+

n—1
erL - 2I/V()Wn = Z Wkank + E()A,n;m
k=1
= fu(60), (n>3), (13)

by equating the coefficients of the same powers of (.
Our main work is to find the solutions of the above
equations in the case s = 1/2.

The solution of Eq. (11) is easily found*®!

EO,O;'m = m2 +m — 3/47
~1/2+ (m+1/2)cosb
sind '

Wo = (14)

From the knowledge of differential equations, it is easy
to obtain W, from Wy by

-1
W, (0) = (tan g sin?m 1 9) An(0), (15)
where
A, (0) = / F(6) tan g sin?"t1ods.  (16)

To calculate Egs. (15) and (16), we need the following

integral formula:!*9]

P(2m,0) = /sin2m9d9

B _2:7;)t+91 [Tgf@mvk) sin?m =2~ g
o a7
where
I(2m, k) = 2m+1)@2m —1)---(2m -2k +1)

2m(2m —2) - - - (2m — 2k) ’

(k >0). (18)
After a simple derivation, we obtain the general for-
mula
P(2m + 2n)
2m+1
= ———I(2 2 —1)P(2m,0
L Fom + 20, )P (2m,0)
n =
I2m+2n,n—-1) . , _
_ 50 B m—+20—1 9. (19
cos ZZ; om L an 1 SR (19)

The above formula can also be proved by mathemat-
ical induction. With the help of Egs. (14) and (19),
A1(0) is now simplified to

Aq(0) = /(EO,I;m —cosf)(1 — cos 0) sin®™ 06

= (Eo1im + 1)P(2m, 0) — P(2m + 2,6)
_ Boaim £ g omi1 g

2m+1
2m+1
— (B +1— P(2m, 0
(“’1’ + 2m—|—2> (2m, 6)
cos @ Eotim +1Y\ . oty
_ s Ly m 9' 2
+<2m+2 om + 1 >Sm (20)

Now we discuss the term P(2m,0). According to
Egs. (8) and (17), we can see that Wy () is divergent
at the boundaries 8 = 0, 7, which does not meet the
requirement that ¥(6) should be finite at § = 0, 7.
So the coefficient of the term P(2m,#) in the above
equation of Ay must be zero. That is,

1
FEo1=— . 21
0.1 2m + 2 (21)
Consequently, A; becomes
s 2m+1 s 2m+1

sin 0  cosfsin 0
A(0) = — 22
1) 2m + 2 2m + 2 (22)

Therefore, it is easy to obtain the first order Wy (0)
from Eq. (15),

W1(0) = sin 6. (23)

C2m + 2
By tedious calculation the same as that for Ej 1,,, and
W1(0) and through choosing the quantities Eg 2. —
Ey, 4;m to make the ¥y satisfy the boundary conditions,
one could obtain Wy (), W3(0), Wa(#). The results are

> _ _4m2+10m+5
0,2,m — (2m+2)3 )
4(2m +1)%2(2m + 3
EO,S;m = - ( )r ( )a (24)
(2m +2)5(2m + 4)
22m + 1)2(2m +3)(2m2 +9m + 2
Fosom — — ( )*( )( )7(25)

(2m + 2)7(2m + 4)
Wo(6) = ba,1sinf + ag 1 siné coso, (26)
Ws(0) = bs,1sin6 + bs o sin® 0 + as1sinfcosf, (27)
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W4(9) = b471 sin 6 + b471 sin3 0

+ay18in0cosd + ay o sin® 6 cos b, (28)
where
) 2m + 1 2m + 1
__2m4l o 2mAl
2,1 (2m + 2)37 2,1 (2m + 2)2 )
42m+1)
b3y = 2
BT 2m+2)52m +4) (29)
) _2@2m+1)
32 (2m +2)3(2m + 4)’
4(2m +1)
= — 30
BT T om+ 2)4(2m + 4)° (30)
I 2(2m + 1)(2m? + 9m + 2)
b 2m+2)72m+4)
2(2m + 1)(2m? + 9m + 2)
—_ - ].
4.1 (2m+2)5(2m +4) (31)
by — 6m(2m + 1)
YT T 2m+2)5(2m 4 4)
2m(2m + 1)
- . 32
2= 2m+2)2@2m + 4) (32)

Now, we compare above results with previous ones. In
Ref. [3], Berti got the following results for the energy:

2ms?

R R e e
fo=h(+1)—h() -

_ 2h(l)ms® 2h(l + 1)ms?
b= TR s Dy D0+ 120 12) (34)
1 = g2 [ 40+ 4h(l)

RI+1)41+2)2 (—-120)*1+1)?
(I+2)h(l+ 1)h(l +2)
20+ 1D)(20+3)

R2(1+1)  hDA(I+1)  h2()

2(1+ 1) 22420 2

(I —1Dh(l—1)h()

412 — 21 ' (35)
where
[ = j(a+ B = 3(a = B)|(* - 5*)

M= S e D (30
1
S+ ) = max(|ml, |s)),
1 ms

In our case (s = 1/2, I = m, |m| > |s|), we apply
these parameters in Eqs. (33)—(37), the results are in
agreement with Egs. (24) and (25). Therefore, we con-
clude that the method of the SUSYQM is correct and
effective.

3. The general n-th term of the

superpotential

From Wy, Wy, W3, and Wy, we can calculate Wi,
We, ... in the same way. Instead, we hypothetically
summarize a general formula for W,, as

[n/2]

W,(0) = Z G,k sin?*"1 9 cos b
k=1
[(n+1)/2]
+ ) bpgsin® o, (38)
k=1

and use mathematical induction to prove the result.
The [ ] denotes the floor function. We will also pro-
vide the formula for obtaining W,, from those W; with
1< n.

First it is easy to see that Wy, Wy, W3, and W, are
consistent with the assumption for W,,, which means
the assumption is true when n = 1. Assuming that
all Wy with N < n — 1 are in the form of Eq. (38),
we will try to solve the differential equation for W,
and verify that it also can be written in the form of
Eq. (38). Back to Egs. (13), (15), and (16), we need
to simplify the term 22;11 Wi W,k to calculate W,,.
When 1 <k<n-—1,then 1 <n—k<n-—1, Wg(0)
and W,,_x () could be written in the form of Eq. (38),
which are

(5] [542]

Wi(0) = Zak,i sin?i 1 @ cos b + Z bk,isinm*l 0,
i=1 i=1
[%54] '

Wh—r(0) = Z n—k,j sin? 1@ cos 6
j=1
[nféci»l]
+ ) bugysin®¥ o (39)
j=1

We notice the following facts are true for i < n,

a;; =0, j<1 or j> M

) . i+1
bij =0, j<1orj> [12] (40)
Thus
n—1
> WiW,_g = Ay + Ay + A3 + Ay, (41)
k=1
where
n—l L#}[n L+1]
A = ka n— ]CJSIIIZHQJ 29
k=1 i=1 j=1
n—1 [%] [n2k
= h,ibp g j sin? 1 TA72 0 cos? 6,
k=1i=1 j=1
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Ag = COSGZ Z Z

k‘lZl:

n—1

Ay = 005922 Z

k=1:i:=1 j=1

Exchanging the order of
tions and with p =i + j,

¢i1 n—1p—1

A= >0 by

p=2 k=1 j=1
éa—1n—1p—1

bi,iOn—k,j sin?it2-2¢,

(5] [2=5H]

A, ibn— ;”smz”r2J 29. (42)

the sums in all above equa-
they are simplified to

7jbn7k,j sin2p_2 9,

n . 9p—2
Ay = g E E Ak, p—jOn—k,j SINF 0,

p=2 k=1 j=1
¢ n—1p—1
- Z Z Z Ak p—1—5An—k,j Sin2p_2 05
p=3 k=1 j=1
¢s n—1p—1
Az = cos0Y > Y by jan_r;sin®t0,
p=2 k=1 j=1
¢4 n—1p—1
Ay = COSOZZZakm_J’bn_kJ sin??*2¢,  (43)
p=2 k=1 j=1
where
_ [k4T1] n—k+1
c1 = | 2 |: ) :|7
_ I3 n—k
Co = 2:| + 5 :| +1,
_ (k+1 n—=k
A e { > ]
G = ]ﬂ+ o ;Hl] (44)

With the help of Eq. (40

), it is easy to see

C3 =0C4 = 27 when n is even, (45)
1
Cl=Cy=0C3=20C4 = n—2&— ,  when n is odd. (46)
Hence
n—1 [31+1
S WiWp = > [(hw + gn.pcos B | sin? 720, (47)
k=1 p=2

where h,,;, and g, , are constant coefficients:

n—1p—1
hnp = Z Z(bk,pfjbn*k’j t Qkp—jan—k,;
k=1 j=1
- ak,,p—l—jan—k,j)7 (48)
n—1p—1
Gnp = D> (Bhp—jn kg + ahpjbnr;). (49)
k=1 j=1
We notice the facts that when n is even
Inp = 0, p<20rp>%;
hp = 0, p<20rp>%—|—1, (50)
and when n is odd,
n+1
Gnp = hnp =0, jv<2o1rp>72 . (51)

We have used the facts given in Eq. (40) and substi-
tuted the quantities ¢;, ¢z, €3, ¢4 by their maximum
[5]+1 in the above equation. To obtain the final con-
clusion, we will take Egs. (50) and (51) into consider-
ation. Substituting f,(z) = Z;ll WiWo—r + Eo.nm

. _ mn
G=G=5+ 1, into Eq. (16) and using Eq. (17), we obtain
Zl+1
An(0) = / Z np + Gnpcos 0) sin??~2 (1 — cos 0) sin>™ §d 6 +/E0 nem X (1 — cos 0) sin®™ 0d6
[%Hl p A B (5141
n,p — Iin, . 2m — O0,n;m . 2m
W Sln2 +2p—1 0 — m Sln2 +1 0 + hn,p — gmp)P(Qm =+ 2p — 2, 0)
p=2 p=2
[51+1
+ ) gupP@m +2p,0) + Eo o P(2m, ). (52)
p=2
With Eq. (19), we have
[51+1 p A B [5]+1 p
A (0) = np ~ Mmp o omi2p—1g  BOmim o om4l g 9 np ~ Mmp o omt2p—1 g
0= 3 e Fonm oo 3 Jon o,
[5]+1 p
I(2 2 —1
G200 1) g omi21-1 9 4 pp(om, 0), (53)

—cos E €n.p E
p=2 =1

2m+2p+1
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where the quantities ey, and the coefficient b of
P(2m, ) are

2 2
enp = 5T (= 522 (54)
’ 2m—|—2p—1 ’ 2m + 2p
]+1

b—EOnm+Z

respectively. As stated before, the coefficient b must

2m+1 YI(2m + 2p,p
2m+2p+1

D (55)

be zero to make the eigenfunction finite at the bound-
ary, hence

Z]+1
(2m + 1)I(2m + 2p,p — 1)
E nym — E n 3
0,m; e sP 2m+2p+ 1 (56)

which can be used to further simplify terms in

Eq. (53). A term in Eq. (53) becomes
cos @ [il enp Z I( 227;2122];4_ : ) gip2m+2-1g
= cosf [nz]él enp Z I( 227;2122;;4_ : D gp2m+2i-1
4—cos9[7§51 enp 2221221;]3_ 1 D) emeiyg
= cow[g:l [%El enp 22”;1221;1 1 ) 221
+cosf Z €np I(2m +2p,p )sin2m+1 0. (57)

2m+2p+1
Taking Egs. (56) and (57) into Eq. (53), we obtain

A (0) = F1 + cosOF;, (58)

where F; and F5 are

[z1+1 _h
= Inp — Oy gy

2m+2p—1 9
2m+2p—1

p=2
EO,n;m

C2m 1
[(Z]+1

_ Inp T fnp 2mt2p—1
Z 2m + 2p —qsin

sin?™ 1 g, (59)

Fy

I(2 2,p—1
_ Z e ( m + D, P >Sil'12m+19
2m+2p+1

[(Z]+1[5]+1

I(2 2 l
_ Z Z - m+2p,p — )Sin2m+21—1 0.
2m+2p+1
p=

(60)

With the help of Eq. (15), it is easy to obtain

cos 9(F1 + FQ) + (Fl + Fy — sin? 9F2)
sin?m*2 ¢

cosO(Fy + Fy)

2m—+2 9

W, =

sin
+ F1 +F2 —sin2 Q(Fl +F2) +F1 sin29

. (61
sin>m*2 ¢ (61)

With the help of Eq. (56), we obtain

Fy + Fy
31+1(3]+1
--Y Y I(2m+2p,p—1) sin2m 219 (62)
= = En.p 2m +2p+1 '

Consequently, we have

(3]
W, = COSQZ(Ln’l sin?~1¢
1=1
[%]+1
+ ) bpasin® ', (63)

=1

where a,,; and b, ; are

2]+1
" _[Q]i . (2m + 20)I(2m + 2p,p — 1) (64)
M A T em 2 DEm ot 2p 1)
EO,’rL;'rn
bn,l Qn,1 m7 (65)
n,. — hn
b l—anl_an,lfl"_éin’l_'_T_’llv lZ? (66)

Comparing Eq. (63) with Eq. (38), the difference lies
in the summation upper limit of the second term.
When n is odd, [241] = [2]+ 1, which means Eq. (38)
is the same as Eq. (63). When n is even, we could use

Egs. (40), (50) and (51) to obtain
an 51 =0, (67)
b bynar = —an g — 3L o (6g)
n,[g]+1 = Un, 541 = n, % 2m—|—n+1 = U.
Hence the upper limit for by, becomes % = [%H].

Our induction about the general formula for W, is
4), (66), and (56

completed. According to Egs. (6 ), we

can get some interesting results

1
bp) = ——
oL 2m + 21
2m + 2
n.1 (2m+ 1)(2m + 3) 0.7 (70)

(gn,l - an,l)a l Z 23 (69)

We can compare the above results with W3(0) and
W4 (0) and verify the general formula for W, (6). It is
found that the general formula for W,,(0) is accurate.
The details of the proof can be found in Ref. [20].
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4. The ground state eigenfunc-
tion

Based on the above conclusions, the superpoten-
tial W could be written as

W=Wy+ > B"W,. (71)
n=1

The ground eigenfunction becomes

¥y, = N(1 —0059)% sin™ 6

> 5] sin?* 9
cow | =32 ( L
n=1 k=1
n+1

+ [i] by x P(2k — 1,9))], (72)

k=1

where IV is an integral constant. Back to the ©, the
above ground eigenfunction becomes

Oy = N(1 — cos 0)% sin™" 2 0

s 5] sin?* 9
cow | =300 ( Ly
k=1

n=1
(%3]
k=1

and the ground energy is

3 o0
EO;m = m(m —+ ]_) — Z + Z EO,n;mﬂna (74)

n=1

with Eg . determined by Eq. (56).

5. The excited eigenfunctions

Following the ideas in Ref. [21], we hope to ex-
tend the recurrence relations to Eq. (4) by using the
methods from the supersymmetric quantum mechan-
ics. The superpotential W connects the two partner
potentials VT by

VF(0) = W2(0) F W'(9). (75)

The shape-invariance property means that the partner
potentials V*(x) are similar in shape and differ only
in the parameters, that is

V*H(0;a1) = V™ (0;a2) + R(a1), (76)

where a; is a set of parameters, as is a function of aq
(say ag = f(a1)) and the remainder R(a;) is indepen-
dent of 6.

In order to study the shape-invariance property
of the spin-weighted spheroidal equation, we must in-
troduce the parameters A; ; and B;; into the super-
potential W which gives

W (A j,Bnj,0)

1 1
= —Ago(m+ 5) cot§ — 53070 csch

+Zﬁan(An,jaBn,j;0), (77)
n=1
where

Wn(Amja Bn,ja 0)

(%3] [

= Z b, sin® =0 4 cos 0
j=1

NE

]
an,jsin® 10, (78)
1

J
with

bn,; = By jbn ;. (79)

n,j = An,jln,j,

Then, V*(A, j, B ;,0) and V,F(A, j, By ;,0) are de-
fined as

VE(A, ;,Bnj,0) = W2(A,,Bnj,0) + W’

= Z ﬂnvﬂﬂ: (Ainj’ Bn7j’ 9) (80)
n=0

The key is to find some quantities C; ; and D; ; that
make the relations

Vo (Aijs B, 0)
=V, (Cij, Dnj, 0) + Ruim(Aij, Bnj) - (81)
hold with Rn;m<Ai,j; Bn,])
First, we show the above relations hold in the special

= R, as pure quantities.

cases n = 0,1,2. It is easy to obtain
Vo' (Ao,0, Boy,8) = Vi (Co,0, Do,o,0) + Roym, (82)
V1+(A1,17 Bl,la 9) = Vli(Cl,la D1,17 9) + Rl;m7 (83)
Vol (B2, A21,0) = Vy (C21,D21,0) + Roy. (84)

In order to retain the relations in Eq. (81), we just
need to have

2
Coo = A 85
0,0 0,0 T om 1’ (85)
Dy = By, (86)
(2m+1)A0071
Dy, = Uy A 87
T @m+ DA +3 (&7)
and
2m +1)Apo — 1
Dy = ( JAo0 2,1

’ (2m+ ].)A()’o +3
n 6B9,0B82,1

071101-7



Chin. Phys. B Vol. 20, No. 7 (2011) 071101

8[(2m + 1)140,0 + 1]Bo,oB%1

— , (88
[(2m + 1)A0,0 + 3]3[(2’/71 + 1)A070+4] ( )
C . 8[(2m + 1)A0}0 + 1]331
21 02m+ 1) Ao + 3P[(2m + 1) Ao + 4]
(2m + 1)A0 0 — 2
: As 1, 89
(2m+1)Ago+4" > (89)
with
Rosm(Aop) = (2m + 1)Agp + 1, (90)
4By,0B1,1
Ryam(Ao00, Boo, Bi1) = — 02LL (g1
1;m (40,0, Bo,o, B1,1) @m+ ) Aoo +3 (91)
Ry (A0.0,Bo,o, Bi,1,B21,A2,1)
4By oB
= |- 0021 ¢ AB?, + BAs,|, (92)

(2m + 1)A070 +3
where
_ 8B§ o —8[(2m +1)Ag,0 — 1][(2m + 1) Ag 0 + 3]
[(Zm + 1)14070 + 3}3[(2771 + 1)A070 + 4] ’
652 — 2[(2m + 1) Ag o — 1][(2m + 1) Ag o + 3]
[(Qm + 1)A070 + 3][(2m + ].)Ao,o + 4]

B =

(93)

For the general case of n, we use the induction method
to proceed. The above result shows that the formula
(81) is true for n = 0, 1, 2. Suppose it is also true for
N < n—1, we need to prove that it is true for N = n.
First, we simplify the expressions of V¥ (4; ;, B; ;,0).
With the help of

Zﬂnzwk 137

X Wn_k(Az];B ,],0),

n,jy 0)
(94)
we have the formulas for Vni in the case n > 1 as

V. (Aij, Bnj,0) = P, + Py, (95)
V.F(A;j, Bnj,0) = P+ P,. (96)

There are three parts

0,55

:ZWk 2,79 nj»a) (A ,j7B ,J79)}7 (98)

in the above equations. The three parts can be sim-
plified separately.

(%5

P, = cos® Z (A”,an)singp_QG
p=1

[5]+1
+ Y Qnp(Aij, Bnj)sin® 720, (99)
p=1

where

wp(An s Bn.j)
= —BO,OAn,pamp
+ [(1 —2p) — (2m + 1) Ao 0] B pbn.ps
Qnp(Anj, Bnj)
= —Bo,0Bnpbnp +[(1 —2p)—
+1[(2p —2) + (2m + 1) Ao o] Anp-1anp-1.

(100)

(27’77, + 1)A0}0]An,pan’p
(101)

Similarly,

(24
PJr = cosf Z

(% ]+1

+ZQ

. 9p—2
A; j, By j)sin®P™* 6

A j, B, )sin?720,  (102)

where

np(Angs Bnj)
= —Bo70An7pan,p
+[2p—1) — (2m +1)Ao,0]B
Q7 »(Anj, Bnj)
= —Bo,0Bn pbnp
+[-Cm+1)Ao,0+ (2p — 1)]An pan,p
+[(2—2p) + 2m+ 1)Ag o] An p—1anp—1.

Notice that

n,pbn,pa (103)

(104)

Py (A i, Bn,j)

= P p(Anj Bnj) = Qny(An.j, Bn ;)

t (Anj,Bnj) =0,

n,p B )
n+1

p<lorp> {] (105)

2

From Eq. (17), it is easy to obtain
R
P, = Z [Gn.p(A; j, B j)cost
p=1
+ Hn,p(A ,]’ B

;)]sin?P72 9, (106)

where

Gnp(Aij,Bij)
n—1p—1 B )
Z Z(bk‘ﬁv—jdn—k,j +akp—jbn—rj), (107)
k=1 j=1

Hy, p(Ai g, Bij)

n— 1p 1 ~ ~

Z (bk,p—jbn—k,j + ak,P—jan—k,j
k=1 j=1

— Qk,p—1—jn—k,j); (108)
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with and when n is odd,
Qi = Ai,jai,j, Bi,]‘ = B@jb@j. (109)
Gnp(Aij,Bij) = Hyp(A;j,Bij) =0,
When n is even, 1
<2orp>i. (111)
Gnp(4ij, Bi, ):O,p<20rp>g; P 2

n
Hyp(Aij, Bij) =0, p<2orp> B} +1, (110)  With the help of Egs. (110) and (111), we can obtain
|

[n+1

V, (Aij, Bnj) —COSGZ Ay Biy) + Py (Anj, Bn )| sin® %6

[5]“"1
+ Z[Hn,p(Ai,jaBi,j)+Qr_z,p(A 3> Bn, )] sin®~ 29+P 1(AnJ7BnJ)+Qn 1(AnijnJ) (112)

[n+1

Vi (Aij, Bnj) fcosﬂz np(Aij, Bij) + Pl (A j, B )] sin® =20
i
+ Y [Hup(Aigs Big) + Qi p(An s Bag) sin® =2 0+ Pf 1 (A, B )+ Q1 (A, Brg)- (113)
By using
bno =0, ano=0, n=12..., (114)
we could rewrite V(4 ;) as

Vi (Aij, Bij) = Vi (Cij, Dij) + Run(Aij, Bij)

(24

= cosf Z np(Cigs Dij) + Py ) (Ch g, Dn )] sin??=2 ¢

[%Hl
+ Z [ ,p(C YR D; 7]) + Qn p(C'fLJ? D",j)] Sin2p72 9
k=2
Pra(Cnjs Dnj) + Q1 (Chjy D j) + B (Ai j, Bij), (115)
\
where th term, the following equations must be satisfied
Ry, (A g0 Bi, ) Gn,p(C,Jva)‘FP (C ,JvD )
w1 (An.jy Bnj) + Qu 1 (An g, Bnj) = Gup(Aij, Bij) + P (Anj, Buy),
n,l(cn,j’ Dnj) = Qua(Cnjs Dnj),  (116) Hy (Cisy Di ) + Qi (Cois Do)
with = Hpp(Aij, Bij) + QF »(A4nj, Bnj),
n + 2
P (Chjy Dy g) = =[(2m + 1)Co 0 4 1]Cp 1bp 1, (117) p=23,..
QT_L71(C ,J7Dn,j) = _DO,OGn,lbn,la (118)
Define
and
N Gn (vaB ) an(ci,j’Di,j)
PT (in,m in,j) = —[gm; 1)bAoto — 1By 1bn,1, (1;9) '+ (An, Bn ) = Uy, (121)
mi(An g, B j) = —BooBn1bn1. (120) (A”,B ) — Hyp(Ciys Diy)
To maintain the shape-invariance property for the n- +QF p(Anj, Bnj) = Un.ps (122)
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then we have
Pn_,p(cn,j’ Dn;J) =
= Un,pv
Q@ p(Chj, Dn j) =

=0 Dy pbn,p — Do,0Cn pan,p

—apCh pan,p — Do,o Dy pbn.p

+(ap = 1)Crp-1anp-1

= Uy p, (123)

where o, = [(2m + 1)Co0 + (2p — 1)]. In the above
equations, the quantities C; ;.4 < n, j < [i/2] and
D;j,i<n, j<[(i+1)/2] are known functions of the

variables A; j, B; j, 1 <n, j < n. The only unknown

quantities are the n quantities C,, ,, p =1,2,.. ., [n/2],
D, p=1,2,..., [(n+1)/2]. Therefore, we obtain
Dy oan U,
Dy, = —2necg o me o (194)
pbn p pbn p
D2
e,
Chp-1 = ? C
et (ap = Danp-1 "7
- D
Un,p - ﬂUn,p
«
+——r (125)
(ap = Danp-1
2
;3:2,3,...,[”;r } (126)

with Dn7[nT+1]+1 = Cn,[%]ﬂ = 0. Here we give some
notes: (1) when n is odd, one could first obtain
D,, (n1) from Eq. (124) and G, [») from Eq. (125)
under the condition C’m[ nly = 0. Then, it is easy to
calculate other quantities subsequently. (2) when n
] from Eq. (125)

under the condition C,, (a1 = 0 first. Then, it is easy

is even, one needs to calculate Cn’[%
to calculate other quantities subsequently too.
The excited eigenvalues Ej.,, and the eigenfunc-

tions ¥; are obtained by using the recurrence relation

l

E.. = Eom + Z R(ag, br), (127)
k=1
3 oo
E();m = m(m + ].) - Z + ;E(),n;mﬂnv (128)
R(ak, bk;) = RO;m + Z ﬁan;m<ak7 bk:)a (129)
n=1
a1 = (A5, Bij), a2 = (Cijj, Dij), ... (130)
0
WO X exp |:— W(An7j7Bn7j,9)d9:|, (131)
)

d
A =+ W (A Buj.0),
Wn_ = ﬂT (An,j7 Bn,jv 9)![/7;71(0”’]-7 Dn,jv 9)7 (133)

n=12,3,... (134)

(132)

6. Conclusion

In conclusion, we have first obtained the ground
eigenvalue and the ground eigenfunction for the spin-
Then,

we have also proved the shape-invariance property for

weighted equation in the case of s = 1/2.

them and obtain their recurrence relation. From these
results, we can obtain the excited eigenvalues and the
excited eigenfunctions. These results will be helpful
for their application. Besides, a similar process could
be extended to the s =1, 2, 3/2 spin-weighted func-

tions, which are our further works.
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