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A new approach to obtaining positive-definite
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Based on our previously proposed Wigner operator in entangled form, we introduce the generalized Wigner operator
for two entangled particles with different masses, which is expected to be positive-definite. This approach is able to
convert the generalized Wigner operator into a pure state so that the positivity can be ensured. The technique of
integration within an ordered product of operators is used in the discussion.
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1. Introduction tive resolution in p-space versus z-space. On the other

hand, in recent years, much attention has been paid

In quantum mechanics theory, due to Heisen- to quantum entanglement and entangled states.[6—13]

berg’s uncertainty principle, one cannot measure Therefore, for entangled states the physical meaning

precisely a particle’s position and momentum sim- of Wigner function’s marginal distributions should not

1] 5w . ] o
ultaneously,"" instead, Wigner proposed a distribu be focused on single particle’s variables, but lies in the

tion function W(z,p) for the quantum state |¢) measurement probability for the combined observables

in phase space, whose two marginal distributions (X1 + X2), (Pl — P) or (X1 — Xa), (P +P2).[14_17]
ffooo dzW (z,p) and ffooo dpW (z,p) lead to |(p |1/)>|2

5 Hence examining the Wigner operator from the point
and |(z [¢)|* respectively.l?’ Nowadays, the Wigner

of view of entanglement is of necessity. In Ref. [18],

function theory has become one of the major top- Fan has introduced the two-mode Wigner operator in

. . . . . [3]
ics in both quantum statistics and quantum optics. entangled form (entangled Wigner operator)

Though the Wigner distribution function helps to

demonstrate some properties of quantum states, it is Al(o,7)
not a probability distribution because it is not always 1 X, — X5\
positive.l) To overcome this inconvenience, Husimil®! =2 P <01 N \/5)
smoothed out the Wigner function by averaging over P4 Py 9
a coarse graining function, - (U 2 — \/?)
Wh (z,p; k) X+ X2\ PP\
‘(”‘ V2 ) ‘(”2‘ V2 )

= 2/dx’dp’W (2!, pf) e (=) = (=) )

1
= —5: exp [—(0’ —a; + ag)(o* — a]; + as)
where positive x is the Gaussian spatial width parame- m

ter, which is free to be chosen and determines the rela- —(y—a1— a;)(’y* - a‘{ - a2)} : (2)
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where 0 = 01 + io2, v = 71 + i7v9, the symbol : :
denotes normal ordering. Its marginal distribution is

/dQO'A (0,7) = l; e_(V—a;—al)(W*—aI—az):
T
- 1) )
- T ’Y 7 9
where .
|ry> — 67‘7‘2/24’7‘1{“”7*@;*&1@; |00> (4)

is (an entangled state) the common eigenvector of two
particles’ centre-of-mass coordinate (X; + X2) /2 and
relative momentum (P, — P,) with eigenvalues 71 /v/2
and v/27s, respectively. On the other hand,

/dz’yA (O’, ’y) = l; ef("+a£*al)(0**ai+a2):
T
1
= —lo) (o], (5)
T
where
o) = e~loI*/2+oal—"al+alal 1) (6)

is the eigenvector of two particles’ relative position

and total momentum, i.e.

(X1 = X)|o) = V201 |0),
(Py + Py) o) = V205 |0) . (7)

Since

[; (X1 + Xa), (P, +P2)} =i,

1 .
Go-xp-m)| =i ©
|o) and |y) are conjugate to each other. It then follows
the corresponding marginal distributions of Wigner
function of |)),

[@owlaen = 2wl o)

and )
[arwlaenw = 2wl (o)
where |1)(7)|* denotes the probability of measuring
two particles’ centre-of-mass coordinate with eigen-
value 71/ /2 and simultaneously relative momentum
with eigenvalue v/27,, while [¢)(0)|> denotes the prob-
ability of measuring total momentum with eigenvalue
V205 and simultaneously relative position with eigen-
value v207.
The Wigner function (9| A (o,7) 1) is not always

positive either. The aim of this work is to present

a convenient and direct approach for introducing the
generalized Wigner operator in entangled state form
(including the case when two particles have different
masses) which is expected to be positive-definite. Our
approach is trying to convert the generalized Wigner
operator into a pure state so that the positivity can

be ensured.

2. Positive-definite

Wigner operator

generalized

Let us begin with asingle-mode Wigner operator

in normal product form[!9:20]

1
A(x,p) = ;: e~ (@=X)*=(p=P)* . (11)

We reform it by multiplying the X-term by x/(1 + &),
while multiplying the P-term by (1/k)/(1+ 1/k)e
(noting X is conjugate to P),

A (z,p;VE)

VE s/ () =X (1/8) /(141 /R) (0= P)? |
(14 k)

= |z, p; k) (z,p; K|, (12)
where
|z, p; K)
K14 1 kx?  p?
e
m(1+ k) 1+k| 2 2
1.
- (\/inx + i\@p) al — KQa{Z] } |0), (13)

which is a squeezed-coherent state. Clearly, the
generalized Wigner function (¢|A (z,p;v/k)|P) =
|(x, p; K| ¢>>\2 is positive-definite. Enlightened by this

idea and based on Eq. (2) we introduce

Ao, 73 k)
:#‘GX —L<U—a —&—aT)
T (tep o TEs P
. 1/k
X (a —a1+ag)—1+1//€ (fy—al—a;)

X (’y* - aJ{ — agﬂ : (14)

from which one can see that our approach lies in mul-
tiplying the o-term by /(1 + k), while multiplying
the y-term by (1/k)(1 + 1/k), this motivation arises
from the observation that |o) is conjugate to |y) . Still

using : e~alai—ales, — |00) (00|, we can see

A(o,v; k) = |o,v; k) (0,7; ], (15)
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which is a pure state, where

o, 73 k)
_ _ VK O T
T a4 P T Tre 2 T2
— (ko +7) aJ{ + (ko™ —~") ag
- (= Dald]] } 100 (16)

is a two-mode coherent squeezed state. It then follows

the positivity

W A(o,v;6) [0) = {0,k ) >0, (17)

3. Positive definite Wigner oper-
ator for two entangled parti-

cles with different masses

In Ref. [21] a normally ordered entangled Wigner
operator for two particles with different masses is in-

troduced, i.e.,

A(0,7), = =5+ exp{-ly— flar +a}) — gla] - a2)

x [v* = f(al +a2) — g(ar — a})]

— [0 — f(a] — az) + g(a1 + ab)]

x [0% = flar — ab) + g(al +a2)]}: , (18)
where f, g are two real parameters, obeying f2+¢? =
1, the subscript ¢ means g-dependence of the entan-

gled Wigner operator. Its marginal distribution is

d?%o
/74(077)9
= 2 epf—ly — flan +af) — glo] — )]
. Y 1 glay 2
x [V = fla] +as) = glar —ad)]}: . (19)
Using s emalm—abes, |00) (00|, we can reform
Eq. (19) as

[@oaa, =, 0l @

where |7), is a new entangled state,

Mg
= exp { % WP+ (Fy + g7 al + (fv* — gv) ab
— fg(al® —al?) = (f* — g*)alal| J00).  (21)

The |v) , obeys the eigenvector equations

[f(a1 +a}) + g(a] — a2)] 1), =77y

[f(a} + a2) + glar — al)] 1), =" 1), (22)

or

[(f + 9)ar +al) + (f — g)(az + b)) = 2m117)g.
[(f = 9)(a1 — a}) + (f + g)(a} — a2)]|n)g = 2i72]7),.

(23)
On the other hand, Eq. (18) also yields
/ d*vA (o,7),
= s e { ~ o~ fla} — 0) + glan + )
x[o" = flar —af) +glal +a2)] }: . (24)
which can be further decomposed as
[ @A, = Lol o)
where
o)

= oxp | = 3 lol" + (0 = 90"} a] = (0" + g0}
+ fg(al® —al?) + (f* — g*)alal | |00) (26)

is another new entangled state which obeys the eigen-

vector equations

[f(a] = az) = gla1 +ad)]|o), =olo),,
[f(ar = ab) = g(al +as)][o), = 0" o), (27)

One can see that [7y), and |o) , are mutually conjugate.
Now for two entangled particles having different

masses mj, j = mj/(mi+mg), j = 1,2, we can

(28)

When we set h = 1, w; =1, M = m; +mg = 2,

identify

M1 H2
355

fPHe=m+p=1

and momentum operator P; = —i
take the form

o,
X, =8t P = —i/i(a; —al), j=1,2. (29)
J 2@’ J J\Y2 3/ )

Thus, the centre-of-mass coordinate takes the form

Xem = X1 + p2Xo
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= Vin(ay +al) + /iz(az + ab)

_ S (a1+a{)+f\;§9(a2+a;), (30)

V2

and the mass-weighted relative momentum

P = M2P1 - N1P2
. a] — G,J{ ag — CL;
= —1lluap1 -
VH1 v H2

Y u-a (o)
- (f+9) (a2 —ag)]

Comparing Egs. (30) and (31) with Eq. (22), we can
see

(31)

1
Xem [7)g = Vol Mg
1
Plm, = == )el,, (32)

V2

where v = 41 + iy2. So |v), is the common eigen-
vector of two particles’ centre-of-mass coordinate and

the mass-weighted relative momentum. On the other

K .
72 (14 k)%

1/k
C1/k+1

K
Ao, v3k), = GXP{MM

Still using : e~olai—ataz: = 100) (00|, we find the
positive-definite Wigner operator for two entangled

particles with different masses

Ao, 3 k), = 0,75 K) g (0,75 ], (37)
where
0,7 k),
2 2
SRV INY BOE S VCG
7 (14 k) 1+k 2 2
— (kv + Kgy" — og + fo*)a]
— (KfY* = Kyg —of —go*)al
+ (k=1)(f* = g*) alal + fg (k= 1) ]’
— fg(r—1)af’| } 00). (38)
It then follows the positivity
W1 A(0, 75 k), 1) = |g (o6l ) [ > 0. (39)

Ko - fa]i + fas + gaq +ga;) X (U* — fai + fag +gal{ +ga2)]} :

hand, from

T
X — Xy - Xy, =t a

2/

a2+a£

2\/p2

(33)

Pe = P +Py = —iy/in (a1 —a}) +iyim(az—al), (34)

and in reference to Eq. (27), we see that |o), is the
common eigenvector of two particles’ relative coordi-

nate and the total momentum,

V20
Xelo), = 72 ;2

Thus, we can see that Eq. (18) is the correct Wigner

o)y Pelo); =202 o), . (35)

operator for two entangled particles with different
masses. It turns out that in order to guarantee its
marginal distributions to be physically meaningful,
the mass dependent Wigner operator should be in-
troduced.

Now by multiplying the o-term by x/(1+ k),
while multiplying the ~-term by (1/x)(1+ 1/k), we
introduce

[(vffal—fa}gaﬁgaz) X (’y*—fa{—f@fgal +Qa£)}

(36)

\
4. Conclusion

In summary, we have proposed a convenient ap-
proach for obtaining the generalized Wigner operator,
which is positive-definite, i.e., based on the Wigner op-
erator in anormally ordered form (see Eq. (36)), mul-
tiplying the two mutually-conjugate-variable terms by
k/(1+ k) and by (1/k)(1 + 1/k), respectively, we find
that the resulting generalized Wigner operator is a
pure state to guarantee its positivity.
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