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Conservation laws for a class of variable coefficient nonlinear wave equations with power nonlinearities are inves-

tigated. The usual equivalence group and the generalized extended one including transformations which are nonlocal

with respect to arbitrary elements are introduced. Then, using the most direct method, we carry out a classification of

local conservation laws with characteristics of zero order for the equation under consideration up to equivalence relations

generated by the generalized extended equivalence group. The equivalence with respect to this group and the correct

choice of gauge coefficients of the equations play the major roles for simple and clear formulation of the final results.
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1. Introduction

Conservation laws play important roles in the
study of differential equations in mathematical
physics.[1−6] They have been widely used in the ex-
ploring of integrability, linearization, constants of mo-
tion, exact and numerical methods for partial differ-
ential equations. In fact, the investigation of conser-
vation laws for the Korteweg-de Vries equation is the
beginning of the discovery of a number of techniques,
such as Lax pair, inverse scattering transformation,
bi-Hamiltonian structures, which can be used to solve
nonlinear evolution equations.[7] The existence of a
large number of conservation laws for a evolutionary
partial differential equation (system) is a strong indi-
cation of its integrability. The conservation laws have
also been used in the theory of non-classical transfor-
mations and in the theory of normal forms and asymp-
totic integrability.[8−10]

In this paper, we are interested in the classifica-
tion of local conservation laws for a class of variable
coefficient nonlinear wave equations of the form

f(x)utt = (g(x)unux)x + h(x)um, (1)

where f = f(x), g = g(x) and h = h(x) are arbi-
trary smooth functions of independent variable x, n

and m are arbitrary constants, nf(x)g(x) 6= 0. This
study continues the series of works on modern group
analysis of Eq. (1) started in Ref. [11].

Equation (1) and its special cases describe a vari-
ety of nonlinear phenomena in physics and mechan-
ics, such as the flow of one-dimensional gas, the
shallow water waves, the longitudinal wave propaga-
tion on a moving threadline, the dynamics of a fi-
nite nonlinear string and the electromagnetic trans-
mission line (see Refs. [12] and [13]). Conservation
laws for some subclasses of Eq. (1) have been in-
vestigated in literature.[5] In particular, Anco and
Bluman[14] constructed the local conservation laws
for a class of one-dimensional wave equations of the
form utt = c(u)(c(u)ux)x by using an effective algo-
rithmic method.[15,16] Bluman and Cheviakov[17] ob-
tained the local conservation laws with characteristics
of zero order for the nonlinear wave equation of the
form utt = (c2(u)ux)x. Recently, Cheviakov[18] re-
viewed some common methods regarding the flux com-
putation for the situation that the local-conservation-
law multipliers have been found and applied the local-
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conservation-law multipliers to classify the nonlinear
wave equations.

Up to now, there exist many methods to find
the conservation laws for given differential equa-
tions, including the direct method,[19] the Noether’s
theorem,[20] the characteristic method,[21] the varia-
tional approach[3,14−16] and so on[8,22−32] (see Ref. [33]
for a detailed comparison of nine different approaches
to conservation laws for partial differential equations
in fluid mechanics). In the present work, the main
tool used in our investigation of (local) conservation
laws for Eq. (1) is a modified most direct method,
which was proposed in Refs. [34] and [35] and has
been applied to construct conservation laws for many
equations.[36−45] The method is based on using the
definition of conservation laws, the notion of equiva-
lence of conservation laws with respect to transforma-
tion groups and the classification up to the equivalence
group of a class of differential equations. Let us note
that other kinds of direct methods,[14,16,22,46] which
are based on the characteristic form of the conserva-
tion laws[14,16] could also be applied (see Ref. [8] for
a comparison of the versions and their realizations in
computer algebra programs).

The rest of the paper is organized as follows. In
Section 2, some basic results about the usual equiva-
lence group and about the generalized extended one
including transformations that are nonlocal with re-
spect to arbitrary elements for Eq. (1) are introduced.
Then in Section 3 we carry out a classification of the
local conservation laws with characteristics of zero or-
der up to the equivalence relations generated by the
equivalence group using the most direct method. Con-
clusion and discussion are given in Section 4.

2. Equivalence transformations

and choice of investigated class

In order to classify the conservation laws for
Eq. (1), first we have to investigate the equivalence
transformations for this equation.

In the first part of the presented series, we have
shown a detailed study of different kinds of equivalence
transformations for solving the group classification
problem.[11] In particular, we have investigated the
equivalence groups (usual and generalized extended
ones), discussed their structure and performed a com-
plete group classification for the groups of Eq. (1). We
find that the complete usual equivalence group G∼ for

Eq. (1) consists of the following transformations,

t̃ = ε2t + ε3, x̃ = X(x), ũ = ε4u,

f̃ = ε1ε
2
2ε

−1
4 X−1

x f, g̃ = ε1ε
−n−1
4 Xxg,

h̃ = ε1ε
−m
4 X−1

x h, ñ = n, m̃ = m,

where εj (j = 1, 2, 3, 4) are arbitrary constants,
ε1ε2ε4 6= 0, X is an arbitrary smooth function of x,
Xx ≡ dX/dx 6= 0.

It appears that Eq. (1) admits further equivalence
transformations, which do not belong to G∼ and de-
pend on arbitrary elements in some non-fixed (possi-
bly, nonlocal) way. We have constructed the complete
generalized extended equivalence group Ĝ∼ for Eq. (1)
by using the direct method. The Ĝ∼ is formed by the
following transformations,

t̃ = ε2t + ε3, x̃ = X(x), ũ = Y (x)u,

f̃ = ε1ε
2
2X

−1
x Y −n−2f, g̃ = ε0XxY −2n−2g,

h̃ = ε1X
−1
x Y −m−n−1h, ñ = n, m̃ = m,

where εj (j = 0, 1, 2, 3) are arbitrary constants,
ε1ε2 6= 0, X is an arbitrary smooth function of x,
Xx 6= 0, the function Y (x) is determined by the fol-
lowing formula,

Y (x) =

 [1 − (n + 1)F (x)]−1/n+1, n 6= −1,

eF (x), n = −1,

where F (x) = ε4
∫

(dx/g(x)) + ε5, ε4 and ε5 are arbi-
trary constants.

Using the gauge equivalence transformation,

t̃ = t, x̃ =
∫

dx

g(x)
, ũ = u, (2)

we can reduce Eq. (1) to f̃(x̃)ũt̃t̃ = (ũnũx̃)x̃ + h̃(x̃)ũm,

where f̃(x̃) = g(x)f(x), g̃(x̃) = 1 and h̃(x̃) =
g(x)h(x). Similarly, any equation with the form of
Eq. (1) can be reduced to the same form with f̃(x̃) =
1. That is why without loss of generality we can re-
strict ourselves to the investigation of the following
equation,

f(x)utt = (unux)x + h(x)um. (3)

All results on symmetries, solutions and conservation
laws for Eq. (3) can be extended to Eq. (1) with the
transformation given in Eq. (2).

The generalized equivalence group G∼
1 for Eq. (3)

with n 6= −1 has the form

t̃ = ε1t + ε2, x̃ =
ε3x + ε4
ε5x + ε6

=: X(x),

ũ = ε7X
1

2n+2
x u, f̃ = ε21ε

n
7X

− 3n+4
2n+2

x f,
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h̃ = ε−m+n+1
7 X

−m+3n+3
2n+2

x h, ñ = n, m̃ = m,

where εj (j = 1, . . . , 7) are arbitrary constants, ε1ε7 6=
0 and ε3ε6 − ε4ε5 = ±1. For n = −1, group G∼

1 takes
the form

t̃ = ε1t + ε2, x̃ = ε3x + ε4,

ũ = ε5 eε6xu, f̃ = ε21ε
−2
3 ε−1

5 e−ε6xf,

h̃ = ε−2
3 ε−m

5 e−mε6xh, ñ = n, m̃ = m,

where εj (j = 1, . . . , 6) are arbitrary constants,
ε1ε3ε5 6= 0.

Using the above results, we have investigated the
group classification for groups of Eq. (1) in Ref. [11].
Below we use them to classify the local conservation
laws for Eq. (1). In view of the aforementioned re-
sults, it is sufficient to only classify the conservation
laws for Eq. (3).

3. Conservation laws

In this section, we first give some necessary no-
tions and statements about the conservation laws for
differential equations with two independent variables
(see Refs. [34], [35] and [39] for more details and gen-
eral formulations), then perform the classification of
the local conservation laws with characteristics of zero
order for Eq. (3).

Let L be a system L(t, x, u(ρ)) = 0 of l partial dif-
ferential equations(PDEs), L1 = 0, . . . , Ll = 0 for m

unknown functions u = (u1, . . . , um) of two indepen-
dent variables t and x. Here u(ρ) denotes the set that
includes all partial derivatives of the functions u of or-
der not greater than ρ, including u as the derivatives
of the zero order.

Definition 1 A conservation law for system L is
a divergence expression

DtF (t, x, u(r)) + DxG(t, x, u(r)) = 0, (4)

which vanishes for all solutions of L. Here Dt and Dx

are the operators of total differentiation with respect
to t and x, respectively, namely, Dt = ∂t + ut∂u +
· · · , Dx = ∂x + ux∂u + · · · ; F and G are correspond-
ingly called the density and the flux of the conserva-
tion law and the tuple (F,G) is a conserved vector of
the conservation law.

The crucial notion for the theory of conservation
laws is the equivalence and triviality of the conserva-
tion laws.

Definition 2 Two conserved vectors (F,G) and
(F ′, G′) are equivalent if there exist such functions F̂ ,
Ĝ and H of t, x and derivatives of u that F̂ and Ĝ

vanish for all solutions of L, and F ′ = F + F̂ + DxH,
G′ = G+Ĝ−DtH. A conserved vector is called trivial
if it is equivalent to the zeroth vector.

Let the system L be totally nondegenerate.[3]

Then application of the Hadamard lemma to the def-
inition of conservation law and integrating by parts
imply that the left hand side of any conservation law
of L can always be presented up to the equivalence
relation as a linear combination of the left hand sides
of the independent equations of L with coefficients λµ

being functions of t, x and derivatives of u:

DtF + DxG = λ1L1 + · · · + λlLl. (5)

Definition 3 Formula (5) and the l-tuple λ =
(λ1, . . . , λl) are called the characteristic form and the
characteristic of the conservation law DtF +DxG = 0,
respectively.

The characteristic λ is trivial if it vanishes for all
solutions of L. Since L is nondegenerate, the charac-
teristics λ and λ̃ are called equivalent if they satisfy
Eq. (5) for the same conserved vector (F,G) and λ− λ̃

is a trivial characteristic.
Lemma 1[34] Any point transformation σ be-

tween systems L and L̃ induces a linear one-to-one
mapping σ∗ between the corresponding linear spaces
of the conservation laws.

Consider the class L|S of systems Lθ:
L(t, x, u(ρ), θ) = 0 parameterized with the parameter-
functions θ = θ(t, x, u(ρ)), where L is a fixed func-
tion of t, x, u(ρ) and θ. The symbol θ denotes the
tuple of arbitrary (parametric) differential functions
θ(t, x, u(ρ)) = (θ1(t, x, u(ρ)), . . . , θk(t, x, u(ρ))) running
through the set S, which consists of the solutions of
the system S(t, x, u(ρ), θ(q)(t, x, u(ρ))) = 0.

Let P = P (L, S) denote the set of pairs, each
pair consists of a system Lθ from L|S and a conser-
vation law for that system. The action of transfor-
mations from the equivalence group G∼ for the class
L|S together with the pure equivalence relation of the
conserved vectors naturally generates an equivalence
relation on P . The classification of conservation laws
with respect to L|S will be understood as a classifica-
tion in P with respect to the above equivalence rela-
tion. This problem can be investigated in a way that
is similar to the group classification in the systems of
differential equations. Specifically, we first construct
the conservation laws that are defined for all values of
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the arbitrary elements. The corresponding conserved
vectors may depend on the arbitrary elements. Then
we classify, with respect to the equivalence group, the
arbitrary elements for each of the systems that admit
additional conservation laws.

For more detail and rigorous proof of the above
definitions and statements, see Refs. [34], [35] and [39].
Using the most direct method described in Ref. [35],
we prove the following theorem.

Theorem 1 A complete list of G∼
1 -inequivalent

equations (3) having nontrivial conservation laws with
characteristics of zero order is exhausted by the follow-
ing ones:
1. m = n + 1,

n 6= −1 :(
αif(tut − u), −αitunux + αi

x

tun+1

n + 1

)
;(

βifut, −βiunux + βi
x

1
n + 1

un+1

)
; i = 1, 2.

n = −1 :(
f(tut − u), − tu−1ux

)
;(

xf(tut − u), − xtu−1ux + t lnu
)
;(

fut, − u−1ux

)
;(

xfut, − xu−1ux + lnu
)
.

2. m = 1, h = µf, µ > 0,

n 6= −1 :(
e
√

µtxf(ut −
√

µu),

− e
√

µt

(
xunux − un+1

n + 1

))
;(

e−
√

µtxf(ut +
√

µu),

− e−
√

µt

(
xunux − un+1

n + 1

))
;(

e
√

µtf(ut −
√

µu), − e
√

µtunux

)
;(

e−
√

µtf(ut +
√

µu), − e−
√

µtunux

)
.

n = −1 :(
e
√

µtxf(ut −
√

µu),

− e
√

µt(xu−1ux − lnu)
)
;(

e−
√

µtxf(ut +
√

µu),

− e−
√

µt(xu−1ux − lnu)
)
;(

e
√

µtf(ut −
√

µu), − e
√

µtu−1ux

)
;(

e−
√

µtf(ut +
√

µu), − e−
√

µtu−1ux

)
.

3. m = 1, h = µf, µ < 0,

n 6= −1 :(
xf(sin(

√
−µt)ut −

√
−µ cos(

√
−µt)u),

− sin(
√
−µt)

(
xunux − 1

n + 1
un+1

))
;(

xf(cos(
√
−µt)ut +

√
−µ sin(

√
−µt)u),

− cos(
√
−µt)

(
xunux − 1

n + 1
un+1

))
;(

f(sin(
√
−µt)ut −

√
−µ cos(

√
−µt)u),

− sin(
√
−µt)unux

)
;(

f(cos(
√
−µt)ut +

√
−µ sin(

√
−µt)u),

− cos(
√
−µt)unux

)
.

n = −1 :(
xf(sin(

√
−µt)ut −

√
−µ cos(

√
−µt)u),

− sin(
√
−µt)(xu−1ux − lnu)

)
;(

xf(cos(
√
−µt)ut +

√
−µ sin(

√
−µt)u

)
,

− cos(
√
−µt)(xu−1ux − lnu)

)
;(

f(sin(
√
−µt)ut −

√
−µ cos(

√
−µt)u

)
,

− sin(
√
−µt)u−1ux

)
;(

f(cos(
√
−µt)ut +

√
−µ sin(

√
−µt)u),

− cos(
√
−µt)u−1ux

)
.

Here the functions αi = αi(x), βi = βi(x) (i = 1, 2)
are the fundamental solutions for the second-order lin-
ear ordinary differential equations αxx+(n+1)hα = 0
and βxx+(n+1)hβ = 0, respectively; µ is an arbitrary
constant.

Proof We search the first-order conservation
laws for Eq. (3) in the form

DtF (t, x, u, ut, ux) + DxG(t, x, u, ut, ux) = 0. (6)

Substituting the expression for utt deduced from
Eq. (3) into Eq. (6) and decomposing the obtained
equation with respect to uxt and uxx, we obtain

Fux + Gut = 0, Fut

1
f

un + Gux = 0,

Fut

n

f
un−1u2

x + Guux + Fuut

+Fut

h

f
um + Ft + Gx = 0. (7)

Up to conserved vector equivalence for the first equa-
tion of Eqs. (7), we can assume Fux = Gut = 0, which
together with the second equation implies

F = F 3(t, x, u)ut + F 2(t, x, u),

G = −F 3(t, x, u)
1
f

unux + G1(t, x, u). (8)

Substituting these expressions into the last equation
of Eqs. (7) and splitting it with respect to the powers
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of ux and ut, we obtain the PDEs for the functions
F 3, F 2 and G1 in the form

F 3
u = 0, F 3 fx

f2
un + G1

u − 1
f

F 3
xun = 0,

F 2
u + F 3

t = 0, F 2
t + F 3 h

f
um + G1

x = 0. (9)

Solving the first three equations yields

F 3 = F 1(t, x), F 2 = −F 1
t u + F 0(t, x),

G1 =
(

F 1

f

)
x

∫
un + G0(t, x). (10)

The case n = −1 is special with respect to the inte-
gration of the function un. So

G1 =


(

F 1

f

)
x

un+1

n + 1
+ G0(t, x), n 6= −1,(

F 1

f

)
x

lnu + G0(t, x), n = −1.

Substituting the expressions for F 3, F 2 and G1 into
the last equation of Eqs. (9), we find that the major
role for the classification is played by the differential
consequence(

F 1

f

)
xx

un + m
F 1

f
hum−1 − F 1

tt = 0. (11)

Indeed, it is the unique classification condition for this
problem. In all classification cases, we obtain the
equation F 0

t + G0
x = 0. Therefore, up to conserved

vector equivalence, we can assume F 0 = G0 = 0 and
additionally F 1 6= 0 for the conservation laws to be
non-trivial. Thus, taking into account Eqs. (8) and
(10), the conservation density and the conservation
flux can be rewritten as

F = F 1ut − F 1
t u,

G =


−F 1 1

f
unux +

(
F 1

f

)
x

un

n + 1
, n 6= −1,

−F 1 1
f

u−1ux +
(

F 1

f

)
x

lnu, n = −1.

(12)

It follows from Eq. (11) that Eq. (3) possesses non-
trivial conserved vectors only if the parameters n and
m take the following special values,

(n, m) ∈ {(0, 0), (0, 1), (n′, n′ + 1), (n′, 1), n′ ∈ R}.

We exclude the cases (0, 0) and (0, 1), since they cor-
respond to the linear case of Eq. (3).

1. m = n + 1. Equation (11) is split into two
equations F 1

tt = 0, (F 1/f)xx + (n + 1)(F 1/f)h = 0,

which implies F 1 = [α(x)t + β(x)]f , where α and
β satisfy the homogeneous linear second-order ordi-
nary differential equations αxx + (n + 1)hα = 0 and
βxx + (n + 1)hβ = 0, respectively. For n = −1,
F 1 = (c1 + c2x)t + c3 + c4x.

2. m = 1. The decomposition of (11) results in the
equations (F 1/f)xx = 0 and (F 1/f)h − F 1

tt = 0. The
first equation gives F 1 = [α(t)x+β(t)]f . Substituting
F 1 to the second equation yields

αttxf + βttf − αxh − βh = 0.

In view of the condition F 1 6= 0, it follows from the
latter equation that h = µf for arbitrary constant
µ and α and β satisfy the equations αtt − µα = 0
and βtt − µβ = 0, respectively, which implies F 1 =
[c1 e

√
µt + c2 e−

√
µt]x+ c3 e

√
µt + c4 e−

√
µt if µ > 0 and

F 1 = (c1 sin(
√
−µt)+c2 cos(

√
−µt))x+c3 sin(

√
−µt)+

c4 cos(
√
−µt) if µ < 0.

4. Conclusion and discussion

In summary, we have presented a classification
of local conservation laws with characteristics of zero
order for the variable coefficient nonlinear wave equa-
tions (3) by using the most direct method. The appli-
cation of equivalence group and the correct choice of
gauge coefficients of the equations allow us to formu-
late the results in explicit closed form, i.e., theorem 1,
which is useful in the analysis of nonlinear phenomena
of the corresponding nonlinear wave models contained
in Eq. (3).

The method used in this paper can also be ap-
plied to other equations in mathematical physics for
classification of local conservation laws. Furthermore,
as an application of the obtained results in theorem
1, we can use it to perform a complete classification
of the potential conservation laws and present an ex-
haustive list of the locally inequivalent potential sys-
tems for the equations under consideration. We may
also investigate different kinds of symmetries, say Lie,
nonclassical and potential ones for the constructed po-
tential systems and then use them to construct exact
solutions for the equations under consideration.
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Paris (English Translation, Celestrial Mechanics, New

York, 1966).

[20] Noether E 1918 Nacr. Konig. Gesell. Wissen., Gottin-

gen, Math.-Phys. Kl. Heft 2 235 (English translation pub-

lished in Transport Theory and Statistical Physiscs 1 186

(1971)).

[21] Steudel H 1962 Z. Naturforsch. A 17 129

[22] Kara A H and Mahomed F M 2000 Int. J. Theor. Phys.

39 23

[23] Kara A H and Mahomed F M 2006 Nonlinear Dynam. 45

367

[24] Atherton R W and Homsy G M 1975 Studies Appl. Math.

54 31

[25] Bluman G, Temuerchaolu and Anco S C 2006 J. Math.

Anal. Appl. 322 233

[26] Ibragimov N H 2007 J. Math. Anal. Appl. 333 311

[27] Hereman W, Adams P J, Eklund H L, Hickman M S and

Herbst B M 2009 Advances in Nonlinear Waves and Sym-

bolic Computation (New York: Nova Science Publishers)

p. 19

[28] Jia M, Gao Y and Lou S Y 2010 Phys. Lett. A 374 1704

[29] Dong W S, Fang J H and Huang B X 2010 Acta Phys.

Sin. 59 724 (in Chinese)

[30] Ding N, Fang J H, Liao Y P and Wang P 2006 Chin. Phys.

15 2792

[31] Zhang Y 2005 Acta Phys. Sin. 54 2980 (in Chinese)

[32] Zhao L, Fu J L and Chen B Y 2010 Chin. Phys. B 19

010301

[33] Naz R, Mahomed F M and Mason D P 2008 Appl. Math.

Comput. 205 212

[34] Ivanova N M, Popovych R O and Sophocleous C 2007

arXiv: 0710.3053

[35] Popovych R O and Ivanova N M 2005 J. Math. Phys. 46

043502

[36] Ivanova N M 2004 Proceedings of Institute of Mathematics

of NAS of Ukraine 50 149

[37] Ivanova N M, Popovych R O and Sophocleous C 2004

Proceedings of 10th International Conference in Modern

Group Analysis, Larnaca, Cyprus, October 24–31, 2004

p. 107

[38] Anco S C and Ivanova N M 2007 J. Math. Anal. Appl.

332 863

[39] Huang D J and Ivanova N M 2007 J. Math. Phys 48

073507

[40] Ivanova N M and Popovych R O 2007 Int. J. Theor. Phys.

46 2658

[41] Ivanova N M 2007 Nonlinear Dynamics 49 71

[42] Ivanova N M and Sophocleous C 2008 J. Phys. A 41

235201

[43] Ivanova N M, Popovych R O, Sophocleous C and Vaneeva

O O 2009 Physica A 388 343

[44] Popovych R O, Kunzinger M and Ivanova N M 2008 Acta

Appl. Math. 100 113

[45] Vaneeva O O, Johnpillai A G, Popovych R O and Sopho-

cleous C 2007 J. Math. Anal. Appl. 330 1363

[46] Bluman G and Doran-Wu P 1995 Acta Appl. Math. 41 21

070202-6


