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On the assumption that random interruptions in the observation process are modeled by a sequence of independent

Bernoulli random variables, we firstly generalize two kinds of nonlinear filtering methods with random interruption

failures in the observation based on the extended Kalman filtering (EKF) and the unscented Kalman filtering (UKF),

which were shortened as GEKF and GUKF in this paper, respectively. Then the nonlinear filtering model is established

by using the radial basis function neural network (RBFNN) prototypes and the network weights as state equation and

the output of RBFNN to present the observation equation. Finally, we take the filtering problem under missing observed

data as a special case of nonlinear filtering with random intermittent failures by setting each missing data to be zero

without needing to pre-estimate the missing data, and use the GEKF-based RBFNN and the GUKF-based RBFNN to

predict the ground radioactivity time series with missing data. Experimental results demonstrate that the prediction

results of GUKF-based RBFNN accord well with the real ground radioactivity time series while the prediction results

of GEKF-based RBFNN are divergent.
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1. Introduction

The world is naturally radioactive and around
90% of human radiation exposure arises from natural
sources such as cosmic radiation, exposure to radon
gas and terrestrial radiation.[1] Since radionuclides are
not uniformly distributed, knowledge of their distri-
butions in soils and rocks plays an important role in
radiation protection and measurement.[2] Some of the
exposures are fairly constant and uniform for all in-
dividuals everywhere. Other exposures vary widely
depending on the location. Therefore, the assessment
and the prediction of the radiation dose from natural
sources are of particular importance. In this work, we
study the time series prediction of radioactivity in the
ground at 2-hour intervals over one year (from July
2005 to June 2006).

Time series prediction has played a fundamen-
tal role in most spheres of scientific activity. As

a result, in the last twenty years a variety of new
prediction algorithms based on the theory of dy-
namical systems have been developed, such as neu-
ral networks (NNs)[3−8] and support vector machines
(SVMs),[9−11] which possess the ability to approxi-
mate nonlinear systems. However, nonlinear time se-
ries literature highlights that the good fitting results
of nonlinear models do not guarantee an equally good
prediction performance.[12] One main reason is that
their dynamics and properties are change over time.
Moreover, in the modeling of time series using NNs
and SVRs, another key problem is the inherent noise
of the time series. Using observations without pay-
ing attention to noise may lead to fitting unwanted
data and may damage the approximation function,
and the noise in the data could lead to over-fitting
or under-fitting problems.[13] Furthermore, a survey
of existing literature reveals that there is a need to
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develop efficient forecasting models involving less com-
putational load and a faster forecasting capability.[14]

Therefore, how to handle the adaptive ability, the
additive noise and the computational load is a im-
portant but difficult task for building a prediction
model. Keeping these problems in mind, some differ-
ent filtering methods with a continuous update scheme
have been employed in the time series prediction. Ma
and Ten[15] and van der Merwe[16] used the EKF and
UKF for Mackey–Glass time series prediction, Zhang
et al.[17,18] proposed the particle filtering (PF) algo-
rithm to deal with the non-Gaussian noise in time se-
ries state estimation, but these algorithms[15−18] were
studied under the condition without missing data. In
fact, irregular observations, missing values and out-
liers are common in time series data,[19] and many
frameworks for pre-estimating the missing data have
been developed.[19,20]

In order to solve these problems and at the same
time include adaptive ability, additive noises, compu-
tational load and missing data for building the time
series predicted model, in this work we suggest the
GEKF-based RBFNN and the GUKF-based RBFNN
for the prediction of ground radioactivity time series
with missing records. RBFNN can approximate vir-
tually any measurable function up to an arbitrary de-
gree of accuracy and nonlinear filtering approaches
with adaptive ability can handle additive noises and
reduce the computational load to some degree due
to their iterative algorithm structures. On the as-
sumption that random interruptions in the observa-
tion process are modeled by a sequence of indepen-
dent Bernoulli random variables, we generalize two
kinds of nonlinear filtering methods with random in-
terruptions in the observation based on the EKF and
the UKF, which are shortened as GEKF and GUKF,
respectively. When the RBFNN and the GEKF or
GUKF are combined, the GEKF-based RBFNN and
the GUKF-based RBFNN can be used to predict
the ground radioactivity time series with missing ob-
served data by setting each missing observed data to
be zero. The GEKF-based RBFNN and the GUKF-
based RBFNN used here are formulated in the pre-
dictive corrective form which underlies the general
unobserved component approach to the state space
estimation and prediction, and the prediction results
are represented by the predicted observation values of
GEKF-based RBFNN and GUKF-based RBFNN.

The rest of this paper is organized as follows. The
dynamic model of time series prediction is introduced
in Section 2. In Section 3 the GEKF and GUKF prin-

ciples are presented. Then, the GEKF-based RBFNN
and the GUKF-based RBFNN applied in this study
are presented in Section 4. Subsequently, some con-
clusions drawn from the present study are given in
Section 5.

2. Dynamic model of time series

prediction

2.1.Radial basis function neural net-

work configuration

A radial basis function (RBF) consists of the m-
dimensional input u = [ I1 I2 · · · Im ] passed directly
toward a hidden layer where there are assumed to be
c neurons in the hidden layer. Each of the c neurons
in the hidden layer uses an activation function, which
is a function of the Euclidean distance between the
input and an m-dimensional prototype vector. Each
hidden neuron contains its own prototype vector as
a parameter. The output of each hidden neuron is
then weighted and passed toward the output layer.
The outputs of the network consist of the sum of
the weighted hidden layer neurons. Figure 1 shows a
schematic of an RBFNN. The response of an RBFNN
in the form of Fig. 1, where the hidden layer function
is in the form of g(s) = exp[−s/β2] (where β is a real
constant) can be written as follows:

y = [ w11 · · · w1c ][ g ‖u− υ1‖2 · · · g ‖u− υc‖2 ]T

= W [ g ‖u− υ1‖2 · · · g ‖u− υc‖2 ]T

= h(W ,υ1, . . . ,υc,u). (1)

Fig. 1. Radial basis function network architecture.

2.2.RBFNN based nonlinear filtering

model with random intermittent

failures in the observation

Inspired by the successful use of Kalman filtering
for training NNs, we present the predictive nonlinear
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model with random intermittent failures in the obser-
vation in this section. In general, we can view the
optimization of the weight matrix W and the pro-
totypes υj as a weighted least-squares minimization
problem, where the error vector is the difference be-
tween the RBFNN outputs and the target values for
those outputs. Consider the RBFNN of Fig. 1 with
m inputs, c prototypes, and n outputs. In order to
cast the optimization problem in a form suited for the
nonlinear filtering methods, we let the elements of the
weight matrix W and the elements of the prototypes
υj constitute the state of a nonlinear system and we
let the outputs of the RBFNN constitute the output
of the nonlinear system to which the nonlinear filter
is applied. Then the state of the nonlinear system can
be represented as

x = [ W T υT
1 · · · υT

c ]T. (2)

The vector x thus consists of all (n(c + 1) + mc) of
the RBFNN parameters arranged in a linear array. In
order to execute a stable nonlinear filtering algorithm,
we need to add some artificial process noise vk and ob-
servation noise wk to the system model. In addition,
we use a sequence of independent Bernoulli random
variables γk (in the binary switching sequence taken
are the values 0 or 1) to denote whether the obser-
vation can be observed. According to Eqs. (1) and
(2), the nonlinear system model to which the non-
linear filter with random intermittent failures in the
observation can be applied is





xk+1 = xk + vk,

yk = γkh(xk,uk) + wk,
(3)

where xk is the system state vector at time k, vk is
the process noise, yk is the observation vector, wk

is the observation noise, h(•) is the nonlinear vector
function of the state vector and input vector. Vari-
able γk, which describes the random intermittent fail-
ures in the observation, is a sequence of independent
Bernoulli random variables.

After obtaining the nonlinear filtering approach
with random intermittent failures in the observation,
we can take the filtering problem under missing ob-
served data as a special case of nonlinear filtering
with random intermittent failures by setting γk = 0
or γk = 1 when the k-th datum is missed or provided
and then use these filtering approaches to predict the
ground radioactivity time series.

3. Generalized nonlinear filtering

approaches

Due to the values of the variable γk, the density
function of yk = γkh(xk,uk) + wk has the following
mixture form:

g(yk) = pkg(yk|γk = 1) + (1− pk)g(yk|γk = 0), (4)

where g(yk|γk = 1) is the density of the vector
h(xk,uk) + wk and g(yk|γk = 0) is the density of
wk. Hence,




E[yk] = pk · E[h(xk,uk)],

Cov[yk] = pk · Cov[h(xk,uk)] + pk(1− pk)

·E[h(xk,uk)] · E[hT(xk,uk)] + Rk,

Cov[xk, yk] = pk · Cov[xk, h(xk,uk)].

(5)

Therefore, one way to obtain approximations of
the above statistics is to approximate E[h(xk,uk)],
Cov[h(xk,uk)], Cov[xk, h(xk,uk)], and to substitute
the approximations in Eq. (5). So it is easy to derive
the GEKF and GUKF based on Refs. [21] and [22].

3.1.Generalized extended Kalman fil-

tering

The EKF is a minimum mean squared error
(MSE) estimator based on the Taylor series expansion
of nonlinear function. It is easy to derive the following
update equations for the mean and covariance of the
Gaussian approximation to the posterior distribution
of the states.

(i) Initialize with x̄1|0 = E[x0], P xx
1|0 = E[(x0 −

x̄1|0)(x0 − x̄1|0)T].
(ii) For k = 1, 2, . . . , M .
(a) Measurement update equations,





P yy
k|k−1 = pkHkP xx

k|k−1H
T
k + pk(1− pk)

×h(x̄k|k−1,uk)hT(x̄k|k−1,uk) + Rk,

Kk = P xy
k|k−1[P

yy
k|k−1]

−1

= pkP xx
k|k−1H

T
k [P yy

k|k−1]
−1,

x̂k = x̄k|k−1 + Kk[yk − pkh(x̄k|k−1 ,uk)],

P xx
k|k = P xx

k|k−1 − pkKkHkP xx
k|k−1.

(6)

(b) Time update,




x̄k+1|k = f(x̂k|k),

P xx
k+1|k = FkP xx

k|k F T
k + Qk,

(7)

where Qk is the process noise covariance, Rk is the
measurement noise covariance, Kk is the Kalman
gain, Fk and Hk are the Jacobians of the system and
the observation equation, respectively.
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3.2.Generalized unscented Kalman fil-

tering

The GUKF algorithm that updates the mean and
covariance of the Gaussian approximation to the pos-
terior distribution of the states is given as follows (See

Ref. [22] by Julier and Uhlmann for an in-depth dis-
cussion and some generalizations on UKF).

i) Initialize with x̄1|0 = E[x0], P xx
1|0 = E[(x0 −

x̄1|0)(x0 − x̄1|0)T].
ii) For k = 1, 2, . . . , M .
(a) Calculate the sigma points and the weights





χ0,k|k−1 = x̄k|k−1,

χi,k|k−1 = x̄k|k−1 +
(√

(nx + λ)Pk|k−1

)
i
, i = 1, . . . , nx,

χi,k|k−1 = x̄k|k−1 −
(√

(nx + λ)Pk|k−1

)
i
, i = nx + 1, . . . , 2nx,

W
(m)
0 = λ/(nx + λ),

W
(c)
0 = λ/(nx + λ) + (1− α2 + β),

W
(m)
i = W

(c)
i = 1/ {2(nx + λ)} , i = 1, . . . , 2nx,

(8)

where nx is the dimension of the state vector, α determines the spread of the sigma points around x̄k|k−1 and
is usually set to be a small positive value.

(√
(nx + λ)Pk|k−1

)
i

is the i-th row of the matrix squared root. λ

is determined by λ = α2(nx + κ) − nx with κ being a secondary scaling parameter which is usually set to be
0, and β is used to incorporate prior knowledge of the distribution of x (for Gaussian distributions, β = 2 is
optimal).

(b) Measurement update




P zz
k|k−1 =

2nx∑

i=0

W
(c)
i

[
h(χi,k|k−1 ,uk)− z̄k|k−1

] [
h(χi,k|k−1 ,uk)− z̄k|k−1

]T
,

P yy
k|k−1 = pkP zz

k|k−1 + pk(1− pk)z̄k|k−1z̄
T
k|k−1 + Rk,

P xz
k|k−1 =

2nx∑

i=0

W
(c)
i

[
χi,k|k−1 − x̄k|k−1

] [
h(χi,k|k−1 ,uk)− z̄k|k−1

]T
,

Kk = P xy
k|k−1[P

yy
k|k−1]

−1 = pkP xz
k|k−1[P

yy
k|k−1]

−1,

x̂k|k = x̄k|k−1 + Kk(yk − pkz̄k|k−1 ),

P xx
k|k = P xx

k|k−1 − pkKk(P xz
k|k−1)

T.

(9)

(c) Time update




χi,k+1|k = f(χi,k|k), x̄k+1|k =
2nx∑

i=0

W
(m)
i χi,k+1|k ,

Pk+1|k =
2na∑

i=0

W
(c)
i

[
χi,k+1|k − x̄k+1|k

] [
χi,k+1|k − x̄k+1|k

]T + Qk,

γi,k+1|k = h(χi,k+1|k ,uk), z̄k+1|k =
2nx∑

i=0

W
(m)
i γi,k+1|k ,

(10)

where Qk is the process noise covariance, Rk is the measurement noise covariance, and Kk is the Kalman gain.

4. Experimental results and analysis

4.1. Experimental data and setup

In this paper we explore the applicability and the reliability of these proposed methods for the time series
prediction of radioactivity in the ground in 2-hour intervals over one year (from July 2005 to June 2006). A few
data are missing due to a technical problem and the data are available at http://robjhyndman.com/TSDL. In
order to compare the different data sets analysed, we have normalized data sets between 0 and 1 and obtained
a normalized data yk as follows:
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yk =
yok −min(yok)

max(yok)−min(yok)
, (11)

where yok is the original data, and yk is the normalized
data.

An RBFNN, which constitutes three inputs, fif-
teen prototypes and one output, is trained with GEKF
and GUKF algorithms in an online fashion, respec-
tively. To afford a fair prediction result, the prediction
is averaged across a Monte Carlo simulation consist-
ing of 50 runs. In addition, generally the prediction
accuracy gets better and better as the iterative steps
increase as the proposed filtering model is convergent,
so we take the last predicted 95 data as the evaluation
criterion of experimental results.

Furthermore, the GEKF and the GUKF are based
on the minimum MSE principle, so we take the average
mean square error (AMSE) eav to compare the perfor-
mances of the GEKF-based RBFNN and the GUKF-
based RBFNN. The eav is defined as follows:

eav =
1
N

N∑

k=1

|yk − ŷpk|2, (12)

where yk and ŷpk are observed and predicted values
respectively, and N is the prediction samples.

4.2. Experimental results and discussion

The last 95 predicted data of radioactivity in the
ground in 2-hour intervals over one year are shown in
Fig. 2 (where “observed” means the real radioactivity
time series) and the corresponding absolute error and
MSE are shown in Figs. 3 and 4. The normalized
AMSEs of GEKF-based RBFNN and GUKF-based
RBFNN for the predicted results of radioactivity in
the ground are 0.0197 and 6.3301×10−5, respectively.
According to the experimental results, it turns out
that the GUKF provides much better estimation ac-
curacy than the GEKF, this is our major conclusion
and recommendation.

Now we discuss the reasons for the observed re-
sults. We know from Eq. (3) that our dynamic sys-
tem model is nonlinear (although the state transition
equation is linear, and the observation equation is
nonlinear). The improved performance of the GUKF
compared with the GEKF is due to the improved co-
variance accuracy. The covariance estimations can be
quite different for the two filters as shown in Eqs. (6)
and (9), and this again makes a difference in Kalman
gain in the measurement update equation and hence
the efficiency of the measurement update step.

Fig. 2. Prediction results of radioactivity in the ground

in 2-hour intervals over one year (from July 2005 to June

2006).

Fig. 3. Absolute errors of radioactivity time series pre-

diction results.

Fig. 4. Mean square errors (MSEs) of radioactivity time

series prediction results.

5. Conclusions

Integrating the GEKF and GUKF with RBFNN
correspondingly and without needing to pre-estimate
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missing data, we directly use the GEKF-based
RBFNN and GUKF-based RBFNN to predict the
ground radioactivity time series with missing observed
data by setting the independent Bernoulli random
variables γk = 0 when the k-th datum is missed. From

experimental results of our study, it follows that the
prediction results of GUKF-based RBFNN accord well
with the real ground radioactivity data while the pre-
diction results of GEKF-based RBFNN deviate from
those.
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