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In this paper we classify Bianchi type VII and IX space-times according to their teleparallel Killing vector fields

in the teleparallel theory of gravitation by using a direct integration technique. It turns out that the dimensions of the

teleparallel Killing vector fields are either 4 or 5. From the above study we have shown that the Killing vector fields for

Bianchi type VII and IX space-times in the context of teleparallel theory are different from that in general relativity.
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1. Introduction

Conservation laws play a vital role in discovering
the hidden realities of our universe. Laws of conser-
vation can be studied alternatively in the presence of
curvature or in the presence of torsion in the space—
time, the details can be found in Refs. [1]-[12]. The
study of conservation laws in the presence of curvature
falls in the field of general relativity, while the study
of conservation laws in the presence of torsion falls in
the field of teleparallel theory of gravitation. Telepar-
allel theory of gravitation is based on Weitzenbock
geometry.'3! In this theory, the torsion plays an im-
portant role and the curvature of the space—time is
zero. Thus like general relativity, in which gravita-
tion is attributed to the curvature of the space—time
having zero torsion, the gravitation in teleparallel the-
ory is attributed to the torsion of the space—time hav-
ing zero curvature, which plays the role of a force,4
a detailed description of this theory can be found in
Ref. [15]. Working in the field of teleparallel theory,
Sharif and Amirl introduced the teleparallel version
of the Lie derivative for Killing vector fields and used
those equations to find the teleparallel Killing vector
With this definition

of teleparallel Lie derivative, an approach to studying

fields in the Einstein universe.

TCorresponding author. E-mail: shabbir@giki.edu.pk

DOI: 10.1088/1674-1056/20/7/070401

symmetries in the teleparallel theory has been initi-
ated. The study of symmetries and their importance
in general relativity is quite advantageous in explor-
ing some crucial aspects of the space-time physics,
examples can be found in Refs. [16] and [17]. To un-
derstand the importance of symmetries in teleparallel
theory refer to Ref. [18], in which the author calculated
energy, momentum, angular momentum and telepar-
allel Killing vector fields for the Brane world black
hole in teleparallel theory and showed that when the
results of energy, momentum and angular momentum
are in agreement with that of general relativity, the
teleparallel Killing vector fields are also in agreement
with the results of general relativity. Keeping this
point in mind, it will be interesting to investigate the
Killing symmetry in the teleparallel theory, which in
turn will help to understand and to estimate the vari-
ous physical properties of space-time, such as energy,
momentum and angular momentum in this alternative
description of gravity.

Our current study will help not only to under-
stand the geometrical and the physical properties of
space-time but also to explore the effect of torsion
on the conservation laws. To compare the results
of conservation laws in the teleparallel and the gen-

eral relativity theories, we investigate Killing vector
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fields in some well known space—times in the context of
teleparallel theory. We explore Killing vector fields in
Bianchi type I,/ Bianchi type I, Kantowski-Sachs!®!
and cylindrically symmetric static space-times.8) The
dimensions of the Killing vector fields for these space—
times are the same as those in general relativity, while
the teleparallel Killing vector fields are multiples of
the corresponding components of the line elements. In
this paper, we focus our investigations on the classi-
fication of Bianchi types VII and IX space—times ac-
cording to their Killing vector fields in teleparallel
theory of gravitation. Throughout this paper, a, b,
¢, ...(=0,1,2,3) are the tangent space indices and p,

UV, Py ene
In the next section, an overview of the teleparallel the-

(=0,1,2,3) refer to the space—time indices.

ory of gravitation is given.

2. Overview

The teleparallel covariant derivative V, of a co-

variant tensor of rank 2 is defined as(?]
0 0
VA = Apnp — FWAM@ — FWAVQ, (1)

where comma denote the partial derivative and I’Gpl,

are Weitzenbock connections defined as!*
o 0 a
r’, = S,0,8 s (2)

where S“M is the non-trivial tetrad field and its inverse
field is denoted by S,” and satisfies the relations
S(IMS(IV — 6 v

wo

S(lquM == éba. (3)
The Remannian metric can be generated from the
tetrad field as

Guv = nabSaquya (4)

where 7., is the Minkowski metric given by 1 =
diag( — 1, 1, 1, 1). The Weitzenbock and the Levi-

Civita connections are related by

re,=r% +K°,, (5)
where
1
0 6 7 6
K;Ly_i(Tuy+Tuu_Tuu) (6)

is a tensor quantity called the contortion tensor and
1, is the Levi-Civita connection defined as

1 o
Foiu = 599 (go'l/,;t + Gopv — g,ul/a)~ (7)

The torsion of the space—time in terms of Weitzenbock
connections is defined as

Te},l,l/ = Fgl/,u, - Fg;uﬂ (8)

which is anti-symmetric with respect to its lower in-
dices. The Riemann curvature tensor in terms of

Weitzenbock connection in teleparallel theory is given

as
6 _ 0 6 6 A
R ouv Fazau _FUN,V+F)\MFUV
- Fe)\u F>¢\7p,' (9)

Now substituting Eq. (5) into Eq. (9), we obtain
RUQWJ = ROUQ;UJ + QUQWJ = Oa (10)

where R

b Tepresents Riemann curvature tensor in

general relativity and

o _ o o A o
Q Ouv — V#K GV_VVK Op K ov A

+K)\9,U. U)\y (11)

is the tensor quantity based on Weitzenbock connec-
tion only. The teleparallel Killing equation is defined

asl?]
T
_{Jg’ Guv = GuvpX” + 9o X?  + 9up X,
+X%(90,T°%,, + 9u0T%,,) =0, (12)

where T denotes the teleparallel Lie derivative with
x

respect to the vector field X and TGW denotes the tor-
sion tensor which is anti-symmetric with respect to its

lower two indices.

3. Main results

Consider Bianchi type VII and IX space-times

(labeled by
11]

in usual coordinates (t, z, vy, z)

(29, 2!, 22, 2%), respectively) with the line element!

ds® = —dt? + A(t) da® + B(t) dy* + [A(t) F*(y)
+ B(t) G*(y)] d2* + 2 A(t) F(y) dw dz, (13)

where A and B are no-where-zero functions of ¢ only.
The above space-times (13) becomes Bianchi type VII
if F(y) = coshy and G(y) = sinhy and Eq. (13)
becomes Bianchi type IX when F(y) = cosy and
G(y) = siny. The above space—times Eq. (13) admit

four linearly independent Killing vector fields in gen-
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eral relativity, which are[2"]
E i 1 sin z— + cos z— — 7F(y) sinzg
dz’ 9z’ Gly) oz dy  Gly) 0z
and
— L cos z— + sin z2 + Fy) COS z—
G(y) Ox dy  Gy) 0z

The tetrad components and its inverse can be obtained

by using relation (4) as

1 0 0 0
0 At 0 At
g _ [0 VAD Doy |y
0 0 B(t) 0
0 0 0 +/B(t)siny
1 0 0 0
0 1 _ cosy
A(t) v/ B(t)siny
S = 1 (15)
0 0 0
B(t)
0 0 v
B(t)siny

It can be verified easily that Eqs. (3) and (4) between
S¢, and S are satisfied. Using Eq. (2), the corre-
sponding non-vanishing Weitzenbock connections are

obtained as

A B
FllO:TA’ F220:72B’
B F(y)
e, =—= 13, =2
30 = 5 32 (y)’
1 A B 1
L, ==F — — = L, =—— 1
30 2 (y) (A B ) 32 G(y) 1) ( 6)

where dot denotes the derivative with respect to t.
Thus the non vanishing torsion components by using

Eq. (8) are obtained as

A 1 A B
1 _ 11 4 b

B B
2 -
TO2_2Ba TOS 2B’
1 F(y)
Thy=——, Th=—_% 17
23 G(y) 23 G( ) ( )

A vector field X is said to be teleparallel Killing vec-
tor field if it satisfies Eq. (12). We can write Eq. (12)
explicitly using Eqs. (13) and (16) as

X% =0, X?, =0, (18)
X1,1+F(3/)X3,1 =0, (19)
2BX% —2X° +BX? =0, (20)

BX? +AX',+ AF(y) X°,

—AG(y) X% =0, (21)
1.
AXLy = X0+ SAX + AF(y) X
1.
+ 5A F(y) X* =0, (22)

AF(y) X'+ [AF?(y) + BG*(y)1 X7, — X'

s

1. 1 .
+ §A F(y)X* + 5[A F2(y)

+BG(y) X3 =0, (23)
AF(y)X', + [AF?(y) + BG*(y)]X?,
+AX 3+ AF(y)X?5 =0, (24)

AF(y)X'y + [AF?(y) + BG*(y)] X,
+ BX%,— (A - B) F(y) Gy) X* = 0, (25)

AF(y)X' 5+ [AF?(y) + BG?(y)]X°5 = 0. (26)
Integrating Eq. (18) we yields
X0 =E'(x,y.2), X*=E(tzz), (2)

where E'(z,y,2) and E?(t,r,z) are functions of in-
tegration and are to be determined. Now considering
Eq. (24) and using Eq. (19), we obtain

BG*(y)X? + A[X's+ F(y)]X°;=0. (28)

Now differentiating Eq. (19) with respect to z, we have

X1,13 + F(y) X3,13 =0. (29)

Differentiating Eq. (28) with respect to z and using
Eq. (29), we have X?;, = 0. Now integrating this

equation twice with respect to = yields

X* = 2 B3 (t,y,2) + Bt y, 2). (30)

Substituting the above value of X? to Eq. (19) and

integrating the resulting equation, we have

X' = —xF(y) E*(t,y,2) + E°(t,y,2),  (31)

where E3(t,y,2), E*(t,y,2) and E°(t,y, z) are func-
tions of integration and are to be determined. Thus

we have the following system of equations:

XO:El(xayaz)a
Xl = —IF(y) ES(t,y7Z) + Es(tvyaz)a
X? = E%(t,2,2),

X3 =x E3(t,y,2) + E*(t,y, 2). (32)

Now we need to solve system (32) by using the re-
maining six equations. To avoid lengthy details here

we shall write only the results as follows.
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Case I In this case we have A # B, A #

constant and B # constant. The space-time is given

in Eq. (13). Solution of Eqs. (18)—(26) is given by
X0 = c1,
X% = % + —B
-

where c1, co, c3, ¢4 € R. Here the space-time
(13) admits four linearly independent teleparallel
Killing vector fields, which can be written as 9/0t,
(1/VA)(0/dx), (1/VB)(8/dy) and

F (y)‘ F(y) 9 0

Gly)| Gy) oz~ “dy
+F(y;‘F(y) 2 ]

Gly)  G(y) |Gy oz

Killing vector fields in general relativity are 9/0x,

/0 z,

\;E[_IH‘G(ly)
+In

1 . 0 F(y) .
@Slnz%+COSZ@_G(y) SIHZ£
and
1 0 F(y)
_G(y) (:osza —|—smza—y—|—ﬁ COS 2 2%

We can easily see that the teleparallel Killing vector
fields are different from that in general relativity. The
number of Killing vector fields in both theories are the
same.

Case I In this case, we have A # B, A #
constant and B = 7, where n € R\{0}. In this case the
line element for Bianchi type VII and IX space-times

becomes

ds? = —dt* + A(t) da® +ndy?
+[A(t) F?(y) +n G*(y)] d=?
+2A(t) Fy) dz d=. (34)
Solution of Eqs. (18)—(26) is given by

X0 = ¢,

Xt'=—¢yIn

X? = zCo + ¢4,

1 F(y) ’ F(y)
G(y)

X3 =cyIn (35)

where ¢1, ¢a, ¢3, ¢4 € R. Here space—time (34) admits

four linearly independent teleparallel Killing vector
fields, which can be written as 9/9t, (1/v/A)(8/dz),
0/0y and

Fly) | Fly) 0 0

“Maw *G@)‘ Gy oz 7oy
+1n‘ 1 F(y)\F@)a
Gly) Gy | Gly) oz

We can easily see that the teleparallel Killing vector
fields are different from that in general relativity. The
number of Killing vector fields in both theories are the
same.

Case I In this case we have A # B, B #
constant and A = X, where A € R\{0}. Here the line
element for Bianchi type VII and IX space-times be-

comes

ds? = —dt* + Ad2® + B(t) dy?
+NF2(y) + B(t) G*(y)] d2°
+2AF(y)dz dz. (36)

Solution of Egs. (18)—(26) is given by

oncl,

1__% | 1 F(y)| Fly)
=8 G<y>+G<y>‘G<y>+ >
2_ 20

X =

s_ | 1t FO|FQE)
=" aw G<y>’G<y>’ (87)

where ¢, co, ¢3, ¢4 € R. Here space-time (36)
admits four linearly independent teleparallel Killing
vector fields, which can be written as 9/9t, 9/0,

(1/VB)(9/0y) and

IR W|Fly) 0 9

\/E{ "ew <y>’G<>ax+ y
1 F(y)| F(y)

i <>’G<> }

We can easily see that the teleparallel Killing vector
fields are different from that in general relativity. The
number of Killing vector fields in both theories are the
same.

Case IV In this case, we have A = B, A #
constant and B # constant. The line element for the

space—times in this case becomes
ds? = —dt* + A(t)[ d2® + dy?]

A(t) [F*(y) + G*(y)] d2°
+2A( ) F(y) dz d=. (38)
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Solution of Egs. (18)—(26) is given by

XO = (1,
1 F(y)
X1:—|:C5IDG +coln —|—H
VA 1G] +e2 Gly)  Gy)
EW) yes e
Gly) VA VA
=2 2,
f’ VA
X3 = |:C5IH|G y)|
F(y)HF(y)
+coln + , 39
k=il 39
where c¢1, ¢, c3, ¢4, 5 € R. Here space—

time (38) admits five linearly independent teleparallel

Killing vector fields, which can be written as 9/9t,

(1/VA)(0/0), (1/VA)(/y),

1[111‘ 1 +F(y)‘F(y)3 d

VA Gly)  Gy) 9

1 F (y)‘ F(y) 0 ]
()

+ In +
Gly) Gy)|Gly) oz
and
y | 0 x 0
— In|G -+ —=7
el - g+ Jaay
1 0
—1 —.
+ = GO 5

We can easily see that the teleparallel Killing vector
fields are different from that in general relativity. It
is important to note that in this case the space—times
admit one more teleparallel Killing vector field.
Case V In this case, we have A = X\ and B = 7,
where A\, € R\{0}. The line element for the space—

times in this case becomes
ds? = —dt* + ANda? + 7 dy?
+AF2(y) + 0GP (y)] d2?
+2AF(y) dz d=. (40)
Solution of Egs. (18)—(26) is given by
Xo = C1,

Xl-{—g%mm@

+coln +ycs + cs,

_.
+
gl
S
Q
S

A
X? = ——xcs + zCo + ¢4,
n

g
|

A
[—n%mm@n

+coln

+ (41)

1 Fyl|] 1
Gly)  Gly) H Gly)’
where c¢1, ca, c3, ¢4, c5 € R. Here space—time (40) ad-
mits five linearly independent teleparallel Killing vec-
tor fields, which can be written as 9/9t, 9/0x, 0/0y,

F(y) F(y)i+zﬁ
G(y)| G(y)ox "9y

and

By comparison with the Killing vector fields in gen-
eral relativity, we can see that two Killing vector fields
0/0t and 9/0 x are the same in both theories and all
others are different.

4. Conclusion

In this paper, we classify the teleparallel Killing
vector fields for Bianchi type VII and IX space-times
and show that the above space-times admit either 4
or 5 teleparallel Killing vector fields, which are dif-
ferent from the Killing vector fields in general rela-
tivity. It also turns out that the teleparallel Killing
vector fields are multiples of some specific functions
of ¢t (these functions involve the components of the
metric tensor). These functions appear in teleparal-
lel Killing vector fields because of the non-vanishing
torsion components. From the above discussion, it is
clear that the presence of the torsion in Bianchi type
VII and IX space—times changes the number of the con-
servation laws. It is also important to remember that
the above space-time admits one more conservation

law in teleparallel theory in case IV.
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