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We investigate the Landau damping of the collective mode in a quasi-two-dimension repulsive Bose–Einstein

condensate by using the self-consistent time-dependent Hatree–Fock–Bogoliubov approximation and a complete and

orthogonal eigenfunction set for the elementary excitation of the system. We calculate the three-mode coupling matrix

element between the collective mode and the thermal excited quasi-particles and the Landau damping rate of the

collective mode. We discuss the dependence of the Landau damping on temperature, on atom number in the condensate,

on transverse trapping frequency and on the length of the condensate. The energy width of the collective mode is

taken into account in our calculation. With little approximation, our theoretic calculation results agree well with the

experimental ones and are helpful for deducing the damping mechanics and the inter-particle interaction.
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1. Introduction

Elementary excitation of Bose–Einstein conden-
sate (BEC) in a magnetic trap is a good subject
for studying the physics of many-body system.[1−16]

The damping, which is a main character of the el-
ementary excitation, is the most basic phenomenon
of the trapped BEC and is widely observed in
experiments.[17−24] The precise calculation of the
damping may be used to explain many experimen-
tal phenomena, to test and to develop the quantum
many-body theory for condensed matter; the precise
measurement of the damping can be inversely used
to deduce the inter-particle interaction and the super-
fluid property of the system.

Although there are a lot of studies on the Landau
damping of the collective excitations in the trapped
BEC, which are conducted in many famous labora-
tories and theoretical groups (the Beliaev damping
can be ignored for low-energy collective modes in a
trapped Bose gas because of the discretization of the
energy levels), the damping of the condensate excita-
tion is not yet very well understood theoretically.

In the collision-less region, which takes place at
low temperature and low density, the Bogoliubov ap-
proach of mean field theory, which demonstrates the
condensate collective excitation at T = 0, can be well
generalized to finite temperature to study the interac-
tion between the collective excitation and the thermal
excited quasi-particle.[25−39]

To calculate the damping, we need to solve the
Gross–Piteaviskii (GP) equation and the Bogoliubov–
de Gennes (BdG) equation. The analytic solution of
BdG equation for three dimension condensation in a
harmonic trap is obtained by using the Thomas–Fermi
approximation (TFA).[1] The TFA neglects the quan-
tum fluctuations of the condensate, which are not an
important aspect of the elementary excitation in the
case of a large number repulsive atoms in condensation
at low temperature. In addition, the eigen modes of
the elementary excitation are not complete and their
orthogonality have never been proved in the TFA. An-
other serious deficit of the TFA is the uncontrollable
divergency in the calculation of the three-mode cou-
pling matrix element, which is important for calcu-
lating the damping. So nearly all works on Landau
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damping of the three dimension condensate in a mag-
netic trap are base on numerical simulations.[25−36]

References [37 − 43] put forward a method beyond the
TFA to analytically calculate the three-mode coupling
matrix element and the Landau damping. The new
method brings in more approximation by introducing
a variational parameter q.

In contrast, the quasi-two-dimension condensate
is uniform in the transverse direction, the eigen-
function set of the BdG equation provided in Ref. [1]
is complete and orthogonal. There are no more ap-
proximations in the study of the damping of the col-
lective mode in the low dimension condensate. There-
fore we investigate the Landau damping of the collec-
tive modes in a quasi-two-dimension repulsive Bose–
Einstein condensate in search of a credible analytical
method.

2. The Hatree Fock Bogoliubov

mean field theory for Landau

damping

We adopt the Hartree–Fock–Bogoliubov (HFB)
mean field approximation,[25] which is beyond the
Popov approximation,[1] and the complete and orthog-
onal eigenfunction set of the BdG equation, which was
deduced in Ref. [1] for the quasi-two-dimension repul-
sive condensate. We take a brief review in Sections 2.1
and 2.2. In Section 2.3, we introduce our calculation
method for the Landau damping rate.

2.1. Eigenfunction set of BdG equation

The grand-canonical Hamiltonian of a dilute
Bose-condensed atomic gas trapped in an anisotropic
external potential Vext(r) in terms of the boson field
operator ψ(r, t) reads

K = H − µN =
∫

drψ†(r, t)
[
− ~2∇2

2m
+ Vext(r) − µ

+
g

2
ψ†(r, t)ψ(r, t)

]
ψ(r, t), (1)

where µ is the chemical potential and m is the atomic
mass. The parameter g = 4π~2asc/m describes a con-
tact interaction, with asc being the s-wave scattering
length.

We consider a quasi-two-dimension repulsive
Bose-atomic gas condensed in a trap with tight ax-
ial confinement and with negligible trapping potential

in the transverse direction. The trapping potential is
written as Vext = 1

2mω2
hoz

2, where ωho is the axial
harmonic frequency.

By taking ψ(r, t) = ψ(x, y, t)ψ(z), where
ψ(x, y, t) and ψ(z) are the wavefunctions in the trans-
verse and in the axial direction of the system, respec-
tively, we separate the Hamiltonian (1) into two parts
Ktr, Kax, K = Ktr + Kax, where

Kax = N0

∫
dzψ†(z)

(
− ~2

2m

∂2

∂z2

+
1
2
mω2

hoz
2

)
ψ(z) (2)

is the Hamiltonian in the axial direction of the system
and

Ktr =
∫

dxdyψ†(x, y, t)

{[
− ~2

2m

(
∂2

∂x2
+

∂2

∂y2

)
− µ

]
×

[ ∫
dzψ†(z)ψ(z)

]
+

g

2
ψ†(x, y, t)ψ(x, y, t)

×
[ ∫

dzψ†(z)ψ†(z)ψ(z)ψ(z)
]}

ψ(x, y, t) (3)

is the Hamiltonian in the transverse direction of the
system. The normalization of the transverse wave-
function is

∫
dxdyψ†(x, y, t)ψ(x, y, t) = N0, where N0

is the atomic number.
According to Hamiltonian (2), we get the axial

direction ground state wavefunction

ψ(z) =
(

1√
πaho

)1/2

e−z2/2a2
ho

with aho =
√

~/mωho being the radius of the Gauss
axial distribution of the condensate. Taking into ac-
count the interatomic interactions, the ground state
wavefunction in the axial direction should be modi-
fied to be ψ(z) = (1/

√
πa⊥)1/2 e−z2/2a2

⊥ , where the
axial semi-axes of the condensate

a⊥ = aho

(√
2πN0ascaho

L2

)1/3

is obtained by equating the potential energy 1
2mω2

noa
2
⊥

with the interaction energy gN0/(4
√

2πa⊥L2) of a
particle, with L being the length of the condensate.
The

∫
dzψ†(z)ψ†(z)ψ(z)ψ(z) = 1/

√
2πa⊥ is the aver-

age axial particle probability density. The
√

2πa⊥ is
the axial equivalent radius of the condensate.

Then the Hamiltonian in the transverse direction
of the system can be rewritten as

Ktr =
∫

dxdyψ†(x, y, t)
[
− ~2

2m

(
∂2

∂x2
+

∂2

∂y2

)
− µ

+
g′

2
ψ†(x, y, t)ψ(x, y, t)

]
ψ(x, y, t), (4)
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with g′ = (2
√

2π~2asc)/maho. The Heisenberg equa-
tion of motion for ψ(x, y, t) can be written as

i ~
∂ψ(x, y, t)

∂t
= [ψ(x, y, t),Ktr]

=
[
− ~2

2m

(
∂2

∂x2
+

∂2

∂y2

)
− µ

+ g′ψ†(x, y, t)ψ(x, y, t)
]
ψ(x, y, t). (5)

We decomposed the field operator into a condensed
component φ = 〈ψ〉 and a non-condensed component
ψ̃, ψ(x, y, t) = φ(x, y, t) + ψ̃(x, y, t) and 〈ψ̃〉 = 0.
The condensate is also decomposed into a stationary
component φ0 = 〈ψ〉0 and an excited component δφ,
φ(x, y, t) = φ0(x, y) + δφ(x, y, t), where the symbol
〈· · · 〉 (〈· · · 〉0) represents nonequilibrium (equilibrium)
average.

We take the HFB approximation:
(i)

〈ψ̃†(x, y, t)ψ̃(x, y, t)〉 = ñ(x, y, t)

and
〈ψ̃(x, y, t)ψ̃(x, y, t)〉 = m̃(x, y, t),

where m̃ and ñ denote the normal and the anomalous
thermal particle densities, respectively;

(ii)

〈ψ̃†(x, y, t)ψ̃(x, y, t)ψ̃(x, y, t)〉
= 〈ψ̃†(x, y, t)ψ̃†(x, y, t)ψ̃(x, y, t)〉 = 0;

(iii)

〈ψ̃†(x, y, t)ψ̃†(x, y, t)ψ̃(x, y, t)ψ̃(x, y, t)〉
= 4ñ(z, t)ψ̃†(z, t)ψ̃(z, t) + m̃(x, y, t)ψ̃†(x, y, t)

× ψ̃†(x, y, t) + m̃∗(x, y, t)ψ̃(x, y, t)ψ̃(x, y, t);

(iv)

ñ(x, y, t) = ñ0(x, y) + δñ(x, y, t)

and
m̃(x, y, t) = m̃0(x, y) + δm̃(x, y, t),

where
ñ0(x, y) = 〈ψ̃†(x, y, t)ψ̃(x, y, t)〉0

and
m̃0(x, y) = 〈ψ̃(x, y, t)ψ̃(x, y, t)〉0;

(v) ñ0(x, y) = 0 and m̃0(x, y) = 0.
Using the above approximation, we get the equation
of motion for the condensate wavefunction

i ~
∂φ(x, y, t)

∂t

= − ~2

2m

(
∂2

∂x2
+

∂2

∂y2

)
φ(x, y, t) − µφ(x, y, t)

+ g′|φ(x, y, t)|2φ(x, y, t) + 2g′φ(x, y, t)δñ(x, y, t)

+ g′φ(x, y, t)∗δm̃(x, y, t). (6)

Neglecting δñ and δm̃ in Eq. (6), we get the GP equa-
tion for the stationary distribution of the condensate[

− ~2

2m

(
∂2

∂x2
+

∂2

∂y2

)
− µ

+ g′φ2
0(x, y)

]
φ0(x, y) = 0. (7)

The solution of Eq. (7) is the groundstate wavefunc-
tion φ0 =

√
N0/L with the chemical potential µ =

g′φ2
0 and the density of condensate n0 = N0/L2.
Taking the Bogoliubov transformation

ψ̃(x, y, t) =
∑

k

[uk(x, y)α†
k(t) + v∗k(x, y)αk(t)]

with the normalization∫
dxdy[u∗

k(x, y)uk′(x, y) − vk(x, y)v∗k′(x, y)] = δkk′ ,

where αk is the Bose operator satisfying [α†
k, αk′ ] =

δkk′ , Hamiltonian (4) can be diagonalized as

Ktr = K0 + K
(1)
2 −

∑
j

εj

∫
dxdy|vj |2 +

∑
j

εjα
†
jαj ,

with

K0 =
∫

dxdyφ∗
[
− ~2

2m
(∂2/∂x2 + ∂2/∂y2) + g′n0

]
φ,

and

K
(1)
2 =

∑
jj′

∫
dxdyg′φ0{[2(δφ + δφ∗)u∗

juj′

+ δφu∗
jvj′ + δφ∗uj′v∗j ]α†

jαj′

+ [2(δφ + δφ∗)vjv
∗
j′ + δφvju

∗
j′

+ δφ∗v∗j′uj ]αjα
†
j′

+ [2(δφ + δφ∗)u∗
jv

∗
j′ + δφu∗

ju
∗
j′

+ δφ∗v∗j v∗j′ ]α†
jα

†
j′

+ [2(δφ + δφ∗)vjuj′ + δφvjvj′

+ δφ∗ujuj′ ]αjαj′}.

We have used the BdG equations

L uk(x, y) + g′n0vk(x, y) = εkuk(x, y),

L vk(x, y) + g′n0uk(x, y) = −εkvk(x, y), (8)

where L = − ~2

2m (∂2/∂x2 + ∂2/∂y2) + g′n0.
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Searching for a solution of the form uk(z) =
uk ei(kxx+kyy)/L and vk(z) = vk ei(kxx+kyy)/L with
the elementary excitation spectrum

εk =

√
~2k2

2m

(
~2k2

2m
+ g′

N0

L2

)
, (9)

Eq. (8) becomes(
~2k2

2m
+ g′

N0

L2
− εk

)
uk + g′

N0

L2
vk = 0,(

~2k2

2m
+ g′

N0

L2
+ εk

)
vk + g′

N0

L2
uk = 0. (10)

We obtain the following complete and orthogonal
quasiparticle wavefunction

uk(x, y)=
1
L

√√√√√√√1
2

 1 +
g′′N0

k2L2√
1 +

2g′′N0

k2L2

+ 1

 ei(kxx+kyy),

vk(x, y)=
1
L

√√√√√√√1
2

 1 +
g′′N0

k2L2√
1 +

2g′′N0

k2L2

− 1

 ei(kxx+kyy), (11)

and rewrite the eigenvalue in Eq. (9) as

εk =
~2

2m

√
k2

(
k2 + 2g′′

N0

L2

)
, (12)

with g′′ = 4
√

2πasc/aho.
From Eq. (6) we can also get the equation of mo-

tion

i ~
∂δφ(x, y, t)

∂t

=
[
− ~2

2m

(
∂2

∂x2
+

∂2

∂x2

)
+ g′n0

]
× δφ(x, y, t) + g′n0δφ∗(x, y, t)

+ 2g′φ0δñ(x, y, t) + g′φ∗
0δm̃(x, y, t) (13)

for the excitation of the condensate.
Neglecting δñ and δm̃ in Eq. (13), it is easy to

see that the collective excitation in the condensate
δφ(x, y, t) = ukcl(x, y) exp(− i εkclt) and δφ∗(x, y, t) =
vkcl(x, y) exp(− i εkclt) are also determined by the
BdG equations, namely ukcl(x, y) and vkcl(x, y) obey
Eq. (8).

2.2. coupling matrix elements and en-

ergy correction of the collective

mode

With the Bogoliubov transformation, we have

δñ =
∑
ij

[(u∗
i uj + v∗i vj)fij + u∗

i v
∗
j g∗ij + uivjgij ],

δm̃ =
∑
ij

(2uiv
∗
j fij + u∗

i v
∗
j g∗ij + uivjgij),

where fij = 〈α†
iαj〉 − f0

i and gij = 〈αiαj〉 are
the normal and the anomalous quasiparticle dis-
tribution functions, respectively, f0

j = 〈α†
jαj〉0 =

1/[exp(εj/kBT ) − 1] is the equilibrium density of the
quasiparticles, T is the temperature and kB is the
Boltzman constant. So the time evolutions of δn̂ and
δm̂ are reflected by the following equations of motion

i ~
∂fij(t)

∂t

= 〈[α†
iαj ,Ktr]〉

= (εj − εi)fij(t) + 2g′[f0
i (t) − f0

j (t)]

×
∫

dxdyφ0{[δφ(x, y, t) + δφ∗(x, y, t)]

× [ui(x, y)u∗
j (x, y) + vi(x, y)v∗j (x, y)]

+ δφ(x, y, t)vi(x, y)u∗
j (x, y)

+ δφ∗(x, y, t)ui(x, y)v∗j (x, y)} (14)

and

i ~
∂gij(t)

∂t
= 〈[αiαj ,Ktr]〉
= (εj + εi)gij(t) + 2g′[1 + f0

i (t) + f0
j (t)]

×
∫

dxdyφ0{[δφ(x, y, t) + δφ∗(x, y, t)]

× [u∗
i (x, y)v∗j (x, y) + v∗i (x, y)u∗

j (x, y)]

+ δφ(x, y, t)u∗
i (x, y)u∗

j (x, y)

+ δφ∗(x, y, t)v∗i (x, y)v∗j (x, y)}, (15)

respectively. And the Eq. (6) is rewritten as

i ~
∂δφ(x, y, t)

∂t

=
[
− ~2

2m

(
∂2

∂x2
+

∂2

∂y2

)
+ g′n0

]
δφ(x, y, t)

+ g′n0δφ∗(x, y, t) + g′φ0

∑
ij

{2[u∗
i (x, y)uj(x, y)

+ v∗i (x, y)vj(x, y) + v∗i (x, y)uj(x, y)]fij(t)

+ [2vi(x, y)uj(x, y) + ui(x, y)uj(x, y)]gij(t)

+ [2u∗
i (x, y)v∗j (x, y) + v∗i (x, y)v∗j (x, y)]g∗ij(t)}. (16)

We are interested in the collective mode with en-
ergy εcl. We can get the energy correction to the col-
lective mode in the Landau mechanism by using the
Fourier transition of Eqs. (14)–(16),

ε = εcl + 4g′2
∑

i

(f0
i − f0

j )
|Aij |2

εcl + εi − εj
, (17)
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where

Aij =
∫

dxdyφ0[ucl(uiu
∗
j + viv

∗
j + viu

∗
j )

+ vcl(uiu
∗
j + viv

∗
j + uiv

∗
j )] (18)

is the three-mode coupling matrix element describing
the interaction between the collective mode and the
quasi-particle, εcl is the energy of the collective mode,
εi and εj are the energies of the quasi-particles. In
the right hand side of Eq. (17), the first term is the
un-corrected energy of the collective mode, the sec-
ond term is the energy correction to the collective
mode. The quasi-particle transitions satisfying the
phase-match condition εcl+εi−εj = 0 have remarkable
contributions to the second term. The quasi-particle
transition, in which a quasiparticle with energy εi is
turned into another one with energy εj by absorbing
a collective mode energy εcl, contributes to the energy
correction of the collective mode through the Landau
mechanism.

2.3.Calculation method for Landau

damping rate

In the right hand side of Eq. (17), which is de-
duced from the perturbation theory, the first term
is the zero-order energy of the collective mode and
the second term is the perturbation correction to the
collective mode, which diverges under the condition
εcl + εi− εj = 0. Considering the relaxation of the col-
lective mode, we replace εcl with εcl + i ~γ in the right
hand side of Eq. (17), where γ is the Landau damping
rate, we get

ε = εcl + i ~γ + 4g′2
∑

i

(f0
i − f0

j )
|Aij |2

εcl + i ~γ + εi − εj

= εcl + 4g′2
∑

i

(f0
i − f0

j )
|Aij |2(εcl + εi − εj)

(εcl + εi − εj)2 + (~γ)2

+ i
[
~γ − 4g′2

∑
i

(f0
i − f0

j )

× |Aij |2~γ

(εcl + εi − εj)2 + (~γ)2

]
. (19)

Comparing with Eq. (17), the imaginary part in
Eq. (19) should be zero, we obtain the formula

γ = 4g′2
∑

i

(f0
i − f0

j )
|Aij |2γ

(εcl + εi − εj)2 + (~γ)2
(20)

for calculating the Landau damping rate.
It is necessary to compare our method with

the usual one for three dimension systems. In the

usual calculation method, the formula is written as a
Lorentz distribution function

γ = 4g′2
∑

i

(f0
i − f0

j )
|Aij |2∆

(εcl + εi − εj)2 + (~∆)2
. (21)

The calculated γ is found in the region that it changes
slowly with ∆.[27] Thus the significance of the Lorentz
width ∆ has not been elaborated. In our calculation
method, ~∆ in the Lorentz distribution function is un-
derstood as the energy width of the collective mode.
According to the uncertainty principle of time and en-
ergy, namely ~∆×τ = ~, ∆ = 1/τ is just the damping
rate γ, with τ being the average life time of the collec-
tive mode. In addition, the usual method only fits for
the case that Aij varies gently with the change of the
miss-match εcl+εi−εj , while Aij in low dimension sys-
tems changes like a δ function. Thus the calculational
result of Landau damping rate is beyond reliable if we
do not consider the energy width ~∆.

3. Calculation and result

We consider quasi-two-dimension atoms 87Rb
(scattering length asc = 5.82 × 10−9 m) condensing
in a harmonic axial trapping.

3.1.The Landau damping rate

We take the following parameters: trapping fre-
quency ωho = 800 Hz (corresponding to aho =
9.52522× 10−7 m), atomic number N0 = 6000, length
of condensate L = 3.4× 10−5 m. With these parame-
ters, the density of the condensate

n0 = N0/2
√

2πa⊥L2 (a⊥ = 3.96463 × 10−7 m)

is the same as the experimental one 2.6×1018 m−3.[17]

We take collective modes kclx = 2π
L lx and kcly =

2π
L ly with {lx, ly}={5,5}, {7,8}, {10,11} (correspond-
ing to ωcl = 0.9075ωho, 1.889ωho, 3.565ωho, where
ωcl = εcl/~), respectively. The quasiparticles in-
teracting with the collective modes are taken to be
kix = 2π

L nx with nx = 0, ±1, ±2, . . . and kiy = 2π
L ny

with ny = 0, ±1, ±2, . . . (except nx = ny = 0, the case
is trivial for the damping mechanics) and kjx = 2π

L mx

with mx satisfying lx + nx −mx = 0, ±1, ±2, . . . and
kjy = 2π

L my with my satisfying ly + ny −my = 0, ±1,
±2, . . . (except mx = my = 0), covering the desirable
value of the three-mode coupling matrix Aij around
the phase-match condition kclx + kix − kjx = 0 and
kcly + kiy − kjy = 0 being mentioned in the following
text.
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Inserting the elementary excitation wavefunc-
tion from Eq. (11), there are two integral product
factors

∫ L/2

−L/2
dα ei(kclα+kiα−kjα)α with α = x, y in

Eq. (18) for calculating Aij . The factors equal to
2πδ(kclα + ki α − kjα) as L → ∞, namely it diverges
as L → ∞. Thus we replace the integral prod-
uct factor with another Lorentz distribution function
2δα/((kclα + ki α − kjα)2 + δ2

α), which takes into ac-
count the wave vector width δα of the collective modes
and equals to 2πδ(kclα + kiα − kjα) as δα → 0, where

δα = ~∆/

[
~2

m
(k2

cl+g′′N0/L2)/
kcl

kclα

√
k2
cl + 2g′′N0/L2

]

is evaluated by differentiating Eq. (12). We find that
the quasiparticle transition satisfying the phase match
condition kclα + kiα − kjα = 0 has prominent contri-
bution to the Landau damping rate.

Using the results of the three-mode coupling ma-
trix and the elementary excitation eigenfunction and
eigenvalue, we calculate the Landau damping rate γ in
an iterative way. Figure 1 show the values of γ versus
the values of ∆ at T = 100 nK for collective modes
{5, 5}, {7, 8}, {10, 11}. We can find in Fig. 1 that
the value of γ decreases with the increase of ∆ and
there are three points represented by the stars that γ

equal to ∆. The Landau damping rates for the three
collective modes are read to be 52, 67 and 84 s−1,
respectively. As expected, the Landau damping rate
increases with the increase of the frequency of the col-
lective mode. The reason is that the low energy mode
is more stable than the high one. Our theoretic result
is in agreement with the experimental ones.[18,19]

Fig. 1. The γ as a function of ∆ at T = 100 nK for the

Landau damping. We consider collective modes {5, 5},
{7, 8}, {10, 11}, respectively.

3.2.T -, ωho-, N0- and L-dependences of

the Landau damping

We show the damping rate γ (in unit of s−1) of
collective mode {7, 8} versus the temperature T (in
unit of K) in Fig. 2. The axial trapping frequencies are
ωho = 400, 800, 1600 Hz, the corresponding frequen-
cies of collective mode {7, 8} are 1479, 1512, 1555 Hz,
respectively, with N0 = 6000 and L = 3.4 × 10−5 m.

As shown in Fig. 2 and as expected, the Lan-
dau damping rate increases with the increase of the
temperature and the trapping frequency. Because the
available quasiparticle number increases with the in-
crease of T and the atom density increases as the trap-
ping frequency increases.

Fig. 2. The Landau damping rate γ of collective mode

{7, 8} in the condensate as a function of temperature T .

In Fig. 3, we have plotted γ (in unit of ωho) of
collective mode ωcl = 10ωho versus the atom number
N0 at T = 100 nK. We take the lengthes of the con-
densate to be L = 1.7, 3.4, 6.8×10−5 m, respectively,
with ωho = 800 Hz.

Fig. 3. The Landau damping rate γ of collective mode

ωcl = 10ωho in the condensate as a function of particle

number N0 at temperature T = 100 nK.

We find that, as expected, the Landau damping
rates increase with the particle number but decrease
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with the length of condensate, which is caused by the
change of the atom density in the condensate.

4. Conclusion

We have studied the Landau damping of the
collective mode excited in a quasi-two-dimension re-
pulsive Bose–Einstein condensate trapped in an ax-
ial harmonic trap. We have calculated the Landau
damping rate of the collective mode and discuss the
temperature-, atom number-, frequency- and conden-
sate length- dependence of the Landau damping rate.
We use the complete and orthogonal eigen-function set
of the BdG equation in the quasi-two-dimension con-
densate. We take into account the spectrum width of
the collective mode. Our theoretic calculation result
agrees well with the experiment ones. Our theory well
pictures the physics of the interatomic interaction and
is helpful to test and to develop the quantum many-
body theory for condensed matter.
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