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Asymptotic solution for the El Nino time
delay sea—air oscillator model*
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A sea—air oscillator model is studied using the time delay theory. The aim is to find an asymptotic solving method
for the El Nino-southern oscillation (ENSO) model. Employing the perturbed method, an asymptotic solution of the
corresponding problem is obtained. Thus we can obtain the prognoses of the sea surface temperature (SST) anomaly

and the related physical quantities.

Keywords: nonlinear, approximate solution, El Nino-Southern oscillator model

PACS: 02.30.Mv

1. Introduction

The El Nino-Southern Oscillation (ENSO) is an
interannual phenomenon involved with the tropical
Pacific ocean-atmosphere interactions.! 1% Mo, Lin
et al have considered a class of problems in atmo-
spheric physics, ocean weather, dynamic system and
so on.l"'=19 An interdecadal fluctuation which con-
tributes to the irregularity of the southern oscillation,
is superimposed on the natural model of the coupled
ocean—atmosphere system. In the eastern equatorial
tropical Pacific, a shoaling of subsurface isotherms sig-
nal the end of the El Nino and the return of colder
surface waters. The oscillatory nature of the ENSO
requires both positive and negative ocean—atmosphere
feedback. This El Nino anomaly reduces the zonal sea
surface temperature (SST) gradient and hence reduces
the strength of the southern oscillation circulation,
resulting in weaker trade winds around the equator.
The weaker trade winds in turn drive the ocean cir-
culation and the changes that reinforce SST anomaly.
This positive ocean—atmosphere feedback or the cou-
pled ocean—atmosphere instability leads the equatorial
Pacific into a never-end warm state.

Recently, many scholars have investigated the
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nonlinear problem.2°=24 Approximate methods have
been developed and refined. In this paper, we consider
a time delay sea—air oscillator model using a simple
and valid perturbation method.

2. ENSO sea—air oscillator model

The response of the atmosphere to the warming
in the tropics includes an intensification of the extrat-
ropical westerly, thus leading to colder surface waters
in extratropical regions, which will be windows to the
equatorial thermocline. It implies a continual, inter-
decadal climate fluctuation with a period that the wa-
ter parcels take to travel from the extratropics to the
equator.

Now we consider the ENSO time delay sea—air os-
cillator model of interdecadal climate fluctuations:?

dT;
T;ZQV(T2—T1)+51T2—5T13, (1)
dT:
(T; =—T-T1) -6 (To —Ta(t — 7))

+ BTy — e T3, (2)
Ti(t) =h(t), —-1<t<0, Tp(0)=A4, (3)
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where T3 is the extratropical temperature approxi-
mately at region from 25° N to 50° N (and from
25° S to 50° S); Ty is the tropical temperature approx-
imately at region from 20° S to 20° N; « is the fraction
of poleward atmospheric heat transport; 3; is a nega-
tive constant; (35 is a feedback parameter; coefficients
7, 0, € are positive constants; the initial function h(t)
for the extratropical temperature is infinitely differen-
tiable; A is the initial value for the tropical tempera-
ture; 7 is the time delay. In this paper, 7 and ¢ are
also small parameters and 7/ = O(1).

3. Reduced solution for the time

delay model

We first construct the reduced solution for the
small time delay sea—air oscillator model. For 7 = 0,

we have
dY;
oY) +hYe e P, (4)
dYs
(T; = —(Ya— Y1) =3 (Yo - Y1)
+ oYy — e Y3, (5)
Y1(0) = h(0), Y»(0) = A. (6)

Let (Y1o(t),Y20(t)) be the solution for the reduced
problem given in Egs. (4)—(6). And we assume

Yio(t) = ZYijOEjy 1=1, 2. (7)
j=0

Substituting Eq. (7) into Eqgs. (4)—(6), developing non-
linear terms in € and equating coefficients of the same

powers of € (¢7, j =0,1,...), we obtain

d?tOO = —a 7 Yieo + (a v + B1)Y200, (8)
d?too = (v +6)Yi00 — (v = B2 + 0)Ya00, )
Y100(0) = h(0),  Ya00(0) = A, (10)
d?tjo = —a v Yijo + (v + B1)Y250 + Fijo,
j=12,..., (11)
d?tjo = (y+8)Yijo — (v — B2 + 8)Yaj0 + Fajo,
P (12)
Vi) =0 Yio(0) =0, j=12...  (13)
where
i—1 /2 8
Fijo = (j _1 1)! Lf?sﬂ—l (kZ_OYikOE > L—o7

i=1,2 j=1,2,... (14)

The characteristic equation for the system given in
Egs. (8) and (9) is

N+ [(1+ @)y = B2+ A = (v +0)(ay + 1) = 0.
And the characteristic roots are

A2 = }(—[(14‘0[)"/—52‘*‘5]

2
£{[(1+a)y — B2 + )2
+A(y + 8)(ary + B1) ). (15)

Thus the solution (Yi00(t), Y200(t)) of the linear prob-
lem given in Egs. (8)—(10) is

Yioo(t) = Ny {[A(ay + B1) — h(0)(A2 + a)]

x exp(Ait) — [A(ay + B1)

= h(0)(A\1 + a)] exp(Aat) }, (16)
Yaoo(t) = : {1+ o)

(A1 = A2)(ay + Br)
x [A(ay + B1) = h(0) (X2 + a)]

x exp(Ait) — (A2 + ay)[A(ay + 1)
—h(0)(A1 + ay)] exp(Aat)}. (17)
From Egs. (11)—(13), we obtain

Yijo(t) = ﬁ/o Frjo(r){[A(ay + b1)

—h(0)(A2 + ay)]exp A1 (t —7)

— [A(ay + B1) — h(0)(A1 + ay)]

x exp ot — 1)} tdr, j=1,2,..., (18)
1

(A1 = A2)(ay + B1)

« /O Fyjo(r){(M + am)[Aay + 1)
—h(0)(A2 + av)]exp A1 (t —7)

— (A2 + ay)[A(ay + B1) — h(0)(A1 + )]
xexpAo(t —7)} tdr, j=1,2,... (19)

Yajo(t) =

Substituting Eqgs. (16)—(19) into Eq. (7), we can ob-
tain the reduced solution (Yi9(t), Yao(t)).

4. Outer solution

We assume that the model given in Eqgs. (1)—(3)
possesses the following formal solution:
Ti(t77-) :Yi(t77-)+7-‘/’i(7777-)a 1=1,2, (20)

where (Y1(¢,7), Ya(t, 7)) is the outer solution of the
time delay model given in Egs. (1)—(3) with

Yi(t,m) = ) Ya(t)r
k=0
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0 .
> Vipelrh, i=12, (21
J,k=0

and V;(n,7) (i = 1, 2) are the initial-shock layer cor-
rective terms

‘/;(7777—) ~ Zvik(n)Tkv 1= ]-7 2. (22)
k=0

The Vi(n, )
(i =1, 2) tend to zero as n — +oo for each v;(n, x).

The n = t/7 is a stretched variable.

Developing T1(t — 7) in 7, we have
dTi(t) 1d°Ta(t) ,
_ Z .. (23
a Taae @)

Substituting Eqgs. (21)—(23) into Egs. (1) and (2), de-
veloping the nonlinear term in 7, comparing the coef-

Ty(t — 1) ~ Ty (%)

ficients of 7% and noting the Eq. (7), for k = 1,2, ...,

we have

dY;
d;k = —a v Y+ (ay + B1)Yor + Gig, (24)
dY:
d?k = (Y4 0) Yir — (v — B2 + 0)Yar + Gag, (25)
and

}/i (O) = _vi(k—l) (0)? 1= 17 27 (26)

where Gy, (1 =1,2, k =1,2,...) are determined func-
tions, whose construction are omitted. From Eqs. (24)
and (25), we have

k=1,2,..., (27)

Yik(t) = N i " {=[v2(e=1)(0)(ay + B1) + v1(—1)(0) (A2 + ay)] exp A1t
— [vae—1)(0) (v + B1) + v1r—1)(0) (A1 + ay)] exp Aot}
+ N i " /0 Gir (T ){—[v2(e—1)(0)(ay + B1) + v1(e—1)(0) (A2 + )] exp Ay (t — 71)
— [=v206—1) (0) (@ + B1) + v1(e—1)(0) (A1 + )] exp Ao (t — 1)}~ d 7y,
1
Yor(t) =

(A1 = A2)(ay + 1)

{1 + ay)[=vae—1)(0)(ay + B1) + vi(k—1)(0) (A2 + ay)] exp A1t

— (A2 + ay)[~vae—1)(0)(ay + B1) + v1(k—1)(0) (A1 + ay)] exp Aot }

1
A1 — A2)(ay + B1)

i

— [~va0—1) (0) (@7 + B1) + vi(e—1)(0) (A1 + @y)] exp Ao (t — 1)}~ 'dm,

where v;5,-1)(0) (i = 1,2, k = 1,2,...) will be de-
cided below (see Eq. (38)).

5. Initial-shock layer functions

Now we construct the initial-shock layer functions
vik(n) (1 =1,2, k=0,1,2,...). Using the integration
by subsections, they are obtained successively on the
intervals p <7 < p+1, p > 0. Substituting Eqgs. (20)—
(22) into Egs. (1) and (2), we have

dV;
d—l =avyt (Vo—-Vi)+ 17 Vo
n
—eM+TVi)P+eY?, 0<n<1, (29)
dVs
dT,Q = —y7(Vo— Vi) =87 {Va — hr(n—1)]}
+ 0o Vo —e (Yo +7 Vo)’ +e Yy, (30)
dV;
dinl =ay7(Vo=Vi)+ 6T Vs

—e (Vi +T V)P +eY?, n>1, (31)

/0 Gar(1){[—v206-1) (0) (a7 + B1) + v1(6-1)(0) (A2 + @y)] exp Ay (£ — 71)

k=1,2,..., (28)

dv:
(772 = —y7(Va=WVi) =67 {Vo—Vi[r(n—1)]}
+Bor Va—e (Yo +1Vo)?

+teYy, n>1. (32)
From Egs. (29), (30) and (3), for 7 = 0, v10(n) and
vao(n) satisfy

O0vio
n

(n) =0, 120, i=12, (33)

and

0io(0) =0, i=1,2. (34)

Thus, from Eqgs. (33) and (34), we can obtain v;o(n) =
0(i=1,2).

We can also obtain Y;1(0) = —v;0(0) (i = 1,2),
i.e., Y;1(0) = 0 (i = 1,2). From Egs. (27) and (28),
for k = 1, we have

Yi(t) =0, i=12. (35)
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Noting Eq. (23), comparing the coefficients of 7%
(k=2,3,...) in Egs. (29)-(32), we have
av,»k
on
i=1,2,

() =Gix(m), p<n<p+1,

k=23,..., (36)

where Gfp, p = 0,1,..., are determined functions.
Therefore from Eq. (36), we can obtain v;(n) (i =
1,2, k=2,3,...),

=0

p—l a4 n

vik(n) = vik(O)—i—Z/ G@(s)ds+/ GE (s)ds,
l p

\

Yik(t) =

o0

p<n<p+1, i=12

Thus we have

Vi@ =) =3 ([ 6hisras). @)

=0

From Egs. (27), (28) and (37), we have

" i " { [g (/ZM G’;p—l(s)ds) (ay + 1) +§; (/IZH G’f;l(s)ds> (A2 + av)] exp At

+ [Z (/lm G’Spl(s)ds> (ay+pr) — f: (/lm G’fpl(s)ds>()\1 - av)} exp)\gt}

=0

=0

+ /\1i/\2 /Ot le(n){ {i </ll+1 G’;;l(s)ds) (ay + 1)

=0
0o

oo

oo +1 -1
_Z(ﬁ Glfpl(s)ds)()‘l +O[’}/>:| exp)‘2(t_7—l)} dTla k:172a"'7

oo

+3° (/lmc:’f;(s)ds) (A2 +m)} exp A (t — 1) — [Z (/llHG’g,:l(s)ds) (ay + B1)

=0

) = gt [S ([ o) @

=0

> L+1
k—1 B .
+ ; </l G1p (S)ds) (A2 4+ a)) exp A1t — (A + ay)

o0

=0

oo

oo

x [Z </ll+1 G’;;l(s)ds> (ay + B1) + ; (/lm G’f;l(s)ds>(/\1 + a’y)} exp )\gt}

" (A1 = >\2)1(0W + B1) /ot G%(Tl){ {Z </zl+1 Ggp_l(S)dS) ey +51)

=0

+i (/7 et eas) o+ an] ot -m - [ ( [

00 I+1 -1
JrZ(/l Glfp_l(s)ds)()\l +a’y)} exp)\g(tﬁ)} dr, k=1,2,...,
1=0

+1

o0 I+1 p—1
o) = =3 / Gl (s)ds+ 3 /
=0 =0

Using above iteration method, we can obtain Y (), vi,—1y(n) (i = 1,2, k =1,2,..

n
Gfl(s)ds—I—/ Gfp(s)ds, p<n<p+1, i=1,2.
P

(39)
o) I+1
Gé“pl(s)ds) (ay + Br)
=0
(40)
(41)

.) successively.

6. Asymptotic solution of the ENSO sea—air oscillator model

Substituting the determined functions into Egs. (20)—(22), from Egs. (7), (27), (28) and (41), we obtain
uniformly valid asymptotic expansion solution for the problem given in Egs. (1)-(3),2%

Ty(t,7) = i ()\1 i ” {i </ll+1 G’;;l(s)ds> (ay + B1) +§; (/ll+1 G’f;l(s)ds) (A2 + cw)} exp A1t

k=0 =0
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N {i (/Zl“ Ggp—l(s)ds> (ay +B1) — i

=0 =0

( /l . G’f;l(s)ds) (M +ow)] exp Aot

N i N\ /Ot Gl’“(“){ [g (/ll+1 Ggpl(s)ds> (oy +B1)

+1

S0

0<t<Tp,

=0

0<r«1,

o0

[i (/ZHIG’;f(s)ds)(awﬂoi (/

)+Z/l+1GH ds—l—/ Gt

I+1

G’fpl(s)ds> (A2 + m)} exp Ai (t — 71)

G’f;l(s)ds> (M + oz’y)] exp Mgt — ﬁ)}_ldﬁ> Lk

a4+ 0

-3 (w - A2>1<ow+ﬁl> {ouren[ (/7 et as)en

k=0 =0

oo

=0

+Z (/ZIH Glfp_l(s)d3>(/\2 + cw)} exp \it

et [ ([ et eas )+ 30 ([ 6t 60as) ou e o

=0

1
)y 1 ) / Gl {

0 1+1
(s
G (s

()
()

o [ o0 11 z+1
E[E ()L [
k=0 ' 1=0
p<n<p+1, 0<t<Ty, 071

The Tp is a large enough constant.
7. Conclusion

The ENSO is a complicated natural phenomenon.
Hence we need to reduce basic models for the ENSO
sea—air oscillator and solve them by using the ap-
proximate methods. The perturbation method is a
valid method. The perturbation method is an asymp-
totic method, which differs from the general numer-
ical method. The expansions of disturbed solution
through the perturbation method can be kept in the
analytic operation. From Eqs. (42) and (43), we can
further study the fixed quality and quantitative be-
haviour of the temperature anomaly in the equatorial
eastern Pacific. We obtained approximate solution
(Ty(t,7), Ta(t, 7)) by using the perturbation method.
We can obtain the prognoses of SST and related phys-
ical quantities.
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by
G, (s)d ) A2+a7}expxl t—71) — [é(/lHlG’g;l(s)ds)(awﬂl)
|

—1
)d >/\1—|—oz’y exp)\gt—ﬁ)} dT1)Tk

(42)
1=0
l+1
( Ggpl(s)ds> (ay + 1)
ds+/ G, } LoV,
(43)
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