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An efficient chaotic source coding scheme operating on variable-length blocks is proposed. With the source message

represented by a trajectory in the state space of a chaotic system, data compression is achieved when the dynamical

system is adapted to the probability distribution of the source symbols. For infinite-precision computation, the theoret-

ical compression performance of this chaotic coding approach attains that of optimal entropy coding. In finite-precision

implementation, it can be realized by encoding variable-length blocks using a piecewise linear chaotic map within the

precision of register length. In the decoding process, the bit shift in the register can track the synchronization of the

initial value and the corresponding block. Therefore, all the variable-length blocks are decoded correctly. Simulation

results show that the proposed scheme performs well with high efficiency and minor compression loss when compared

with traditional entropy coding.
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1. Introduction

In recent years, the application of chaos theory in
communications has received much attention. Since
the first report of using chaotic signals to carry infor-
mation published in 1993,[1] chaos theory has shown
its potential in many fields of communications, such
as cryptography and channel coding.[2−6] The proper-
ties of chaotic systems, such as ergodicity, sensitive
dependence on initial conditions and good pseudo-
randomness, are favourable for secure and multiple
access systems. However, the use of chaotic systems
for source coding or data compression has received lit-
tle attention.

The idea of using chaotic systems for data com-
pression was first proposed in Ref. [7], in which the
Bernoulli shift map was adapted to the probability dis-
tribution of the source messages. It can be considered
as a method for finding the best initial condition for
iterating a chaotic map in order to generate a symbolic
sequence representing the source message. The theo-
retical compression performance of this chaotic coding
scheme can reach that of the optimal entropy compres-
sion. In Ref. [8], source coding and chaotic systems

were related to each other by treating messages emit-
ted by independent and identically distributed sources
as symbol sequences of a chaotic nonlinear dynam-
ical system known as the generalized Luroth series
(GLS). It is proven that the GLS achieves Shannon’s
entropy bound and is a generalization of the arith-
metic coding.[8] However, the conclusions in Refs. [7]
and [8] are obtained under the assumption of infinite-
precision computation. When finite-precision compu-
tation is used in practical cases, the encoding interval
enlargement approach in the arithmetic coding cannot
be adopted directly in the chaotic coding. The reason
is that the arithmetic coding employs the first-in-first-
out (FIFO) mechanism. The symbols are decoded in
the same order as that they are encoded in and so the
encoding interval enlargement can be traced in the
decoder.[9] On the contrary, the chaotic coding adopts
the reverse interval mapping mechanism in encoding.
The last symbol encoded is the first symbol decoded.
Therefore, the encoding interval enlargement will af-
fect the previous encoded symbols.

Another efficient approach to the arithmetic cod-
ing with finite-precision computation is the connected-
index finite-length arithmetic coding. It splits the
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information about the last non-fitting symbol into
the current and the subsequent codewords.[10] This
approach can be further improved by integrating
a probability-fitting algorithm.[11] For the practical
application of chaotic coding scheme, Hardy and
Sabatta[12] implemented three different techniques,
namely, reverse interval mapping, variable-bit-length
encoding and perturbation encoding, using a cer-
tain type of one-dimensional chaotic map. Although
the chaotic coding can be implemented using double-
precision data type, the compression performance is
still unsatisfactory. In Ref. [13], we proposed a simul-
taneous arithmetic coding and encryption scheme us-
ing chaotic maps, in which the message sequence was
divided into fixed-length blocks and a forbidden sym-
bol was used to separate the ciphertext of each block.
The computation precision problem of the chaotic cod-
ing is tackled, but it costs much computational time
in high-precision calculation. Besides, the compres-
sion performance is lowered by the requirement for
inserting forbidden symbols.

Inspired by Refs. [12] and [13], we propose an
efficient chaotic source coding scheme with variable-
length blocks to fit the finite-precision computation.
Making use of a piecewise linear chaotic map, the
proposed scheme generates compressed bits to a mes-
sage block once the number of output bits exceeds a
threshold. The number of compressed bits is smaller
than the registered length, and an initial value is ob-
tained for each block. In the decoding process, the
bit shift operation in the register can track the syn-
chronization of the initial value and the corresponding
block. This means that the bit shift will transform the
current initial value to the next one for decoding the
next block. Therefore, all the variable-length blocks
are guaranteed to be decoded correctly. In order to
evaluate the actual compression performance, the pro-
posed scheme is implemented with C++ language to
compress 18 standard test files.[14] Simulations show
that our scheme is slightly faster than the fast 32-bit
precision arithmetic codes[15] with insignificant loss in
compression performance.

The rest of this paper is organized as follows. In
Section 2, the concept of chaotic source coding using
a piecewise linear chaotic map is illustrated. The de-
tails of the proposed scheme are described in Section
3. Its performance is reported in Section 4, whereas
conclusions are drawn in Section 5.

2. Chaotic source coding scheme

In this section, the concept of encoding a binary
message using a piecewise linear chaotic map is illus-
trated. The map is defined as

f(x) =

 x/p, 0 ≤ x < p,

(x − p)/(1 − p), p ≤ x < 1,
(1)

where p is the point of partition. Suppose that there
is a binary message sequence M = 1001000101. The
probabilities of occurrence of symbols 0 and 1 are 0.6
and 0.4 respectively. By setting the parameter p in
Eq. (1) as 0.6, the interval [0, 1) is split into two par-
titions: [0, 0.6) represents symbol 0, while [0.6, 1)
corresponds to symbol 1, as plotted in Fig. 1.

Fig. 1. Piecewise linear chaotic map with parameter

p = 0.6 for encoding binary message.

The compression is performed with the reverse in-
terval mapping approach. The reverse function of the
above piecewise linear chaotic map is given by

f−1(I) =

 0.6 × I, symbol = “0”,

0.6 + 0.4 × I, symbol = “1”,
(2)

where I is the current encoding interval, which is ini-
tially set as [0, 1). Starting from the last symbol “1”,
the mapping is from the interval [0, 1) to [0.6, 1) ac-
cording to Eq. (2). The second last symbol is “0” and
so the interval [0.6, 1) is mapped to [0.36, 0.6). The
third last symbol is “1”, then the mapping is from
the interval [0.36, 0.6) to [0.744, 0.84). The remain-
ing symbols are encoded in the same way until the
first symbol is encountered. Then the final encoding
interval is obtained, in which the initial value for iter-
ating the piecewise linear chaotic map lies. Any real
value within the final encoding interval can be chosen
and is represented in binary format as the compressed
sequence. In the decoding process, the compressed
binary sequence is first converted into a real value,
which is then used as the initial value for Eq. (1) with
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p = 0.6. In each iteration of the chaotic map, the
partition that the output falls in determines the re-
constructed symbol. The original binary sequence M

can then be recovered by collecting the reconstructed
symbols as shown in Fig. 2, where the x coordinate is
the counter for the decoded symbols and the y coordi-
nate is the iteration value using Eq. (1) with p = 0.6.
In Fig. 2, the corresponding lower and upper bounds
are obtained in the encoding procedure by using the
reverse interval mapping. It can be observed that the
iteration value will lie between the lower and the up-
per bounds in each iteration if the initial point is cho-
sen within the final encoding interval. This method
is proven to be Shannon optimal under the infinite-
precision computation.[7,8]

Fig. 2. Chaotic map iteration for decoding the corre-

sponding message M .

3. Chaotic source coding with fi-

nite precision computation

In this section, we introduce an interesting chaotic
source coding scheme for compressing a source file
with multiple symbols using a finite-precision compu-
tation. Assume that the source file composed of m

symbols is represented by s1, s2, ..., sm and has n dis-
tinct symbols a1, a2, ..., an with probabilities of occur-
rence p1, p2, ..., pn, respectively, where

∑n
i=1 pi = 1.

Based on the probability distribution of the source
file, a piecewise linear chaotic map is constructed as
follows:

f(x) =



x/p1, x ∈ I1,

(x − p1)/p2, x ∈ I2,
...(
x −

n−1∑
i=1

pi

)
/pn, x ∈ In,

where 
I1 = [0, p1),

Ii =
[

i−1∑
j=1

pj ,
i∑

j=1

pj

)
, i = 2, 3, ..., n.

(3)

The intervals Ii (i = 1, 2, ..., n) map to the distinct
symbols ai (i = 1, 2, ..., n), as shown in Fig. 3.

Fig. 3. Piecewise linear chaotic map for multiple symbols.

In the reverse interval mapping, the following
mapping function is used:

f−1(I) =



p1 × I, symbol = “a1”,
1∑

i=1

pi + p2 × I, symbol = “a2”,

...
n−1∑
i=1

pi + pn × I, symbol = “an”,

(4)

where I is the encoding interval and is initially set as
[0, 1).

A block diagram of the proposed scheme is shown
in Fig. 4, where the source file with m symbols is
divided into K blocks with different size ki (i =
1, 2, . . . ,K and

∑K
i=1 ki = m). In the encoding pro-

cess, our scheme encodes the variable-length blocks
with the piecewise linear chaotic map based on the
entropy information and gives an initial value vi for
the i-th block. In decoding, the bit shift in the reg-
ister can track the synchronization between each ini-
tial value vi and the corresponding i-th block. This
means that the bit shift will transform the current ini-
tial value vi to a new one vi+1 for decoding the next
block. Before the details of the proposed scheme are
described in the following sections, it is necessary to
define the following parameters. The register length
is L; the maximal entropy among all the distinct sym-
bols is Emax: Emax = max{−log2(pi), i = 1, 2, ..., n};
the number of bit shift B(k, st) for encoding or decod-
ing k consecutive symbols from st (t = 1, 2, . . . ,m) is
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given by

B(k, st) =
k−1∑
j=0

− log2 p(st+j) + δ, (5)

where δ is a pre-defined small positive value to pre-
vent the calculation from overflowing and B(0, st) is

initially set to be δ; The threshold of output bits is

T : L/2 ≤ T < L − 4 − Emax with the requirement

Emax < L/2 − 4 , where the constraint is to pre-

vent the calculation from overflowing and guarantee

the correct decoding as described in Section 3.3.

Fig. 4. A block diagram of the proposed scheme.

3.1. Encoding procedures

Step 1: Scan the source file to find out the proba-
bility of occurrence for each distinct symbol. Write the
file length and the statistic model into a compressed
file as the header. Based on Eq. (4), construct the
corresponding reverse interval mapping function using
the statistical model. Initialize the encoding interval I

as [0, 1). Set both the block number i and the symbol
pointer t to be 1.

Step 2: Read ki consecutive symbols from st un-
til all the symbols in the source file have been encoded
or the following conditions are satisfied:

B(ki − 1, st) < T, B(ki, st) ≥ T. (6)

Step 3: Encode st, st+1, . . . , st+ki−1 with the
constructed reverse interval mapping function and find
the final encoding interval [Ilow, Iup). Set Ilow,pre =
Ilow, Iup,pre = Iup, r = dB(ki, st)e, t = t + ki and
i = i + 1, where the function dxe returns the smallest
integer greater than or equal to x.

Step 4: If all the symbols in the source file have
been encoded, go to Step 7. Otherwise, go to Step 5.

Step 5: Reset the encoding interval as [0, 1) and
read ki consecutive symbols from st until all the sym-
bols of source file have been encoded or the conditions
stated in expression (6) are satisfied.

Step 6: Encode st, st+1, . . . , st+ki−1 with the
constructed reverse interval mapping function and find
the final encoding interval [Ilow, Iup). From Fig. 4, the
initial value vi−1 can be represented as a binary value
0.b1b2 · · · brbr+1 · · · bL as the register length is L, in
which the binary sequences b1b2 · · · br and br+1 · · · bL

are obtained according to the previous final encoding
interval [Ilow,pre, Iup,pre] and the current final encod-
ing interval [Ilow, Iup], respectively. In the proposed
scheme, the binary sequence br+1 · · · bL is estimated
based on the first L−r bits of Ilow, and the binary se-
quence b1b2 · · · br can be found based on the condition

that 0.b1b2 · · · brbr+1 · · · bL lies in the reduced previous
final encoding interval [Ilow,pre, Iup,pre − 2−L). As the
actual initial value vi−1 is not 2−L larger than our esti-
mated value 0.b1b2 · · · brbr+1 · · · bL, the reduced previ-
ous final encoding interval ensures that the actual ini-
tial value vi−1 locates exactly within [Ilow,pre, Iup,pre).
Then write binary bits b1b2 · · · br into the compressed
file and the previous consecutive ki−1 symbols are
compressed. Reset Ilow,pre = Ilow, Iup,pre = Iup,
r = dB(ki, st)e, t = t + ki and i = i + 1. Go to
Step 4.

Step 7: Find a binary sequence b1b2 · · · br, where
0.b1b2 · · · br lies in [Ilow,pre, Iup,pre). Write the binary
bits b1b2 · · · br into the compressed file and the source
file has been compressed completely.

3.2.Decoding procedures

Step 1: Read the header of the compressed file
to obtain the distinct symbols and their corresponding
probabilities. Based on Eq. (3), construct the piece-
wise linear chaotic map according to the statistics in-
formation. Initialize both the block number i and the
symbol pointer t as 1.

Step 2: Read L bits from the compressed file and
put them into the register as represented by b1b2 · · · bL.

Step 3: Convert the binary sequence b1b2 · · · bL

into a real value 0.b1b2 · · · bL and iterate the con-
structed piecewise linear chaotic map from this value.
Then decode ki consecutive symbols until the num-
ber of the decoded symbols is equal to the length of
the source file or the conditions in expression (6) are
fulfilled.

Step 4: If the number of the decoded symbols
is equal to the length of the source file, the decoding
procedure is completed. Otherwise, left shift the reg-
ister for dB(ki, st)e bits and load dB(ki, st)e more bits
from the compressed file to the register. Set i = i + 1,
t = t + ki and go to Step 3.
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3.3.Correctness of decoding

In order to guarantee the correctness of the de-
coding, the bit shift operations in the decoding pro-
cess should ensure that each initial value 0.b1b2 · · · bL

obtained after the bit shift has lain in the final en-
coding interval [Ilow, Iup]. The following remarks is
conducible to the analysis.

Remark 1: As B(k, st) is a strictly increasing
function of k, the encoding and the decoding of k con-
secutive symbols stop when the conditions stated in
expression (6) are satisfied.

As B(k + 1, st)−B(k, st) = − log2 p(st+k) > 0, it
is obvious that B(k, st) is a strictly increasing function
of k. When T is pre-defined as not smaller than δ, it
is greater than or equal to B(0, st),∀t ∈ [1,m]. There-
fore, with the increase of k, there exists a certain value
of k that satisfies the inequalities in expression (6). It
should be noticed that in the previous sections, dif-
ferent values of k in the i-th block are identified with
ki.

Remark 2: With the binary sequence br+1 · · · bL

estimated based on the first L − r bits of Ilow, it is
possible to find a binary sequence b1b2 · · · br, where
0.b1b2 · · · brbr+1 · · · bL lies in the previous reduced fi-
nal coding interval [Ilow,pre, Iup,pre−2−L) in Step 6 of
the encoding process.

Remark 2 is valid only if

− log2(Iup,pre − Ilow,pre − 2−L) ≤ r.

As

r = dB(k, st)e
= d− log2(Iup,pre − Ilow,pre) + δe
≤ dT + Emaxe
≤ L − 4,

we have

− log2(Iup,pre − Ilow,pre) < L − 4,

(Iup,pre − Ilow,pre) > 2−(L−4).

Therefore, we obtain − log2(Iup,pre−Ilow,pre−2−L) <

− log2((Iup,pre−Ilow,pre)×(1−2−4)) ≈ − log2(Iup,pre−
Ilow,pre) + 0.0931. When δ is larger than 0.0931, e.g.,
δ = 0.1, the inequality − log2(Iup,pre−Ilow,pre−2−L) ≤
r is satisfied.

Remark 3: The i-th bit shift will transfer the
current initial value vi to the next one vi+1.

Remark 1 implies that the number of bit shift in
the decoding process is the same as that of compressed
bits for the ki consecutive symbols, if the initial value
vi lies in the i-th final encoding interval. According

to Remark 2, each initial value vi converted from L

bits falls exactly in the i-th final encoding interval.
Therefore, the current ki consecutive symbols will be
decoded correctly and the bit shift will synchronize the
initial value for each block in both encoding and de-
coding. This proves that the i-th bit shift will transfer
the current initial value vi to the next one vi+1.

3.4.Compression performance

As the proposed scheme outputs the compressed
bits and resets the initial encoding interval as [0, 1)
once the number of bit shift exceeds the threshold T ,
it will induce compression loss when the final number
of bit shift is not an integer. Besides, the pre-defined
parameter δ also affects the compression performance.
In our scheme, T compressed bits will introduce (1+δ)
redundant bits in the worst case. For the source file
composed of m symbols, each represented by 8 bits,
the best compression ratio (Br) is calculated using the
source entropy, and is given by

Br =
8∑n

i=1 pi log pi
. (7)

The maximal total number of redundant bits in the
compressed file is m(1 + δ)/(BrT ). Therefore, com-
pared with Br, the upper bound of the loss in the
compression ratio (C) is

C = Br ×
1 + δ

T + 1 + δ
. (8)

Therefore, it is suggested to choose a large value for
T so as to reduce the compression loss.

4. Simulations

The proposed scheme is implemented with C++
to compress 18 standard test files from the Cal-
gary Corpus.[14] The compression performance can be
found in Table 1, where the compression ratio (Cr),
the compression time (Tc) and the decompression time
(Td) are listed. Note that the compression ratio is cal-
culated as

Cr =
length of original file

length of compressed file
, (9)

where the length of the compressed file includes that
of the header information. For comparison purpose,
the best compression ratio (Br) and the compression
performance using the fast 32-bit precision arithmetic
coding[15] are also included. The values of L, T and δ

are set as 48, 32 and 0.1, respectively. All the simu-
lations are performed in a personal computer with an
i5 2.8 GHz CPU and 3GB memory.
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Table 1. Comparison between the proposed scheme and fast 32-bit precision arithmetic coding.

File Size(byte) Br

Our scheme 32-bit fast AC

Cr Tc /ms Td/ms Cr,AC Tc,AC /ms Td,AC /ms

Paper5 11,954 1.62 1.53 0.766 0.922 1.56 0.797 1.016

Paper4 13,286 1.70 1.62 0.797 0.969 1.65 0.797 1.047

Obj1 21,504 1.34 1.26 0.953 1.172 1.28 1.032 1.359

Paper6 38,105 1.60 1.55 1.141 1.578 1.58 1.281 1.828

Progc 39,611 1.54 1.50 1.203 1.625 1.52 1.328 1.89

Paper3 46,526 1.71 1.67 1.234 1.782 1.70 1.407 2.016

Progp 49,379 1.64 1.60 1.328 1.843 1.63 1.515 2.172

Paper1 53,161 1.61 1.56 1.375 1.953 1.59 1.579 2.329

Progl 71,646 1.68 1.64 1.563 2.437 1.67 1.875 2.718

Paper2 82,199 1.74 1.70 1.609 2.703 1.73 2.016 3.125

Trans 93,695 1.45 1.41 1.781 2.859 1.44 2.297 3.688

Geo 102,400 1.42 1.38 1.937 3.109 1.40 2.453 3.75

Bib 111,261 1.54 1.51 1.953 3.25 1.53 2.578 4.047

Obj2 246,814 1.28 1.25 3.75 6.843 1.27 5.218 8.735

News 377,109 1.54 1.51 5.016 11.531 1.54 7.11 12.297

Pic 513,216 6.61 6.45 4.407 11.453 6.50 7.109 9.828

Book2 610,856 1.67 1.64 10.36 19.125 1.67 10.719 18.813

Book1 768,771 1.77 1.74 11.828 22.359 1.77 13.046 22.813

The results in Table 1 show that the compres-
sion ratio of our scheme is slightly (0.03–0.16) lower
than the Br. This is because the header information
is considered and the encoding interval is re-initialized
each time when the compressed bits are generated. In
general, the gap between Cr and Br decreases with
the increase of the document size, as the header in-
formation occupies only a smaller proportion of the
compressed file. The compression performance of the
fast 32-bit arithmetic coding with a static model is
0.02–0.05 better than ours.

Besides the compression performance, the execu-
tion time of our scheme is compared with that of the
traditional arithmetic coding. The timing data show
that our scheme is even faster than the fast 32-bit
arithmetic coding in both compression and decom-
pression except for the pic and the book2 files. This is
because the fast 32-bit arithmetic coding needs to en-
large the encoding interval each time the register emits
the compressed bits, but ours only resets the encoding
interval after a large number of bits have been emit-
ted. Besides, in practical implementation, the small-
est real number greater than the lower bound is chosen
within the precision of bit shift as the compressed bits.
Therefore, it is only necessary to calculate the lower
bound in the reverse mapping. In the decoding pro-
cess, the map iterates from the initial value to recon-
struct the source symbols. As a result, the proposed
scheme can be implemented efficiently. The com-

pression speed of the proposed scheme lies between
14.88 MB/s and 111.06 MB/s, while the decompres-
sion speed falls between 12.36 MB/s and 42.73 MB/s.
The results show that the proposed chaotic source cod-
ing scheme is practical with a high operating efficiency.

5. Conclusion

An efficient chaotic source coding scheme is pro-
posed, in which the variable-length blocks of the
source file are encoded within the precision of the
register length. The bit shift tracks the synchroniza-
tion between each initial value and the correspond-
ing block. Simulation results justify the efficiency
for practical applications with minor compression loss
when compared with those obtained using the source
entropy. In our future work, the chaotic coding of
variable-length blocks will be adopted to enhance the
efficiency of our previous work.[13]
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