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The symmetry constraint and binary nonlinearization of Lax pairs for the super classical-Boussinesq hierarchy

is obtained. Under the obtained symmetry constraint, the n-th flow of the super classical-Boussinesq hierarchy is

decomposed into two super finite-dimensional integrable Hamiltonian systems, defined over the super-symmetry manifold

with the corresponding dynamical variables « and ¢,. The integrals of motion required for Liouville integrability are

explicitly given.
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1. Introduction

For almost twenty years, much attention has been
paid to the construction of new integrable systems
as well as their integrable couplings by using Lie
algebras(! =5 and to the construction of finite dimen-
sional integrable systems from soliton equations by us-
ing symmetry constraints. Either (2+1)-dimensional
soliton equations(®” or (14-1)-dimensional soliton

equations!®?]

can be decomposed into compatible
finite-dimensional integrable systems. It is well known
that a crucial idea in carrying out symmetry con-
straints is the nonlinearization of Lax pairs for soliton
hierarchies. Symmetry constraints give relations of
potentials with eigenfunctions and adjoint eigenfunc-
tions of Lax pairs. The nonlinearization of Lax pairs
can be classified into mono-nonlinearization!*%'" and

[12.13] The technique of nonlin-

binary nonlinearization.
earization has been successfully applied to many well-
known (1+1)-dimensional soliton equations, such as
the Ablowitz-Kaup-Newell-Segur (AKNS) system,®!
the Kortweg-de Vries (KdV) hierarchy!®! and the Dirac
system. 1]

With the development of soliton theory, super-
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integrable systems associated with Lie super alge-

[15-18] 1y,

bra have been attracting growing attention.
1997, Hul'® proposed the super-trace identity and
applied it to establish the super-Hamiltonian struc-
tures of super-integrable systems. Then Mal'6! gave a
systematic proof of the super-trace identity and pre-
sented the super-Hamiltonian structures of the super
AKNS and the super Dirac hierarchies as its appli-
cation. Wang and Dong[!'”) presented a new super-
Hamiltonian structure of the super AKNS hierarchy.
Tao and Xial'® presented super-Hamiltonian struc-
tures of the super classical-Boussinesq system. How-
ever there are few results about the nonlinearization
Stud-

ies provide many examples of super-symmetry inte-

of super-integrable systems in the literature.

grable systems with super dependent variables or su-
per independent variables.'9=21 Only very recently,
He et al. applied the binary nonlinearization method
to the super AKNS and the super Dirac systems and
obtained their corresponding super finite-dimensional

(22-24] Ty this paper, we consider the binary

systems.
nonlinearization of the super classical-Boussinesq hi-
erarchy.

This paper is organized as follows. In the next
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section, we will review the super classical-Boussinesq
hierarchy and its super-Hamiltonian structure. Then
in Section 3, we obtain a symmetry constraint for the
potential of the super classical-Boussinesq hierarchy.
In Section 4, we apply the binary nonlinearization to
the super classical-Boussinesq hierarchy and obtain a
super finite-dimensional integrable Hamiltonian sys-
tem on the supersymmetry manifold, whose integrals
of motion are explicitly given. Some conclusions are

given in Section 5.

2. The super classical-Boussinesq

hierarchy

The super classical-Boussinesq spectral problem
associated with the Lie super algebra B(0,1) is given
by

¢x = U¢7 U= -1

u= (¢ r « B)T, o= (p1 2 ¢3)T7 (1)

where )\ is a spectral parameter, r and ¢ are even vari-

ables, and a and 3 are odd variables .['6] Taking

A B p
V=|C-4§],
6 —p 0

2 1 1 1
1 1
43 20
—4a — 480 —2rg
Upon choosing the initial conditions
By=Co=po=00=0, Ap=—1,

all other parameters A;, B;,C;, p;,0; (i > 1) can be
worked out by using the recurrence relations given in
Eq. (5). The first few results are
A1:0, B1:7“, Clz—]., pP1 = &, (Slzﬂ,
1 1

B2 = —zTg — —qr,

1
Ay ==
2 27’—’-&5, 2 4

the co-adjoint equation associated with Eq. (1) V, =
[U, V] gives

Ay = B+71C + Bp+ ad,

B, = —-2\B —2rA — %qB—Zozp,

Cp =2XC —2A + 1qC + 2336, (2)
pe = —Ap— A — 3B — Lqp+rd,

0z = A6+ BA — aC — p+ 140

If we set
A=Y"ANT B=) BT, C=) Cix,
i>0 i>0 i>0
p = sz‘)\_i, 0= Z(Sl)\_L, (3)
i>0 i>0

then the system expressed by Eq. (2) is equivalent to
(i = 0)

Bit1 = —3Bi. — 1A — 1qBi — ap;,

2 1
Ciy1 = %Ci,r + A — iqci — B,
Pi+1 = —piw — @d; — BB; — 1qp; + 16;, (4)

dit1 = 0iz — BAi + aCi + pi — 146,
Ait1,e = Biy1 +rCip1 + Bpig1 + adita,

which results in the recurrence relations

(—24i41,Ci11, 20541, —2pip1) T
ZD‘Z(_%AiaOia25i7_2pi)Ta (5)
A, = G*I(Bi +rC; + Bp; + 0451‘),

where
- ia—laa — %a — i@‘lﬁa + %6
1
— = 0
2 (6)
d—1q -1
—r+af -0-1q
1 1
Cy = 18 2= 0 02 = Bz — iqﬂ,
1 1 1
Az = er + qu +aby — a8 — iqaﬂv
1 1 1 1
B3 = Z’f’mm + g(JmT + qur + 572
1
—raf + 1—6q2r + aay,
1 1 1,
CB - g(h - §T+aﬂ_ T6q _ﬂﬁma

NS DS DO
pP3 = Qgg 4%@ 2qa:r 2700[
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1 1,
+ §Txﬁ + Tﬁw + Tﬁq a,
1

1 1 1
6:a:w_7w — 549Pz 5 - Oy 72~
3=7p 1928 = 50Be + 58 — 0w + 7p0°8

Let us associate the spectral problem given in
Eq. (1) with the following auxiliary problem

b, =V ™o, (7)
with
w [Ai Bi pi —Cht1 0 0
=O\6 —pi 0 0 0 0

The compatible condition of the spectral problem
given in Eq. (1) and the auxiliary problem given in
Eq. (7) is

U, — V;c(n) + [U7 V(n)] =0, (8)

which infers the super classical-Boussinesq soliton hi-
erarchy

:Kn = (4Cn+1,a:7 _2An+1,x+2ﬁpn+1+2a6n+la
— Pn+1 — acn+1a 6n+1 + ﬁcn-‘rl)T' (9)

Uy

n

The u;, =

classical-Boussinesq flow of the hierarchy.
15,16

n in Eq. (9) is called the n-th super
Using the super-trace identity!
5 ou

e d)se (Y,

where Str means the super trace, we have

—3Ain
C; 1S 24;
o= 2 H, H; :/%de, i>0. (11)
20541 du 1+ 1
—2pit1

Therefore, the super classical-Boussinesq soliton hier-
archy given in Eq. (9) can be written in the following

super-Hamiltonian form

SH,
=J 12
utn 6“ ) ( )
where
0 40 0 O
40 0 o -
J = 15
0o B L o0
is a super-symplectic operator and H, is given by
Eq. (11).

The first non-trivial nonlinear equation of the hi-
erarchy given in Eq. (9) is given by the second flow

Gty = 3qea — 22 + 4B)2 — 5402 — 4BBxa,

Tty = =570z — 5(qr)2 — 2000, + 2133,

3geo — 3qog — 3123 (13)
=18 + BB,

Bry = Baw — 2428 — 348 — ag,

Aty = —Qgg —

which possesses a Lax pair of U defined in Eq. (1) and
V() defined by

N =L+ =7+ BB, rA—ir, — Lgr aX — a, — 1qo
v = ~A+1q M4 lg— L? B8 BA+B.—LaB |- (14)
BA+ Bz — 148 —aX+ag + g0 0

3. Symmetry constraint of super
classical-Boussinesq hierarchy
In order to compute a symmetry constraint, we

consider the following adjoint spectral problem of the

spectral problem given in Eq. (1)

A+ %q 1 I}
Yo=-USp=| — —A-1l¢g —a |9,
—« -3 0

Y= P2 Ps), (15)

where St means the super transposition. The following
result is a general formula for the variational deriva-
tive with respect to the potential w (see Ref. [8] for
the classical case).
Lemma 1[22-24]
trix of order m + n depending on w,u,, Uy, .- -,
and parameter \. Suppose that ¢ = (., P,)" and
¥ = (1o, )T satisfy the spectral problem and the

Let U(u, ) be an even ma-
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adjoint spectral problem

d)a: = U(U, )‘)d)a ,l/)z = _UStd)7 (16)
where ¢o = (¢17"'a¢m) and ",bc = (wla"'awm)
are even functions and ¢, = (Pm1,.- ., Pmin) and

'¢0 = (¢m+17~--

the variational derivative of the spectral parameter A

, Wiman) are odd eigenfunctions. Then

with respect to the potential w is given by

dA _ (1/)67 (_1)p(u)"/’o)(aU/8u)¢

By using Lemma 1, it is not difficult to find that

1 (Va2 — Y1)

A 1 P12

AR 19

du B Y193 + Y32 (19)
a3 — P31

where E = [(¢191 — ¢1¢1)dz. If we consider zero
boundary conditions, lim;| ¢ = limy ¥ = 0,
we can obtain a characteristic property (a recurrence
relation) for the variational derivative of A,

A _ , 17
du — [YT(oU JON)pdx (17 P oA
L— =, (20)
du Su
where we denote where £ and 8)\/du are given by Eqs. (5) and (19),
. ) respectively.
p(v) = 0, v is even variable, (18) Let us now discuss a spatial system and a tempo-
1, v is odd variable. ral system
|
P15 $1; -Ai—1¢ @\ [y
b2 | = Uu,\j) [ gos | = —1 XN +1g8] |25
3/ b3 p —o 0/ \gs
P Vi A+ iq 1 B P
Poj | = —US(u,\)) [ 1o, —r =X —3q o | || (21)
¥3i) | )3 —a -3 0 )3
and
b1 Yo AN T = Co S BT Sio PN b1
doj | = S iy — AN T+ Cogr Y 0N T | [ ey |
ZTV Do 0N} — i PN 0 3
(G — Y AN T T+ Cup = O i 0N (G
ij = — Z:L:O Bl)\?72 Z?:O AZ)\;Lil — Cn+1 — Z?:O pl)\?il ij (22)
Usi) — i PN =0 i " 0 3
For the two systems, we have the following symmetry ‘symmetry constraint
constraint r— 208 = — (B, B,) + (W, Bs),
%q: <W17¢2>7 (24)
—%Ak+1 2az + %CIO& - <!’p27453> - <'3p37 ¢1>7
C N ) 26, — Lq8 = (W, B3) + (W3, B,),
ng: 1 :Z%%’ k>0, (23) Be — 548 = (W1, P3) + (U3, Do)
20k+1 j=1 u where we use the following notation
~2Pk1 D = (di1,-..,hin) ",
Wi:(’l/)ilw")wiN)Ta i:17273a

If we choose k = 1 and v; = E; = [(¢191; —
¢2;j12;)dz in Eq. (23), then we obtain the following

and (-,-) denotes the standard inner product of the
Euclidean space RV,
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4. Nonlinearization of super clas- aim, we first introduce the following new variables

sical-Boussinesq system under Sni1 = o,

symmetry constraint N1 = 26, (25)

Considering the new variables of Eq. (25) and sub-
Now we are in a position to discuss the nonlin-  gtityting the constraints given in Eq. (24) into the
earization of the super classical-Boussinesq system un- system expressed by Eq. (21), we obtain the following

der the symmetry constraint given in Eq. (24). To this  finite-dimensional super system

b1j.0 = (=Aj — (W1, P2)) 015 — ((P1,P1) — (Po, P2) — ON11UN11) P25 + ON 11035,
G20 = —015 + (Aj + (W1, P2)) b2 + 3N 41035,

b3j.0 = SUNt101) — ON 11025,

Ont1,0 = 5 (T, B3) — (W3,D1)) — (¥1, P2) P11,

(26)
V1je = (N + (1, P2)) Y1) + 2j + 39N 1135,
Yoz = (W1, P1) — (Po, P2) — dNt1UN+1)V15 + (—Aj — (P, P2))Yo; — ONt13,
V3j2 = —ON41¥15 — 3UN 125,
YN+1,e = ((P1, P3) + (W3, P2)) + (1, Pa)Yn 41
Obviously, Eq. (26) can be written in the following super-Hamiltonian form:
5 O _ om, _om o o
l,x — 8@1 ) 2,x — 3@2, 3,z — a!p37 N+1l,x — 8wN+1, (27)
g, O O oM, OH,

,T a¢17 2,x a¢27 T%7 ’l/)N-i-l,.’L‘ = WM7

where the super-Hamiltonian function H; is given by

Hy = — (AW, ®1) + (AW, §3) — (W1, P2) (1, P1) — (P2, P2)) — (P2, P1) + Ony19¥N+1 (W1, Pa)

O (01, B) + (B, 2)) + S0 (2, Bs) — (B, 1))

That is to say, the nonlinearized finite-dimensional super system given in Eq. (26) is a super-Hamiltonian system.
When n = 1, the system given in Eq. (21) is exactly the system given in Eq. (22) with ¢; = . When n = 2,
the system given in Eq. (22) becomes the following system

1 - 1 - 1. 1__ - - 1__
¢1j,t2 = ( - A? - 8 ].6 + ﬂﬁi)gél] (TAj - irw - 4qr) (Z)Qj + <a>\j — Qg — 46104) ¢3_’j7

g+ q)qslj (A§+1qx—1q —ﬁﬁw)@j (Bxﬁéw—iqﬁ)%

D2t = 3

= - - 1__
G35t = | BN + Bu — 4(15> ¢15 + < —alj +ag + 4qa) P25,

_ 1. 1._. 1 1 - N 1_.
Yojty = —7“>\j+27"z+4q7'>¢1j - <>\ + 8qz— Eq —5ﬂx>¢2j+ <—Ot/\j +Oé;c+4q04)7//3j7

VY3jt, =

uiaa = (¥4 g = 167 = B0 Yoy + (A = 32 )y + (B + o = 35 o

—a\j +a, + 4qa) Y1; + ( —BAj — Ba + 4(15) Pay,
where ¢, 7, &, B denote the functions g, r, o, 5 defined by the symmetry constraint given in Eq. (24) and gy, 74, &y, Bw
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are given by

Gw = 8(AW1, Do) + 8(Wy, P2)2 — A((W1, 1) — (P2, DB2)) + 20N 11 (1, B3) + (P53, D)),
To = =2(W2, P1) + 2((W1, P1) — (P2, P2)) (W1, Do) — 2(¥1, Do) N 11UN+1,

= %(<W27453> — (3, P1)) — (W1, P2)dN+1, (29)

By = %(<W1,453> + (W3, ®y)) + %<W1,¢2>¢N+1-

o

which are computed through using the spatial constrained flow Eq. (26). Considering the new variables in
Eq. (25) and the symmetry constraint given in Eq. (24), the above finite-dimensional super system given in

Eq. (28) becomes the following nonlinearized super system

D1, = { - )\f + %(<!‘p134i1> — (W, D)) — </1W1,452>] o1+ ((Pa, P2) — (W1, P1) + ONf1UNF1)A;

1

= (W2, P3) — <4—’37451>)] ®3,

+ (W, P1)) P2 + |:¢N+1)\j ~ 3

200 =y + (B B2))0n + | = G, — (B Ba)) 4 (A0, 22} 0
+ [;wl\/—‘rl)‘j + %(W’h b3) + <W3,452>)] @3,

2 2
1
ON41,t0 = §(</M’2,453> — (A3, P1)) — dn41(AP1, Do),

3.4, = [;¢N+1)\j + 1((4—’1,453> + <W3,¢2>)] b1 — [¢N+1/\j - 1(<¥72,$153> - <W37¢1>)} @2,

r, = [A? Y80 — (,8)) + <Aw1,452>}w1

+ (Aj — (¥1,DP2)) 2 + |:;1/1N+1)\j + %(<4—’17453> + <W3,452>)] 3,

Yo, = — [(@’27452) — (W1, P1) + Onp1UNT1)N + ('1’2,450} P — [)\? - %(<W17451> — (W, P2))

+ <A!l71,452>)¢2 - |:¢N+1>\j - %(<¥I’27453> - <!I’3,451>)} 3,
s = = [owirdy = (02, Ba) — (80,80) | — | oy + 5181, 8) + ()|

YNt1,t, = (AW, P3) + (AW3, P3)) + P41 (AP, DPa),

where 1 < j < N. Tt is a direct but tedious check that the nonlinearized super system given in Eq. (30) can be
written in the following super-Hamiltonian form

8H2 8H2 8H2 aH2

P = — = — = — = — -

L = g, 26 = G 36 = G, ON+1,ts Bon ey’ .
g, _ OH: g OHy o _0Hy o oH

1,t2 2,to 3,t2 aég ’ N—+1,ts 8¢N+1 )

Tﬁg?
where the super-Hamiltonian function Hs is given by
Hy = — (A2W,, &) + (A*Wy, &) + i((%,dm — (W, B,))? — (AW}, o) (W), B1) — (W, By))
— (A @) + Gy (AT o) + SO (A0, B) — (A0, B1) + (s, B1) (8, 8)
(B} — (0, D)) (1, D) + (s, D)) + O (B, B+ (A, B)).

That is to say, for ty-part, the nonlinearized super system given in Eq. (30) is a finite-dimensional super-

Hamiltonian system.
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In the following, we prove that for any n > 2,  using the nonlinear constraint (Eq. (24)), i.e. (i > 1)

the super system given in Eq. (22) can be nonlin- - 1., .. ,
Aipr = §(</11_1![’1,451> — (A1, By)),
earized and furthermore, the obtained nonlinearized

. . . . . . 1+1 < Z 1!p2a ¢1>
system is a finite-dimensional super-Hamiltonian sys- y

Cip1 = (A7, &y), (32)
tem. Therefore, making use of Eq. (20), we obtain the ) )

Pit1 = —*(</1’71¥72,453> — (A1, By)),
constrained A;, B;, C;, pi, 0; (1 <i < N) for the sys- 2

tem given in Eq. (22). Only for differentiation, P(U) Oi1

1 ) )
= §(<A171!p1,@3> + <A171!p3,@2>).

denotes the new expression generated from P(U) by  Inserting Eq. (32) into Eq. (22), we have

Pyt = (ZA X n+1)¢13 D BN T oy + > i) by,
i=0 i=0
¢2j,tn = Z OiA?_i¢1j + ( - Z Al/\;z—z + é7l+1>¢2j + Z Si)\?_i(ﬁgj,
i=0 i 1=0

¢3j7tn = Zgz)‘;l_%ﬁlj sz ¢2]7
=0

1
ON+1,t, = *((A"71W2,453> — (AT D)) — PN (AT, By),

(33)
Vijt, = ( ZA AT+ Cn+1>¢1g ZC N} gy + 25 A hs,
=0 =0
Vajtn = = ZBM?"’W + (Z/L»)\;?—i - én+1)¢2j - ZﬁM?_i%y‘,
i i=0 i=0

VY3jt, = — sz Thpry = Y ST sy,
i=0

YN+1t, = (</1" "Wy, B3) + (A" 15, Do) + Py (A", Bo).

Next, we show that the nonlinearized super system given in Eq. (33) is a finite-dimensional super-Hamiltonian
system. From Eq. (32), we know that the constrained co-adjoint representation equation V, = [U, V] is still
satisfied, the equality V;2 = [U, V2] is also satisfied. Therefore, let

1 ~ ~ ~ ~
F= 5smﬂ = A% + BC + 2p9. (34)

It is not difficult to find that F, = 0, which means that F' is a generating function of integrals of motion for
the nonlinearized spatial system given in Eq. (21). Let F = Z F,\™", substituting Ay = —1, By = Cy = fip =
n>0

- . . . ~ .1 .
0o = A1 = 0,B1 = (¥, @1) — (P2, P2) — n1¥n+1), O1 = =1, p1 = dn, 01 = S and Eq. (24) into
Eq. (34), we can obtain

Fy=1, F =0, F,—0,

Fy = —((A%1,D1) — (A3, D3)) — ((¥1, P1) — (P2, P2) + dn1thn+1) (W1, Po) — (W, P1)
O (01, D) + (@5, B) — 3 (B, @) — (W5, B1) o,

Fy = (A%, 1) — (A°W, B3)) — ((¥1,B1) — (P2, Do) — On19n11)(AP1, Bo) + (Po, D1) (P1, Bo)
— (A3, P1) + On 1 (A1, Ps3) + (AW, Dy)) — %((A!p27453> — (A3, D1)) N1

(P2, P3) — (W3, D1)) ((¥1, P3) + (¥3,P2)) + i((%@ﬁ — (@2, P,))°,

l\')\)—l
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(AT2Wy, &3) —

(A2 B ) (AR By)

(A2, @) (A2, B3)

— (A" 20y, ®y) —

E(w—?wh@l) A2, ) (AT 2B By — (AT, By))

+ (A", By)

<An_2W2, ¢2>)

1
+ On 41 (A", D) + (A" W3, By)) — §(</1n73%"153> — (A" W3, D) )N 1
— (@1, B1) — (T, B2) — O 1N ) (AW, Bo) — (A" PW,, B1), n > 5. (35)
After a direct calculation, we have
D1y, = OFnss 2tn = OFnia 3tn = OFnis ON+1,t, = OF i+
o ow, o ow, o ows T 9N (36)
o, _3Fn+2 . — _aFn+2 _ 0F 42 " _ OFN+2
1,t, 6@1 ) 2.ty 8@2 ) 3,tn a@g ) N+1,t, 6¢N+1 )

which means that the nonlinearized temporal system
given in Eq. (33) is a super-Hamiltonian system. In
conclusion, for any n (n > 1), the nonlinearized sys-
tem given in Eq. (33) is a finite-dimensional super-
Hamiltonian system. This can be checked pretty eas-
ily. For example, we can show one equality in the
above system as follows:

!p2,tn — i Bi/ln_i!pl + i Ai/ln_i!pg

i=0 i=0
—Cpy1¥r — Z pi A"y
i=0
= (<!p1»‘151> — (W3, P2) — O 1N 1) AT

- Z (A2, &) A"y — A",
= n

1 1—2
+5 Z;«A Uy, &)

— (A2, o)) A" Wy — (A" By Wy
1 «— .
t3 ;(Ml Wy, B3) —

— N AT,

o aFn+2
= G (37)

(A5, &) A"y

We then prove that the nonlinearized system given in
Eq. (33) is completely integrable in the Liouville sense.
With the help of the results of the nonlinearization for

8,25]

classical integrable systems, it is natural for us to

set
fr = Y1rdik + Yordar + Yargpar, 1<k N, (38)
and verify that they are also integrals of motion of

the constrained spatial system given in Eq. (21) and

\
temporal system given in Eq. (22). So Eq. (38) is in
involution in pair. For the nonlinearized spatial sys-
tem given in Eq. (21) and the nonlinearized temporal
system given in Eq. (22), we choose 3N + 1 integrals

of motion

fioo s SN Fsy o Fangs, (39)
and choose the following Poisson bracket

{F.G}

3 N
- ZZ (8F oG — (=1)P(@i)p(i) oF 8G>
i=1 j=1 9¢i; 0y O 0dij

n ( OF  0G oF  0G > (40)
OON+10YN+1  OYn41 0PN
At this time, we still have the equality V; = [V (") V]

and after a similar discussion, we know that F' is also a
generating function of integrals of motion for Eq. (22).
Hence F,,
tem given in Eq. (2

(m > 0) are integrals of motion for the sys-
2), which implies
{Fm, Fn+2} =

F, =0, mn>0. (41)

Oty

2N+3
m=

The above equality (Eq. (41)) shows that {F,,
are in involution in pair under the Poisson bracket
(Eq. (40)). Similar to the methods in Refs. [22],
[25] and [26], we can verify that the 3N + 1 func-
tions in expression (39) are functionally independent
at least over some region of the supersymmetric man-
ifold R*VI2N+2 Taking into account the above proce-
dure, it is not difficult to draw the following conclu-
sion.

Theorem 1 The constrained systems given in

(Egs. (21) and (22) are super-Hamiltonian systems,

070201-8
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whose 3N + 1 integrals of motion (Eq. (39)) are in
involution in pair and functionally independent over
the supersymmetric manifold R*VI2ZN+2,

5. Conclusion

In this paper, we present a new finite-dimensional
integrable super-Hamiltonian system of the super
classical-Boussinesq hierarchy. The symmetry con-
straint of the super classical-Boussinesq hierarchy for
even variables can be explicitly given and the symme-
try constraint of the super classical-Boussinesq hierar-
chy for odd variables can be implicitly given. It pro-
vides a new and systematic way to construct a finite-
dimensional super Hamiltonian system. The methods
in this study can be applied to other super integrable
systems. Under constraints of this form, the nonlin-
earization of the other super systems will be studied

in our future work.
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