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Landau damping of longitudinal oscillation in ultra-
relativistic plasmas with nonextensive distribution®
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The generalized dispersion equation for longitudinal oscillation in an unmagnetized, collisionless, isotropic and
relativistic plasma is derived in the context of nonextensive g-distribution. An analytical expression for the Landau
damping is obtained in an ultra-relativistic regime, which is related to g-parameter. In the limit ¢ — 1, the result based
on the relativistic Maxwellian distribution is recovered. It is shown that the interactions between the wave and particles
are stronger and the waves are more strongly damped for lower values of g-parameter. The results are explained by
the increased number of superthermal particles or low velocity particles contained in the plasma with the nonextensive
distribution.
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1. Introduction

Over the last few years, a great deal of atten-
tion has been paid to nonextensive statistical mechan-
ics (NSM), which is described by a nonextensive pa-
rameter ¢, based on the derivations of Boltzmann—
NSM can be con-
sidered as the more appropriate basis of a theoreti-

Gibbs (B-G) entropic measure.

cal framework to describe the complex systems whose
properties cannot be exactly described by B-G sta-
tistical mechanics.l!! For ¢ # 1, it gives power-law
distribution functions and only when the parameter
q — 1, is Maxwellian distribution recovered.l? NSM
has been successfully applied to stellar polytropes,?!
two-dimensional Euler and drift turbulence in a pure

electron plasma column,

as well as to the peculiar
velocity function of galaxies clusters.l’) In particular,
there is a growing interest to high energy physics ap-
plications of nonextensive statistics. Several authors
outline the possibility that experimental observations
in relativistic heavy-ion collisions can reflect nonex-
tensive features during the early stage of the collisions
and the thermalization evolution of the system.6—9]
Landau damping is important for studies of wave-
particle interactions, emission, absorption and other
kinetic processes which require the damping rates as
input. Many authors have discussed Landau damp-
ing from different aspects, since it is impractical to
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mention all of them, therefore, few will be cited
here.[19~=15] Recently, there has been a great deal of
interest in studying the Landau damping in plasmas
in the context of the nonextensive statistics. Lima et
al.1% have studied the dispersion relation and Lan-
dau damping of longitudinal oscillation based on g-
distribution in a nonrelativistic plasma and the re-
sult showed that nonextensive formalism presents a
good fit to the experimental data, while the stan-
dard Maxwellian distribution only provides a crude
description. Valentinil'” studied the nonlinear Lan-
dau damping of electrostatic wave with nonexten-
sive distribution in a nonrelativistic plasma. Liu
and Dul'® have investigated the Landau damping
of ion acoustic wave when the plasma is described
by the nonextensive distribution. However, relativis-
tic plasmas are present in many physical systems,
like pulsar magnetospheres,[19:20) AGN jets,[21:22] and
experiments in laser plasma interactions.?3] Thus,
it is of interest to study such relativistic systems
in the g-nonextensive context. In this paper, the
Landau damping for longitudinal oscillation in an
unmagnetized, collisionless, isotropic and relativistic
plasma is discussed in the context of nonextensive g-
distribution. The analytical expression is obtained in
ultra-relativistic regime, which is discussed under the
different constraints on the value of g-parameter.
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The paper is organized as follows. In Section 2
we briefly introduce the relativistic nonextensive dis-
tribution function. The generalized Landau damping
for longitudinal oscillations is obtained in Section 3.
In Section 4, the Landau damping is discussed. Sum-

mary and conclusion are given in Section 5.

2. Relativistic nonextensive dis-

tribution function

First let us recall some basic facts about Tsallis

statistics. In Tsallis statistics, the entropy has the

1o 2p 0
g—1 "~

where kg is the Boltzmann constant, ¢ is a parame-

form[? of
Sy =kn

ter quantifying the degree of nonextensivity, p; is the
probability of the i-th microstate. The B-G entropy
is recovered in the limit ¢ — 1. The basic property of
Tsallis entropy is the nonadditivity or nonextensivity
for ¢ # 1. For example, for two systems A and B, the
rule of composition? reads

Sq(A+B) = 54(A) +54(B) + (1 - ¢)54(A)S4(B). (2)

In the nonextensive description, the equilibrium
distribution function for a relativistic plasma can be
written as(?4

£, () = 4, [1—@—1)“"

kT

r/(ql) | )

the normalization constant is
no

Ay = ——r
T 4w (me)3N’

2/3<q<1+1/a, (4)

in which
Ymax 1/(¢-1)
)\:/ [1—(q—1)a\/1+u2} ! u*du, (5)
0

where u = p/mec is the reduced velocity, the tempera-
ture parameter a = mc?/kgT, € = mc?V/1 + u? is the
energy; p, ¢, m, kg, T, and ng denote the momentum
of particles, speed of light in vacuum, rest mass of par-
ticles, Boltzmann constant, temperature of particles
and particle number density, respectively. As one may
check, for ¢ < 2/3, the ¢-distribution is unnormaliz-
able. For 2/3 < ¢ < 1, the momentum of the particles
can take any value (Pmax = 00, i.€., Umax = 00). For
g > 1, the distribution function Eq. (3) exhibits a cut-
off on the maximum value allowed for the momentum
of the particles, which is given by

Prna = mey/[L/alg = D — 1, (6)

namely,

e =/ [1/alg = D> — 1, (7)

thus, a real value for the cutoff in Eq. (7) exists only
if
g<1+41/a. (8)

Finally, then, unlike the nonrelativistic case,[!

where 1/3 < ¢ < oo, in the relativistic regime 2/3 <
q < 1+41/a. We see that in the limit ¢ — 1, pmax goes
to infinity and equation (3) reduces to the Boltzmann
distribution function

fo=1(p) = Ay exp(—¢/kpT). (9)

In order to illustrate the effects of g-parameter
on system energy in relativistic plasmas, the curve
of the average energy of particle as a function of the
g-parameter is plotted in Fig. 1, where temperature
parameter o = 0.1. From Fig. 1, we see that the av-
erage energy of particle decreases with the increase
of g-parameter. In other words, the number of the
superthermal particles in the system increases as the

value of g decreases.
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Fig. 1. The average energy of particles as a function of
g-parameter at a = 0.1

3. Generalized Landau damping

For the longitudinal wave propagating in an un-
magnetized, collisionless, isotropic and relativistic
ion—electron plasma, it is justified to consider the ion
as immobile uniform background that simply main-
tains the charge neutrality. Therefore, we neglect the
ion terms and only consider the electron terms. Ac-
cording to kinetic theory, the longitudinal dielectric
function of electron can be written as/2%!

4me? of, (k-v)?
L _ 2749
6k_1+wk2/dp85w—k-'v+i5' (10)
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We now choose the z axis along the direction of
the wave vector k, k = kz, so that equation (10) be-
comes

4me? of v2
p=1 T 11
“k + w /dpas w— kv, +1id’ (11)

where e is electronic charge, i§ comes from Landau

(6] Introducing the reduced velocity, we have

rules.
u = p/mec=v/c, so v = (1+u?)"/2 Here (u,0,p)
represent the spherical coordinate system, so equation
(11) becomes

8m2e?c
~—op (med)

z?dz

1
_ 12
x /_la:—vvp/u—ié’ (12)

in which 9, = w/kc.

3 afq u?
——d
Oe v “

6221

Using the Plemelj formulal??]

1 1 _ .

where p denotes the principal value, the x integral in
Eq. (13) becomes[??!

1 2
/ %dx
1 =0/ u—1id

_ _ _ 2
_ 2%[1_%ln(%+um)

u du Tp —u/y

imyo, YUp

T%g (- 12 1
+ 2 u 6(1 u )]’ (14)

where 6 (£) is the step function, indicating that 6 (§) =
lat&é>0and 6(£) =0at £ <O.
According to the longitudinal dispersion relation

we obtain
eh(w, k) =0. (15)

Substituting Egs. (3) and (14) into Eq. (12), we
obtain the generalized dispersion equation of longitu-
dinal oscillation

l

€k
aw2 Umax
=1 pe 1— —1 1/(g—1)-1 G 2d
+ A]{202/0 [1—(g—1)ye] u”du
=0, (16)

where wp. = +/4mnpe?/m. is the plasma frequency,
Umax 18 the maximum allowed by Eq. (7) if 1 < ¢ <

1+ 1/, or 0 if 2/3 < ¢ <1 and

_ _ 2
Gzl_wln<vp+u/v>

u Tp — u/y

imyo, ( Wﬁp)
——f0(1-—). 17
+ 2 u U (1)

When v,
minous (w/k > ¢) in this range of wave numbers,
0 (1 —~7,/u) = 0, the solution of Eq. (16) is of real
number, so that there is no Landau damping in this

> 1, the oscillations are superlu-

case. when v, < 1, the oscillation becomes sublumi-
nous (w/k < ¢), 6 (1 —~v0,/u) = 1, then the oscillation
frequency is found to be complex. Therefore, it is nec-
essary to take into account the resonant interactions
between the particles and such oscillations (Landau
damping).

In the case of an ultrarelativistic plasma, namely,
a < 1, the characteristic values of u and v are large,
u~~vy~1/aand

u
1—-—~— =~a". 18
S e N (18)
Due to this fact, equation (17) for G is simplified
and takes the form

_ 541 2
G = 1_1}71’111 L
4 Up —14+1/2u?
im_ YU
+ 500 (1 - TP) . (19)

Then the longitudinal dispersion equation (16)
can be written in terms of the real and imaginary parts

as
Reel,
oy 2 /um TN GRS S
N Ak2e? [, 4 Up —14+1/2u?
x 1= (q—1)ya] D7 2 du
0, (20)
Imak
2 Uz
_ T Mpe [T 1/(g-1)-1, 2
= 33 /uO Tp[1—(g—1)va] u”du,
(21)
where
wo = 1/1/2(1 - 5,), (22)

Note that equation (20) has the exact solution
vp =1, ie., w = ck, if k = ko; where ko satisfies
1/2
w 1
ko = -2 (3¢ — 2) aln — 23
o= G-l e

which is the critical wave number. Namely, there is
no Landau damping for £ < kg. In this case

1/2
W = Wo = Wpe {(Sq —2)aln } . (24)
a
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In order to find the variation of w; = w (k) near
k = ko, assume k — kg to be sufficiently small; we shall
solve the dispersion relation by expansion into series
with respect to small parameter (k — kg)/k. Taking
Up = 14+ Av,, k = ko + Ak in the first approximation
with respect to Ak, we obtain
(0'/0k), Ak + (0£'/0v,), Av, =0, (25)
where the derivatives 52 as functions of k and #, are
taken for k = ko, v, = 1. The value Aw; = w; — cko
we are interested in is found by taking into account
Aw; = ¢ (Ak + koAT,) so we obtain
Aw, = cAk [1 — ko (9" /Ok)_/(0€" /a@p)k} . (26)
According to Eq. (20), the quantity (de'/0k)_
has a universal form not depending on plasma param-

eters,
(0¢' oK), = kzo (27)
Using Egs. (20) and (23) we obtain
1 12

(0! /0m,), ~ (28)

(3¢ —2)(4qg—3) a?In(1/a)’
Substituting Egs. (27) and (28) into Eq. (26), we
obtain

Aw; = cAk |1 — (3¢ —2) (49— 3)a’In ;/6} . (29)

Finally, taking into account w; = cky + Aw;, we
determine the variation of the dispersion relation near

the critical wave number kg

wy
=c[k—(3q—2)(4g—3) (k — ko) &*In(1/cx)/6] .
(30)

As expected, the dispersion relation near the crit-
ical wave number kg in the framework of B-G statis-
tics, w; = ¢ [k — (k — ko) &®In (1/a)/6], is recovered
in the limiting case (¢ — 1).?") Calculate the dif-
ference 1 — v, entering into Eq. (22) for ug by using
Eq. (30), then equation (22) becomes

1 o,
o= a\/ Ga—2) (=3 (h— ko) (i/) Y

Considering (ORee! /0w)|w=w, = ((ORe&l /0,)
(00,/0w))|w=w, and using Eq. (28), we find

(0Reel,/0w) ’w:wl
1 12
B (3g — 2) (4q — 3) a2kocIn (1/ar)” (32)

Then the Landau damping rate can be written as

Imel
Ve = 78—]9' (33)

aiw R€€§C|

w=wj

Using Egs. (21) and (32), the generalized Landau
damping can be obtained from Eq. (33) as

™

7 (30— 2) (4g — 3) ’hocln (;)

w? Umax
. / Tp[1—(q— 1)704]1/(‘1_1)_1 u? du. (34)

l_
Te = A2 2

Uo

When 2/3 < ¢ < 1, umax = 00, equation (34) becomes

. T o4 1 1 1 1
= "otk F 1 — 2 S P — 35
Tk 48a 0CUYT2 1<1_q+ 71_q 71_q ) (1—(])&?10 ) ( )
where 5
__Mg-3_ (1-q'T[/(-g) .
20=1T[1/(1 - q) - 3][(1 — g) aug] /7
and oF; is the hypergeometric function, I' is the Gamma function.
When 1 < ¢ <1+ 1/, tmax is the maximum allowed by Eq. (7), equation (34) becomes
s 1

fy]i = —@Cﬁkoc (3q — 2) (4q — 3) {2 — /J/2F1 <]. — ﬁ, 3; 4; (q — ].) a’LL()) } s (37)

where If the usual B-G statistics is used, the Landau

damping for ultra-relativistic plasma is(2”)
0

Al = —@o/lkocwg e~ wo, (39)

- D'T[/a-1)+3
VS R
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where

1 3]430

B a\/(k —ko)In (1/a)’

In Fig. 2 we have plotted, for the value of ¢ — 1,
the ratio ’y,lC Jwpe as a function of the dimensionless pa-
rameter kc/wpe according to Egs. (35), (37) and (39).
As expected, the agreement is very well. Confirm-
ing that the Landau damping based on the relativistic
Maxwellian distribution is recovered in our analytical
result for ¢ — 1. It should be noted that the damp-
ing rate is correct in a sufficiently wide vicinity near
critical wave number kg (i.e., |k — ko|/k < 1). When
the inequality is broken, these waves become strongly

damped, then the wave may no longer exist.

Wo (40)

T T T T
——————— analytical result with g-distribution (¢ < 1,g~1) f
analytical result with Maxwellian distribution 3

---- analytical result with ¢-distribution (¢ > 1,q ~ 1)

0.08325
kc/wpe

0.08315

0.08320 0.08330

Fig. 2. The curves of yllv/wpe versus kc/wpe.

4. The Landau damping and g-
parameter

In this section, we will explore the Landau damp-
ing under the different constraints for some selected
values of ¢g-parameter. In Fig. 3, we plot the curves of
! Jwpe versus the dimensionless parameter kc/wp, for
some selected values of the nonextensive parameter g
in the case of @ = 0.001. The selected values of the
g-parameter are around 0.9, 1.0 and 1.1, respectively,
in Figs. 3(a), 3(b), and 3(c).

From Fig. 3, we note that the curve of damping,
which is strongly dependent on the g-parameter, shifts
to the right with increasing g-parameter. Namely, the
critical wave number kg increases with the increases in
the value of g-parameter. For a fixed value of the di-
mensionless parameter kc/wpe, if ¢ increases the Lan-
dau damping decreases. Now we discuss the reason
for this phenomenon. As one knows, Landau damp-

ing stems from the resonant interactions between the
wave and particles moving with the speed close to the
phase velocity, as a result, the damping conditions are

determined by the number of resonant particles. It is
evident from Fig. 1 that the average energy of par-
ticle decreases with increasing g-parameter, namely
the number of the superthermal particles in the sys-
tem increases as the values of ¢ decrease. Therefore,
there are more resonant particles in the system with
lower values of g-parameter. Consequently, the inter-
actions between the wave and particles are stronger
and the waves get more damped at lower values of

g-parameter.

....... q=10899 !
8 - ¢=0.8998 | i
. — ¢ =0.9000 ;
n 6 | —a= 09002 i
= e q = 0.9004/ ;
= : /
N
3 4r / [
~ ! f
~2 /
ks / /
2+ ,"I / 1
@ 5 7
0 RNt rad el 4 1
0.06950 0.06955 0.06960 0.06965
kc/wpe
gl q=0999%6 | | i
e q=09998 [ |
2 | —g=10000 ; /
& S ——g=10002 ; |
P — g =1.0004 } /
§ 4r ."/ / 1
~ !
—~ /
R
2 K / / J 1
(b) '
0 T R \
0.08315 0.08320 0.08325 0.08330 0.08335
kc/wpe
gl ~—a=1006 [ | [
s q=1.0098 i |
o H h ! !
T — g =1.1000 ' i
S 6 g=1.1002 i
~
S q =1.1004
34t .
~
~e
x>
ol |
(c) L e
[ S T e =) L
0.09500 0.09505 0.09510 0.09515 0.09520

kc/wpe

Fig. 3. The curves of v} /wpe versus kc/wpe for some se-

lected values of g-parameter.

5. Summary and conclusion

In this paper, we have discussed the Landau
damping for longitudinal oscillation in an unmagne-

tized, collisionless, isotropic and relativistic plasma in
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the context of nonextensive distribution. The analyt-
ical damping rate is obtained in the ultra-relativistic
regime. In the limiting case (¢ — 1), the result based
on the relativistic Maxwellian distribution is recov-
ered. It is shown that the curve of damping, which
is strongly dependent on the g-parameter, shifts to
the right with increasing ¢-parameter. Namely, the
critical wave number kg increases for the increase in

the value of ¢-parameter. For a fixed value of the di-

mensionless parameter kc/wp., the Landau damping
increases if the value of ¢ decreases, namely, the inter-
actions between the wave and particles are stronger
and the waves get more damped at lower values of ¢-
parameter. The results are explained by the increased
number of superthermal particles or low-velocity par-
ticles contained in the plasma with the nonextensive

distribution.
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