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The entanglement evolution of the coupled qubits interacting with a non-Markov environment is investigated

in terms of concurrence. The results show that the entanglement of the quantum systems depends not only on the

initial state of the system but also on the coupling between the qubit and the environment. For the initial state

(100) £ |11)) /+/2, the coupled qubits will always been in the maximum entangled state under an asymmetric coupling.
For the initial state (|01) & |10)) /+/2, in contrast, the entangling degree of the coupled qubits is always equal to unity

and does not depend on the evolving time under the symmetric coupling. We find that the stronger the interaction

between the qubits is, the better the struggle against the entanglement sudden death is.
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1. Introduction

One of the most remarkable features of quantum
physics is the quantum entanglement. In recent years,
theoretical and experimental progresses indicate that
it is an essential resource for quantum information
processing,' =3 such as quantum teleportation!*®! and
quantum dense coding.!®) Therefore, the quantum en-
tanglement is not only the most important primary re-
source for quantum information!”=?! but also the cor-
nerstone for the realization of quantum communica-
tion and quantum computer. In comparison with the
classical information science, the quantum informa-
tion science based on the quantum entanglement has
many advantages. It can not only greatly enhance
the speed and the capacity of the information pro-
cessing, but also resolve information processing func-
tions that might not be achieved in the past. In one
word, it is one of the key technologies to implement
the quantum information. Thus, searching for stable
entanglement is an important issue in the quantum
information study.

The phenomenon, in which the quantum systems
fully get rid of the entanglement in a limited time due
to the effect of environmental dissipation, is known as
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entanglement sudden death (ESD).['9~12ITn order to
ensure the realization of quantum logic and quantum
computing, researchers have done a lot of research to
avoid the ESD and proposed new schemes to achieve
the entanglement. However, in a quantum open sys-
tem, there are still a lot of problems related to the
disentanglement.!*3:14]

Using the master equation of the quantum open
system, many authors have successfully investigated
the decoherence of the quantum system interacting
with its environment. While the decoherence of the
quantum system consisted of coupling subsystems was
studied, the coupling effects on the irreversible time
evolution were ignored in many cases. As pointed
out by Kubo et al., the coupling effects are essen-
tial to derive the correct irreversible time evolution
of a quantum system.l'® Ban showed that in the
Markov approximation, the interaction between sub-
systems significantly affects the dephasing of the two-
qubit system.['6! In the real physical world, the sys-
tems are referred to as non-Markov open quantum
systems,[!718) in which the non-Markov dynamics is
characterized by the existence of a memory time scale
so that the energy or the information would trans-
fer from the system to the environment and then feed
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back into the system. Therefore, it is interesting to
study the impact of the coupling model between the
qubits and the environment on the entanglement dy-
namics in a non-Markov process. We will show that
the interactions between the qubits and the environ-
ment significantly affect the decay of the entangle-
ment. We find that through controlling the coupling
ways between the qubits and the environment, we may
make the entangling degree of the quantum system be
always equal to unity for the given initial state with a
maximal entanglement.

2. Model

Let us consider two coupled qubits interacting
with the environment. The typical Hamiltonian for
this model is (kg = h = 1)1

Hiotal = Hqp, + Hp + Hyp—qp + Hop—B, (1)

with
w
qu - 5(0—17; + 022)7 (2)
Hgp—qn = g(0 05 + 0y 03), (3)

where w is the independent fluctuation of the qubit, g
is the strength of the qubit—qubit interaction and rep-
resents an external field. The environment is described
by a Boson harmonic oscillator with Hamiltonian Hg.
The interaction between the two-qubit system and the
environment is assumed to be

Hyo_p = SB, (4)

where
S = X101z + X202z,

parameter x1 (x2) represents the strength of the cou-
pling between the qubit 1 (2) and the environment, B
is the Hermitian operator of the environment. When
X1 = X2, the coupling interaction is symmetric, oth-
In the following, we use
the two-qubit product basis, i.e., {|00) = |1),|01) =
[2),]10) = |3),|11) = |4)}, where |0) and |1) are the
eigenstates of the spin-1/2 operator o;, (i = 1,2) with
Oiz |0> = % ‘0>> Oiz |1> = _% |1>

The density matrix is introduced to describe the

erwise it is asymmetric.

quantum open system, because the state of the open
system is not completely known. The time evolution
of the reduced density operator p described by the
integro-differential quantum Liouville equation of mo-
tion gives us information about the dynamics of the
system. In the interaction picture, we have

d T T
AW = ),/ 0, o)

where
Hl(t) = eiHothb_B e iHot,

Hy = qu + Hp + qu—qb-

Because the capacity of the heat storage R is very
large, we may assume that during the dynamic evo-
lution, the quantum system has little effect on the
heat storage, i.e., Trg[Hi, p(0) ® pp] = 0. The pp
is the thermal equilibrium state of the environment.
The evolving equation for the density operator may
be rewritten as

d = [ ar a0, [#0(0). p1(0) o).
0

- t —
;@)

After some calculation, the time-convolutionless
quantum master equation in the Schrodinger picture
is given by

d 1

= i*h[Ho(t),p(t)] + pr(t) (6)
with
pL(t) = ()[5(1 12) (2 = 13) (3])p(t), 5]
+ o ()[S, p(O) (I —[2) (2] = [3) (3])5]
(t)[5(|2> (2[+13) (3])p(t), 5]
B[S, p()(12) (2 + [3) (3]) 5]
+ w(t)[5(|2> 3]+ 13) (2D)p(t), 5]
=17 (O[S, p(t)(12) 3] +[3) (2)S],  (7)
where

alt) = / dr (R(T)R(0)g,
B(t) = / dr (R(r)R(0)) cos(2g7),

’y(t):/o d7 (R(1)R(0))g sin(2g7).

The (---)r denotes Trg(...
our calculation and without loss of generality, we as-

pB). In order to simplify
sume that the correlative function of the environment
decays exponentially with time ¢, i.e.,

(R(T)R(0))g = A%/, (8)

where 7 is the relaxation time of the reservoir. After
a simple calculation, we find

alt) = A%r (1 - e_t/T), 9)
A2r .
= 2T et
B(t) 15 dg7r2 [1—e cos(2gt)
+2g7 e~ sin(2gt)], (10)
A2r

~y(t) = W[QQT — 29T et/ cos(2gt)

— e~ t/7 sin(2¢t)]. (11)
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3. The solutions of quantum mas-

ter equation

In the standard basis {|00),]01),]10),|11)}, the
two qubits are initially prepared in an X-state, which
includes the Bell state, the Werner state and the maxi-
mally entangled mixed state as special cases,[?%2!] and
we have

p11(0) 0 0 p14(0)
0 p22(0) p23(0) 0
0 p32(0) p33(0) O
pa1(0) 0 0 pasa(0)

Substituting Eq. (12) into quantum master Eq. (6),
we find

p(0) = (12)

p1i(t) =0, (13)
pa2(t) = iglpaa(t) — paa(t)], (14)
p33(t) = —iglp22(t) — p3s(t)], (15)
pra(t) = [—i2w — (x1 + x2)?

x AP 7(1— e 77)|pra(t), (16)
poalt) = ~ AT XDy i ooty

2(1 +4g272)
+ e "7 sin(2g1)] [pas(t) + psa(t)]
+{—ig+(X1_X2) AT

2(1 4+ 4g°%72)
agretlT sin@gt)]} [pas(t) — paa(0)]

2 A2
X1 — X2) AT /e
- (2(1+4g)27—2)[297' — 2977 cos(2gt)

[1— e /7 cos(2gt)

— e /7 sin(2gt)] [paa(t) — p33(t)] - (17)
For the given initial condition in Eq. (12), the solu-
tions of Egs. (13)—(17) can be expressed as
p11(t) = p11(0), (18)
poa(t) = 3[4 A0)]p22(0) + 511~ A(0)pss(0)
— 5 F3() Im [p23(0)]. (19)
prs(t) = 21— A()]p2a(0) + L1+ A(0)]es0)
+ ﬁf:s(t) Im [p23(0)], (20)
pra(t) = pra(0) exp [—A%r(x1 + x2)*(1 — /")t
X [cos(2wt) — isin(2wt)], (21)
prs(t) = 3le7 + fo(t))pas )
- %[ ()]s (0)
fs( ) [P22(0) — p33(0)], (22)

p32(t) = pas(t), (23)
par(t) = pra(t), (24)
with
filt) = e [cosh(m) n %smh(m)} : (25)
falt) = e~ [cosh(rzt) - %smh(m)] , (26)
f3(t) = e “'sinh($2t), (27)
o A ( ) —t/T
u = (1+—497_)[1 e Y7 cos(2gt)
+ e~/ sin(2g1)], (28)
AQT 1 — X2 2 —t/T
v = M[Zgr — 297 e Y7 cos(2gt)
— e /7 sin(2¢t)), (29)
= —4g(g + ). (30)
It is necessary to emphasize that Eqs. (18)—(24) in-

clude the non-Markov effects of the composite quan-
tum system. In the limit ¢ — oo, it gives the quantum
features of Markovian.

4. Decay of two-qubit entangle-

ment

In order to describe the evolution of the quantum
entanglement, we adopt the concurrence defined by
Wootters to quantify the degree of entanglement for
any bi-partite system. It is well-known that any reli-
able measurement of the entanglement will yield the

same result. The concurrence C(t) is defined asl??

C(t) = maX{O, \/Z_ \/A»_ \/)‘»_ \/E}? (31

p(t)p(t) in
nonincreasing order of magnitude. The p(t) =

(Ug(,l) ® 0;52)) p*(t) ( M 01(12)) In our case, the con-
currence with the time evolution is given by

where A; are the eigenvalues of W =

C(t) = 2max{0, |p23(t)] — /p11(t)paa(t),

)| = \/Pzz )p33(t)},

which is obviously dependent on the initial conditions.

lp1a(t (32)

Our goal is to preserve the entanglement of the two-
qubit system. Therefore, the maximum entanglement
state is prepared as the initial state.
First, we assume that the two qubits are initially
at the two-excitation Bell state, i.e.,
) =

5 (100) £ 1)), (33)

-
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which may be written in the density matrix represen-

tation as
1 0 0 =1
1 0 0 0 O
p(0) =5
0 0 0 O
+1 0 0 1

Inserting p(0) into Egs. (18)—(24), we obtain

p11(t) = paa(t) = %,

pralt) = i% exp [_A2T(X1 +x2)%(1 — e*t/"')t}
x [cos(2wt) — isin(2wt)],

1
par(t) = 5 €Xp [—AQT(Xl +x2)%(1 - eft/r)t}

x [cos(2wt) + isin(2wt)],

the others are zero. Note that the time evolution of
the density matrix preserves the form of the Bell state.
Thus we can easily obtain the concurrence function as

O(t) = max{0, C(t)},

with

C(t) = exp —Azr(xl + x2)%(1 — e_t/T)t .

Under the asymmetric coupling with x1 + x2 = 0,
obviously, the degree of the entanglement is always 1
and the decoherence does not occur. By keeping the
interaction between the quantum bits and the envi-
ronment at an asymmetric coupling, we can make the
quantum system always be in the maximum entangled
state for the initial state (|00) +[11)) /v/2. Further-
more, we find that the concurrence is independent of
the interacting constant g between the coupled qubits,
which means that the interaction does not contribute
to the entanglement.

1.0
m=0.1

0.8}
g
§ 06
3l
=
2
£ 04
© m=1

0.2 R

l’m: 10
O 1 L 1
0 2 4 6 8 10
t/T

Fig. 1. Concurrence as a function of t/7 for different m.
The two qubits are initially in the state (]00) £ |11)) /v/2.

By setting At as a constant and m = A71/(x1 +
X2), the concurrence C(t) as a function of ¢/7 is shown
in Fig. 1 for different values of m. The rate m actually
reflects the environmental impact (when m is fixed).
The bigger the rate m (A7) is, the bigger the dissipa-
tive effect is. From Fig. 1, we can see that the bigger
the dissipation is, the more obvious the decoherent
phenomenon is and the ESD is easier to occur.

Then, we consider the case that the initial state
of the two qubits is at the one-excitation Bell state,
ie.,

1
1) = 5 (lon) £ 10)), (34)

which has the following density matrix representation

0 0 0 0
p(o)zl 0 1 +1 0
210 41 1 o0

0 0 0 0

The solution of the master equation may be written
as

p2a(t) = p33(t) = %7

1 Ar(x1 — x2)?
t = i— _——
p23(t) B exp { (1+ 4g272)

x [1— e™t7 cos(2gt) + e /7 sin(2gt)]t},

pa2(t) = pa3(t),
the others are zero. The concurrence function C(t) is
given by

o A%7(x1 — x2)?
o0 = oo { = S

x[1— e 7 cos(2gt) + e /7 sin(Qgt)]t}.

We can see that under the symmetrical coupling
(x1 — x2 = 0), the concurrence is always equal to
1, so the decoherence does not occur. By keeping the
interaction between the qubits and the environment
at the symmetric coupling, the degree of the entan-
glement is independent of the evolving time and the
quantum system is always at the maximum entangled
state for the initial state (|01) & |[10)) /+/2. Even if we
cannot make the coupling be completely symmetric,
as long as the difference of the coupling coefficients
is small, the ESD is difficult to occur. Subsequently,
the result is conducive to preserve the entanglement in
the quantum information processing. Different from
the situation for the initial state (|00) & [11)) /v/2, the
degree of the entanglement depends obviously on the
coupling constant g between the qubits. Through a
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suitable choice of the coupling, it is conducive to the
completion of the quantum information processing.

By setting A7 as a constant and n = A7/(x1 —
X2), the concurrence C(t) as a function of ¢/7 is shown
in Figs. 2 for different values of n.

1.0

0.8

0.6

0.4

Concurrence

0.2

t/T

Fig. 2. Concurrence as a function of ¢/7 for different n.
The two qubits are initially in the state (|01) £ [10)) /v/2,
297 = 1.

Comparing Fig. 2 with Fig. 3, we can see that
with the increasing interaction between the qubits, it
is easier to preserve the entanglement of the quantum
system, which indicates that the contribution of the
interaction between the qubits is to avoid the entan-
glement sudden death for certain initial states. The
result may be helpful to realize the quantum informa-
tion processing.

L0 n—=01
0.8
< 1
5 06 "=
e
3
Q
g 04f
O
02Hn=10
0 1 1 1 1
0 2 4 6 8 10
t/T
Fig. 3. Concurrence as a function of ¢/7 for differ-

ent rates n. The two qubits are initially in the state
(01) % [10)) /v2, 297 = 3.

5. Conclusion

In summary, the entangling dynamics has been
investigated for the coupled two-qubit system inter-
acting with a non-Markov environment in terms of

concurrence. The results show that the degree of the
entanglement depends not only on the initial quantum
state but also on the coupling between the qubit and
the environment and on the interaction between the
qubits. Furthermore, we find that by controlling the
interaction between the qubit and the environment at
an asymmetric coupling, we may preserve the maxi-
mum entangled state in the evolution of non-Markov
process for the initial state |®) = (]00) +|11)) /v/2.
For the initial state |¥) = (|01) & |10)) /v/2 , in con-
trast, the interaction should be operated at the sym-
metric coupling in order to preserve the maximum en-
tangled state. In addition, it is helpful to the entan-
glement of the quantum system by strengthening the
interaction between the qubits.
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