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We study the approximate conserved quantity of the weakly nonholonomic mechanical-electrical system. By means

of the Lagrange—-Maxwell equation, the Noether equality of the weakly nonholonomic mechanical-electrical system is

obtained. The multiple powers-series expansion of the parameter of the generators of infinitesimal transformations and

the gauge function is put into a generalized Noether identity. Using the Noether theorem, we obtain an approximate

conserved quantity. An example is provided to prove the existence of the approximate conserved quantity.
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1. Introduction

It is significant to study the symmetries and
conserved quantities of dynamic systems not only
There are
the Noether
symmetry,' =3 the Lie symmetry®~8] and the Mei

in mathematics but also in physics.
mainly three kinds of symmetries:

symmetry.~13] Respectively, there are three main
kinds of conserved quantities (i.e., the Noether con-
served quantities, the Hojman conserved quantities
and a new type of conserved quantities) according to
these main kinds of symmetries.[14:15]

In 1873, Maxwell studied the problems of the
mechanico-electrical system by using the Lagrange’s
method and obtained the Lagrange-Maxwell equa-
Recently, Qiu
developed the theory about analytical mechanics of

tion, which is very famous to date.

mechanico-electrical system by applying the method
and theory of analytical mechanics to the multiplied
studied
the mechanico-electrical system in Ref. [17].

mechanico-electrical system.!'®l Mei et al.
Luo
et al.'® summarized a mechanico-electrical system.
For the sake of obtaining the essential characteris-
tics of the mechanico-electrical system, researchers
began to study the symmetries and conserved quan-
tities of this system and have reached some impor-

tant results.[19—21]

The theory of symmetries and con-
served quantities of the mechanico-electrical system

shows much more significance. Recently, Gel??l gave
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the approximate conserved quantity of a weakly non-
holonomic system. In this paper, the small parameter
is presented in the nonholonomic bond equation of the
system which is called the weakly nonholonomic sys-
tem. On the basis of Ref. [22], we study the approxi-
mate conserved quantity of the weakly nonholonomic
mechanico-electrical system.

2. The Lagrange—Maxwell equa-

tion of the system

We consider a mechanico-electrical system con-
sisting of m loops, each loop is composed of linear
conductors and circuits which are independent of each
other, but the electromagnetic processes of the loops
are not mutually independent. The current in the k-th
loop is i, (k= 1,...,m) and uy is the electromotive
force in the kth loop. Suppose e is the electric charge
in the capacitor, the relation between the charge and
the current is é; = i;. The resistance and the capac-
itance of the kth loop are Ry and C}, respectively,
and its motion is subjected to g ideal, linear as well
as homogeneous nonholonomic constraints!23!

fﬁ = ey p _IUBEJr,B (tvq) Go =0
(/8:]-7397 - &5 €:n_g)7 (1)

where p is a small parameter, B.yg (¢, q) is the func-

oc=1,..

tion of coordinates ¢ (s = 1,2,...,n) and time ¢. The
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fs is restricted by g relations, only ¢ = n — g is inde-
pendent, o = 1,...,¢ is independent.

Its configuration is determined by the n+m gener-
m),qs (s=1,...,n).

The Lagrange function of the mechanico-electrical sys-

alized coordinates ex, (k =1,...,

tem is

L= T(Qsa QS) - V(qs) + Wm(qsv ek) - Wc(qsa ek)' (2)

Here, T is the kinetic energy and V is the potential
energy of the system,

ZZGSZQSqla V= V(q8)7 (3)

s=1[=1

l\')\r—l

where ag; = ag (gs) are coefficients, the magnetic field
energy Wy, the electric field energy W, and the elec-
trical dissipation function 1, are expressed as

1 m m o
Wn = 5 Z Z Lkrzklrv
k=1r=1
e 2 k’
k=1
1 m
ve =75 ) Rk, (4)
k=1

where Ly, (with k # r) is the inductance on circuit k
due to circuits r and Ly, = L,k (qs) with Ly being
the self-inductance of circuit k.

Introduce the summation of the electrical and me-
chanical dissipation function

Y= we(ik) + d}m(Qm qg)
Then the Lagrange-Maxwell equation of the system is

doL 9oL 9y

Ea?k_aTk @Zuk’ (kzlu ,m),
doL oL o afs
106, 0g, T o4~ L%,

(s=1,...,n). (5)

Equation (5) consists of n 4+ m second order differen-
tial equations with ¢s and e; as the generalized coor-
dinates.

Let the generalized coordinates ¢s (s = 1,...,
n,n+1,...
ordinates and generalized electrical charges, where
gs (s = 1,...
gs (s =n+1,...,
charges. Then Eq. (5) becomes

,n+m) expressing both configuration co-

,n) are configuration coordinates and
n + m) are generalized electrical

doL oL o
dt 8(]9 aq‘; 6(]9

_ 0fs
Qs + ,66

(s=1,...,n,n+1,...,n+m), (6)

where Qs (s = 1,...,n) are the non-potential gener-
alized force, Qs (s=n+1,...,
potential energy.

n+m) are the electric

In general, it is supposed that before integrating

Eq. (4), we can express Ag as a function of ¢, g, ¢ and

w from Egs. (1) and (4), while Eq. (5) can be expressed
as

d oL 0L 0oy

dt 04, . i,

(s=1,...,n,n+1,...

= Q5+As
,n+m), (7)

where A, = A3(0fp/0¢s) = As (t,q,q, () represents
the nonholonomic constraint counterforce. Equation
(7) is the equation of nonholonomic system in Egs. (1)
and (5). Note that p only appears in reactive force.

3. Noether symmetry and ap-
proximate conserved quantity

of the system

For the mechanical-

electrical system, the Noether identity can be written

weakly nonholonomic

as

o
94s

d
a (1
Ldt§o+X (L) + <Qq+/1

d
+ —Gn = 0, (8)

dt
d 0
(dtfs 50) aqg

where Gx = Gx (t, g, q) are gauge function.

)i

where

Xmﬁ +@

The restrictions of nonholonomic constraints (1)
to the generator can be expressed as

XM (f5)

(faﬂi - qewéo) — pBeypo (ﬁo - Qa&)

= &5 — 1Bt oo — detpo + 1Betpodobo
— 1Betp.0do) o

= és+ﬂ - NBs—i-ﬁ,oéa - (QE—O—B
= O7

where
- /J'Bs+ﬁ,a£o =0. (9)

If there exists a gauge function Gy such that the in-

§6+5

finitesimal generators &y, &, satisfy Egs. (8) and (9),
then the symmetry of the mechanical-electrical sys-
tem is Noether symmetry.
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For the
electrical system, the symmetry will lead to the

weakly nonholonomic mechanical-

Noether conserved quantity

aq-l; (&s — Gs&o) + Gn = const.

According to Ref. [24], in order to probe into approxi-

In = L&y +

(10)

mate conserved quantity, &y, £s and Gx can be spread

out in terms of p power series expansion as

o= (€0)o +H(S0)r+--,
§s =)o+ n €y +-
Gn = (Gn)y + 1 (GN), +
Substituting relations (11) into Eq. (8), we obtain

JORTCRE

+ 22 ((€o)o + n(60)y + -+

(11)

+ 87[1 [(58)0 + /~L (55)1 + ]

*i{K) O
ALORTIC RS

+ (@ (gt uia, 4 - 52
X [(60)o — e o) + 1 (62, — i (60)y + -+

- (GN)O+M(GN)1+-~- =0.
Substituting relations (11) into Eq. (9), we obtain

(fs—&-ﬂ)o +ﬂ(€s+5)1 +
X [(§o)o + 1 (&), +

If the corresponding generators (£0)g, (§s)g, (€0)1>
(&)1, ...and gauge functions (Gn),, (Gn); can
be found (12) and (13),
mate conserved quantity of the weakly nonholo-

(12)

—uBeigo

=0 (13)

in Egs. the approxi-

nomic mechanical-electrical system can be obtained
by means of Eq. (10).

4. An example

Suppose that the mechanico-electrical system has
a capacitor, the voltage of the electrical source is U.
The active plank is described by generalized coordi-
nate ¢ and the electro-dynamical part is described by
generalized electric quantity e. We denote the kinetic
energy of the system as T = (1/2) (¢ + ¢3), by the
= (1/2)é%, by the
potential of spring V' = g2 and by the electric en-
= (1/2)Ae?. Then the La-
(1/2) (47 +d3) +
where A is a constant. The
(1/2)Ré? and
the capacitor voltage drop is u = Ré, where R is the

magnetic energy of capacitor Wy,

ergy of the capacitor W,
grange function of the system is L =
(1/2)é% — qo — (1/2) Ae?,
electrical dissipation function is ¢ =

resistance. The nonnholonomic constraints and the

generalized force are
f=do—ptg1 =0, Q1 =0, Q2=0. (14)

The differential equations of motion of the system

are
Gi=—-Aut, Ga+1=X\ éE=U— Ae (15)
We have
where
Ay = =t = —pt — pPtg + - - -,
Ay = X=1+ pg — p*t* + (17)

Using Eq. (12), we can also obtain

cegral(&), -0 (6), 1 (6), - (6), +]

+ G2 {(fz 0 Go (éo)o 4 (52)1 — g2 (50)1 + - } + (—pt — pPtg — )
x [(€1) — ¢1 (€0)o + 1 (&1)y — pa (§0)y + -]+ [L+ pgr + - -]
x [(&2)g = G2 (o) + 1 (&2)1 — p2 (o)1 + -] = U x [(&1)g — G1 (o) + 1 (&)1 — pa (o) + -]
— U x[(€) — &2 (€0)p + 1 (§2), — péa (&), +++] + (Gn) +n(Cn) +--=0. (18)
From Eq. (13), we have
(&2)o T 1 (&2)y + - —pt[(&1)g + p (&), +--]=0. (19)
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Using Egs. (18) and (19), we can obtain

(50)0 =0, (51)0 =1, (52)0 =0,
(GN)O = Ut, (50)1 =0, (61)1 =0,
(&), = 1. (Gn), = 22 (L+1) ~

2
(20)

Substituting relations (20) into Eq. (10), we obtain

1
IN=q+Ut+p |Gt + §t2 (1+U) —ga|+--. (21)
Equation (21) in virtue of the Eq. (15) produces the
time derivative

dIn

E:M2{...}+... (22)

Therefore, Eq. (22) cannot be regarded as a conserved
quantity in the strict sense, which is just an approxi-
mate conserved quantity.
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