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Effect of acceleration threshold on the phase transition

in a cellular automaton traffic flow model∗
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In this paper, we incorporate new parameters into a cellular automaton traffic flow model proposed in our previous

paper [Jin et al. 2010 J. Stat. Mech. 2010 P03018]. Through these parameters, we adjust the anticipated velocity

and the acceleration threshold separately. It turns out that the flow rate of synchronized flow mainly changes with the

anticipated velocity, and the F → S phase transition feature mainly changes with the acceleration threshold. Therefore,

we conclude that the acceleration threshold is the major factor affecting the F → S phase transition.
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1. Introduction

Traffic flow is an interdisciplinary research area
over engineering, physics, mathematics and so on.
Among the approaches and theories used in this area,
statistical physics shows special advantages and has
greatly impelled the research of traffic dynamics and
traffic systems.[1−12] Phase transitions were intro-
duced into a traffic flow system in order to explain
the emergence of congested traffic. Before the concept
of synchronized flow was proposed, traffic states were
simply divided into two phases, the free flow phase
(F ) and the congested flow phase.

Based on the empirical data, Kerner realized that
the two-phase division is too rough to describe so
many details of traffic flow. Thus, congested flow is
further classified into synchronized flow (S) and jam
(J). The transitions among the three phases are of the
first order. Usually, before jams come to form, traffic
flow turns from free flow to synchronized flow and af-
ter that jams spontaneously emerge somewhere inside
the synchronized flow region. The theory is called the
three-phase traffic theory.[12]

So far, there have been some models developed in
the framework of three-phase traffic theory, for exam-
ple, the KKW models,[13,14] Lee model,[15] the MCD
models,[16,17] and the VDE models.[18,19] In a recent
paper,[20] the authors have proposed a new cellular

automaton (CA) model, which focuses on the S → J

transition. It has been shown that slow-to-start effect
might not be the only possible mechanism responsible
for first-order S → J transition.

This paper studies F → S transition by using the
CA model. We have incorporated some new param-
eters into the model. Through these parameters, we
adjust the anticipated velocity and the acceleration
threshold separately. It is found that the flow rate
of synchronized flow mainly changes with the antici-
pated velocity and the F → S phase transition feature
mainly changes with the acceleration threshold.

The paper is organized as follows. In Section 2,
we review our model. In Section 3, we present and dis-
cuss the simulation results. The conclusion is given in
Section 4.

2. Model rules

For self-consistency, we describe the model in this
section. Motivated by the idea of “deceleration limita-
tion” in Refs. [15] and [21], we designed the velocity-
updating rule with anticipated deceleration (AD) aAD

in the model, with which drivers prefer to decelerate
when necessary. Different values of aAD could reflect
different characteristics and different driving strate-
gies of the drivers. The rules of the model are designed
to guarantee safety if the drivers really decelerate with
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aAD. The anticipated safe velocity Vanti (aAD, dgap)
is the maximum of v satisfying the inequality

B(v, aAD) ≤ dgap. (1)

Here B(v, aAD) is the whole distance that a vehi-
cle travels before stopping if it keeps decelerating with
aAD from an initial velocity v. In cellular automaton
models, function B(v, aAD) is often discretized. Sup-
pose m = int(v/|aAD|), then B(v, aAD) can be calcu-
lated as

B(v, aAD) = v + (v + aAD) + (v + 2aAD) + · · ·

+(v + maAD)

= (2v + maAD)(m + 1)/2. (2)

With the anticipated safe velocity Vanti(aAD, dgap) cal-
culated above, the model rules are executed on all ve-
hicles in parallel as follows:

(i) Determining the randomization probability
(slow-to-start rule[22])

pn(v) =





p0, when vn > 0,

pd, when vn = 0.

(ii) Estimating the virtual velocity of the front vehicle (vehicle n− 1)[23]

v′n−1 → min{vmax − 1,max{0, Vanti(aAD, (dgap)n−1)− 1}, vn−1}.

(iii) Deterministic acceleration or deceleration

vn →




min{vn + 1, vmax}, when vn < (dgap)n + v′n−1 (acceleration),

Vanti(aAD, (dgap)n + v′n−1), when vn ≥ (dgap)n + v′n−1 (deceleration).
(3)

(iv) Randomization
vn → max{vn − 1, 0}, with probability pn.
(v) Updating positions

xn(t + 1) → xn + vn.

In the above formulations, xn(t) and vn(t) are
the position and velocity of vehicle n at time t; vehi-
cle n − 1 precedes vehicle n; (dgap)n is the distance
between vehicle n and vehicle n − 1; and vmax is the
speed-limitation of the vehicles.

Inequality (1) has guaranteed a vehicle moving
with the velocity Vanti(aAD, dgap) can brake till stop
before it hits the front vehicle. If satisfied, then driv-
ing with velocity no larger than Vanti(aAD, dgap) and
braking with AD would always be safe. On the other
hand, it should be noted that aAD is only an antici-
pated deceleration rather than a deceleration limita-
tion as in Refs. [15] and [21]. If the deceleration has
to be larger than |aAD| (especially in emergencies), it
will be allowed in our model. Therefore vehicle col-
lisions can be totally avoided. This is different from
Lee model,[15] in which deceleration never exceeds the
limitation so that collisions sometimes might happen.

In Eq. (3), one can see that whether a vehicle ac-
celerates or not depends on the relationship between
vn and (dgap)n + v′n−1. Such a kind of relationship is
called “acceleration threshold” in this paper.

We would like to mention that although the
model rules presented here look different from that
in Ref. [20], they are actually the same because
Vanti(aAD, dgap) = vn + A(dgap, vn, aAD). Here
A(dgap, vn, aAD) is the deceleration function defined
in Ref. [20]. We believe the model rule in this paper
is more straightforward to understand.

3. Simulated results

In this section we present the simulated results of
our model and mainly focus on the F → S phase tran-
sition features. Our simulations are carried out on a
homogeneous circular road of length L = 8000 cells;
each cell is set to be 1 m long and each time step
corresponds to 1 s. Each vehicle occupies 8 cells; the
maximum velocity is set to 32 m/s and the random-
ization parameters are set to p0 = 0.1 and pd = 0.4.

In Fig. 1, we show the fundamental diagrams of
the model under different values of aAD. We ob-
tain the fundamental diagrams from two different
types of initial states: the homogeneous state and
the completely jamming state.[22] In Fig. 1(a), we set
aAD = −4 m/s2, which is close to the comfortable de-
celeration under normal situations (which is −3 m/s2

in Ref. [15]). The fundamental diagram has three
branches, corresponding to the three traffic phases re-
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spectively. Branch AE corresponds to free flow, in
which the low-density branch AB is stable but the rel-
atively high-density branch BE is metastable. First-
order F → S phase transition may happen from these
metastable states (see Fig. 2(a)). Branch BD cor-
responds to synchronized flow. Likewise, when the
density is low, branch BC is stable, corresponding
to a mixture of free flow and synchronized flow (see
Fig. 2(b)). On the other hand, when the density is
high, branch CD is metastable; first-order phase tran-
sition to jams may happen (see Fig. 2(c)). Finally,
branch CF corresponds to wide-moving jams and it is
always stable.

Fig. 1. Fundamental diagrams of the model: (a) aAD =

−4 m/s2. (b) aAD = −8 m/s2. (c) aAD = −16 m/s2.

With the increase of |aAD|, one can see that the
first order F → S phase transition gradually disap-
pears (c.f. Figs. 1(b) and 1(c)). Therefore, a naive
explanation is that aAD is responsible for the type of
F → S phase transition. Nevertheless, a closer look
at the fundamental diagram shown in Fig. 1 indicates
that with the increase of |aAD|, the free flow branch
does not shrink. Instead, it slightly expands. At the
same time, the synchronized flow branch gradually en-
hances. When aAD = −16 m/s2, the synchronized
flow branch completely covers the free flow branch, so
that the first-order phase transition disappears.

As one can see in Eq. (3), aAD appears in both
sides of the acceleration threshold (note that v′n−1 is a
function of aAD : v′n−1 = v′n−1(aAD)). In order to find
out the exact reason why free flow branch expands
and synchronized flow branch enhances, we introduce
aAD1 and aAD2 and modify Eq. (3) as

vn →





min{vn + 1, vmax},
when vn < (dgap)n + v′n−1(aAD2);

Vanti(aAD1, (dgap)n + v′n−1(aAD1)),

when vn ≥ (dgap)n + v′n−1(aAD2).

(4)

In Fig. 3(a), we fix aAD1 = −4 m/s2 and change
only aAD2. With the increase of |aAD2|, the right-
hand side of acceleration threshold increases and the
free flow branch gradually expands. The synchro-
nized flow branch essentially does not change. We fix
aAD2 = −4 m/s2 and change only aAD1 in Fig. 3(b).
With the increase of |aAD1|, the free flow branch es-
sentially does not change and the synchronized flow
branch enhances.

Based on the results, we argue that changing the
acceleration threshold mainly affects maximum free
flow rate (i.e., the critical density of F → S phase
transition): the free flow branch expands with the in-
crease (decrease) of the right (left) hand side of the
acceleration threshold and vice versa. On the other
hand, changing the anticipated velocity Vanti mainly
affects the synchronized flow rate.1) To further verify
the argument, we introduce another 3 parameters: α,
β1 and β2, and further modify Eq. (3) as

1)Note that the change of acceleration threshold and Vanti needs to be restricted within a certain range. Otherwise the argument

is invalid. For instance, if Vanti is changed to Vanti = min(vn +1, vmax), then the model becomes qualitatively different. Moreover,

also note that sometimes acceleration threshold might also affect synchronized flow rate, (see e.g., Fig. 6).
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vn →




min{vn + 1, vmax}, when (1− α)vn + αB(vn, aAD) < (dgap)n + β2v
′
n−1;

Vanti(aAD, (dgap)n + β1v
′
n−1), when (1− α)vn + αB(vn, aAD) ≥ (dgap)n + β2v

′
n−1.

(5)

Fig. 2. Typical spatiotemporal diagrams when aAD =

−8 m/s2: (a) F → S, ρ = 0.18, (b) ρ = 0.15, (c) S → J ,

ρ = 0.5.

Note that since B(vn, aAD) ≥ vn, the left-hand
side of acceleration threshold increases with the in-
crease of α. Therefore, we expect that the free flow
branch shrinks with the increase of α. As can be seen
in Fig. 4, the simulated result is consistent with our
expectation.

In Fig. 5, β1 changes and other parameters are
fixed. In Fig. 6, β2 changes and other parameters are
fixed. With the decrease of β1, the flow rate of syn-
chronized flow drops remarkably but the critical den-
sity of F → S phase transition remains unchanged.
On the other hand, the decrease of β2 leads to slightly
higher flow rate of synchronized flow, but it makes the
critical density much smaller.

Fig. 3. Fundamental diagrams of our model under different

values of aAD. (a) aAD1 = −4 m/s2, (b) aAD2 = −4 m/s2.

Fig. 4. Fundamental diagrams of our model when aAD =

−4 m/s2: (a) α = 1, (b) α = 0.25.
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Consequently, we conclude that F → S phase
transition mainly depends on the acceleration thresh-
old. When the right- (left-) hand side of the accel-
eration threshold decreases (increases), which implies
that drivers become more careful and cautious, the
first-order phase transition might disappear.

Fig. 5. Fundamental diagrams of our model when aAD =

−4 m/s2, α = 0, β2 = 1.

Fig. 6. Fundamental diagrams of our model when aAD =

−4 m/s2, α = 0, β1 = 1.

We also would like to discuss the situation of
F → S phase transition in several other models. We
argue that the main differences between the FMCD[17]

and the MCD models,[16] and between the MVDE[19]

and the VDE models[18] also lie in the acceleration
threshold. By changing the acceleration threshold, the
FMCD and the MVDE models could successfully re-
produce the first-order F → S phase transition, while
the MCD and VDE models could not. Similarly, in
Lee model,[15] if we change the acceleration threshold
by fixing the optimistic parameter γ = 1, the first-
order F → S phase transition also disappears.

Finally we would like to point out that although
the acceleration threshold does not (or only slightly)
essentially affect the flow rate of synchronized flow,

it changes the property of synchronized flow. For in-
stance, figure 7 shows the velocity snapshots of syn-
chronized flow at different values of α. One can see
that with the increase of α, the synchronized flow be-
comes more and more homogeneous.

Fig. 7. Velocity snapshots for the traffic flow when

aAD = −4 m/s2 and ρ = 0.35. (a) α = 0; (b) α = 0.25;

(c) α = 1.

4. Conclusion

In this paper, we have studied a cellular automa-
ton model proposed in our previous paper[20] in more
details. We introduce some new parameters into the
model and change them separately. Through the in-
vestigations, it is found that the anticipated velocity
Vanti mainly affects the synchronized flow rate and the
F → S phase transition feature does not essentially
change with it. On the other hand, the acceleration
threshold mainly influences the F → S phase transi-
tion features. With the increase (decrease) of the left-
(right-) hand side of the acceleration threshold, the
free flow branch shrinks and the F → S phase tran-
sition gradually turns from first-order to continuous.
At the same time, the fluctuations inside the synchro-
nized flow weakens, it becomes more homogeneous.
Therefore, we conclude that the F → S phase transi-
tion is mainly affected by the acceleration threshold.
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