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Photoionization microscopy of hydrogen
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We have studied the ionization of Rydberg hydrogen atom near a metal surface with a semiclassical analysis of

photoionization microscopy. Interference patterns of the electron radial distribution are calculated at different scaled

energies above the classical saddle point and at various atom–surface distances. We find that different types of trajecto-

ries contribute predominantly to different manifolds in a certain interference pattern. As the scaled energy increases, the

structure of the interference pattern evolves smoothly and more types of trajectories emerge. As the atom approaches

the metal surface closer, there are more types of trajectories contributing to the interference pattern as well. When the

Rydberg atom comes very close to the metal surface or the scaled energy approaches the zero field ionization energy,

the potential induced by the metal surface will make atomic system chaotic. The results also show that atoms near a

metal surface exhibit similar properties like the atoms in the parallel electric and magnetic fields.
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1. Introduction

Microscopy is a kind of photoelectron imaging, by
which we can directly observe the oscillatory structure
of a wave function in a macroscopic scale.[1] The im-
age recorded on the detector is the square modulus
of the transverse component of the photo-electronic
wave function in the process of photodetachment or
photoionization. In the early 1980s, Demkov,[2] Kon-
dratovich and Ostrovsk[3,4] introduced the principle
of photodetachment and photoionization microscopy.
They studied the microscopy theoretically and dis-
cussed the possibility of an experiment on photode-
tachment or photoionization process in the presence
of an electric field. As a powerful technique to inves-
tigate electron dynamics, microscopy has been used
to study the photodetachment and photoionization of
atoms in an electric field or parallel electric and mag-
netic fields for many years.

Photodetachment microscopy in an electric field
as well as in parallel fields is simple enough to permit
analytic quantum and semiclassical solutions. Blon-
del et al. first applied photodetachment microscopy
to Br− in electric fields experimentally[5] and then
to O−.[6] Theoretically, the quantum calculation per-
formed by Kramer et al.[7] agreed well with the ex-
perimental results presented by Blondel et al.[5] Be-

fore the experiment of Blondel et al., Du had devel-
oped a semiclassical method to predict outgoing elec-
tron current distributions in photodetachment of H−

in electric fields.[8] As to the atom in parallel electric
and magnetic fields, quantum and semiclassical calcu-
lations are performed to investigate the photodetach-
ment dynamics of the electron.[9−11]

Rather than the photodetachment microscopy,
many works have been done to study the photoioniza-
tion process in the presence of an electric field using
a position-sensitive detector.[12−15] In the photoion-
ization, the escaping electron is affected by the long-
range Coulomb field of the residual ion as well and
the photoionization microscopy can give more com-
plex observable interference patterns. Nicole et al. re-
alized photoionization microscopy experimentally for
the first time and observed the transverse component
of the electronic wave function of Xe.[14] They found
that the structure of the interference pattern evolves
smoothly with the excess energy above the saddle
point, unlike previous predictions relevant to the hy-
drogenic case.[16] Theoretically, Bordas described a
semiclassical analysis of this process and presented nu-
merical simulations in excellent agreement with the
experimental results.[1] It was shown that the back-
ground contribution dominates in the observations.
Detailed calculations were carried out by Zhao and
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Delos in semiclassical and quantum-mechanical frame-
works respectively.[17,18] In our previous work,[19] the
photoionization microscopy of a hydrogen atom in par-
allel electric and magnetic fields was calculated. We
found that the two main interference patterns like the
case for pure electric field can be identified, mean-
while, new patterns appear resulting from the trajec-
tories encircling the nucleus.

It can be expected that more interesting results
will appear if we apply photoionization microscopy
to a Rydberg atomic system with more complex in-
teractions such as a Rydberg hydrogen atom near
a metal surface. This kind of system can simulate
many dynamical effects of atoms in strong fields,
such as Zeeman–Stark effect, diamagnetic effect, in-
stantaneous van der Walls interaction, etc.[20] For
the atom near a metal surface, the interaction po-
tential has been studied by the method of electric
image theoretically[21,22] and has also been verified
experimentally.[22−25] For the ionization of molecules
at a metal surface, some experimental works have been
reported.[26,27] At the same time, many theoretical
works have also been done to study the dynamical
properties of the Rydberg atoms[28−31] and spectral
properties of the atom near a metal surface by quan-
tum method[32,33] and semiclassical method.[20,34−38]

Specially, Wang et al. applied the closed-orbit the-
ory to the study of the dynamical properties and cal-
culation of the photoabsorption spectra and absorp-
tion spectra of Rydberg hydrogen atom[20] and non-
hydrogenic atom[34] near a metal surface. Recently,
they studied the ionization process in the time domain
at different scaled energies above the classical saddle
point energy[39] and found that the metal surface can
play the role of both the electric and the magnetic
fields.

Rather than in time domain, in this paper, we
investigate the ionization phenomena of atom near
metal surface by microscopy of electron in transverse
spatial direction. In time domain, the ionization of
atom near metal surface behaves by emitting a train
of electron pulses. It gives an equivalent simulation to
investigate the effect of strong diamagnetic fields on
the ionization dynamics and manifests how the chaos
comes to play a role when the “ diamagnetic term”
predominates.[39] We expect the ionization microscopy
of atom near metal surface will exhibit similar be-
haviour in spatial domain. In the microscopy, the elec-
tron waves travel along different classical paths from
the ion to the detector and the different trajectories
interfere with each other transversely. The interfer-

ence pattern is recorded by a position-sensitive detec-
tor. The image recorded on the detector reflects the
distribution of the square modulus of the transverse
component of the electronic wave function. In this
way, with the recorded interference pattern, we can
investigate the general ionization dynamics of atom
near metal surface as well as the chaos induced by the
non-linear interaction term in the Hamiltonian.

2. Theory

Assuming an infinitely massive nucleus at the ori-
gin of the coordinate system, a metal plate is kept in
the z = −d plane (see Fig. 1(a)). For the photoioniza-
tion microscopy, a position-sensitive detector is placed
between them. The potential experienced by the Ry-
dberg electron is the combination of the Coulomb po-
tential and the electrical image potential induced by
the metal surface. We can obtain the latter term by
the electric image method. The Hamiltonian for the
hydrogen atom near a metal surface has the following
form (in cylindrical coordinates and atomic unit)[28]

H =
p2

2
− 1

r
+

1√
ρ2 + (2d + z)2

− 1
4(d + z)

, (1)

in which r =
√

ρ2 + z2 and p2 = p2
ρ + l2z/ρ + p2

z. The
last two terms in Eq. (1) are the electrostatic image
potential. Owing to the cylindrical symmetry, the z-
component of angular momentum is conserved and
then the ϕ-motion can be separated. Thus, in this
paper, the system we are interested in is reduced to
a problem with two degrees of freedom with lz = 0.
After the scaled transformation, r̃ = r/d, p̃ = p

√
d

and ε = Ed, dropping the tilde, the classical motion
of the electron is governed by the scaled Hamiltonian

ε =
p2

2
− 1√

ρ2 + z2
+

1√
ρ2 + (2 + z)2

− 1
4(1 + z)

≡ p2

2
+ U(ρ, z). (2)

According to Eq. (2), the scaled Hamiltonian does not
depend on the energy E and the atom–surface dis-
tance d separately, but only on the scaled energy ε,
thus eliminating the parameter d.

It is helpful to study the shape of the effec-
tive potential U(ρ, z) in Eq. (2) by determining its
saddle points, which are the roots of the equations
∂U(ρ, z)/∂z = 0 and ∂U(ρ, z)/∂ρ = 0. There is only
one saddle point: ρs = 0, zs = −0.693673. As shown
in Fig. 1(b), the combination of the Coulomb potential
and electrical image potential gives rise to the forma-
tion of the saddle point in the potential experienced
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by the electron. The point is critical for the calcula-
tion. Once the electron passes over the saddle point,
it will be ionized and recorded by the detector eventu-
ally. In the paper, we place the detector at z = −0.8
(scaled unit).

Fig. 1. (a) The pictorial representation of an atom and

its image near a metal surface located at a distance d.[32]

(b) Schematic view of the potential energy surface for the

atom near a metal surface. Scaled unit is used in panel

(b).

In order to integrate the Hamiltonian motion
equations, the Coulomb singularity in the Hamilto-
nian equation (2) has to be removed. For the case
considered here, we could make a regularized trans-
formation to semi-parabolic coordinates (µ, ν), where
µ2 = r+z, ν2 = r−z, pµ = dµ/dτ , pν = dν/dτ , with
the new scaled time defined as dτ = dt/(µ2 + ν2).[40]

Then, we introduce an effective Hamiltonian h =
2r(H − ε), on which our calculation is based. The
new Hamiltonian is defined as

h(µ, ν, pµ, pν) =
1
2
(p2

µ + p2
ν)− ε(µ2 + ν2)

+
µ2 + ν2

√
µ2ν2 +

(
2 +

µ2 − ν2

2

)2

− µ2 + ν2

4
(

1 +
µ2 − ν2

2

) − 2. (3)

Our treatment is strictly limited to the semiclas-
sical approximation and the contribution of the tun-
neling is neglected. In the calculation, however, the
Maslov index is introduced to correct the phase due
to the failure of the semiclassical approximation when
the momenta vanish.

Suppose an electron in the excited state is ejected
at an angle θ, which is defined as the angle between
the initial velocity of the photoelectron and the z axis
and arrives at the detector located at z = z0. For the
point on the detector surface, denoted by M(R, z0),
there exist an infinite number of photoelectron trajec-
tories passing through it. In the semiclassical approx-
imation, the magnitude and phase of the semiclassical
wave function for trajectory i, denoted by ψi (R), de-
pend on its classical density ρi and classical action
functional Si (R, ε)

ψi (R) =
√

ρi(R)exp (iχi(R)). (4)

Here, the phase χi(R) is given by

χi(R) = Si(R, E)ω − π

2
µi (i) ,

Si(R, ε) =
∫ M

0

pidqi, (5)

where ω =
√

d and the Maslov index µi (R), which
was not incorporated by Bordas et al.,[1] keeps track
of the singularity “ history” of the trajectory where
the density ρi diverges.

The procedure of the calculation is similar to our
previous paper.[19] For given scaled energy ε and posi-
tion of the detector z0, we model the electronic wave
function, immediately after the excitation, by an en-
semble of classical trajectories that begin at the nu-
cleus and propagate radially outwards in all directions
with an isotropic initial electron angular distribution.
For a given radius R at the detector, the Hamiltonian
(3) is integrated numerically to track the classic tra-
jectory of the electron. If the landing position at the
detector is in the vicinity of R, the ejected angle θi(R)
is recorded and phase χi(R) is calculated according to
Eq. (5). We stop the integration if the electron cannot
reach the detector within a maximum time T0. In this
paper, we have T0 = 20 (scaled unit).

After weighting the contribution of the start di-
rection θ according to the density sin θ, the resulting
wavefunction ψ (R) at point M (R, z0) is subsequently
obtained by summing the amplitudes over all possible
trajectories leading from the electron source to this
point according to

ψsc (R)

=
∑

i

ψi (R)

=
∑

i

(
dθi(R)

dR
sin θi(R)

)1/2

exp[iχi (R)], (6)

where θi represents any ejection angle leading to the
detection of the electron at radius R on the detector.
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The calculated radial probability distribution ρsc (R)
on the detector is then obtained according to

ρsc (R) = |ψsc(M (R, z0))|2

=
∑

i

ρi + 2
∑

i<j

√
ρiρj cos (χi − χj) . (7)

The second term in Eq. (7) represents interference
among classical paths. We can find that the radial
probability distribution is different from their classi-
cal counterparts by the presence of interference terms.

Following Mitchell and Delos,[41] we describe the
shapes of these trajectories symbolically using a string
of dashes and ohs {−, o}. Each dash represents a por-
tion of the trajectory that begins on the negative z

axis and returns to it without encircling the nucleus.
Each oh represents a portion that does encircle the nu-

cleus. We record the symbols from left to right, begin-
ning with the first intersection away from the nucleus
and ending when the trajectory reaches the detector.
If the trajectory does not encircle the nucleus before
reaching the detector, we label it “direct” trajectory.
Figures 2(a)–2(d) show some typical trajectories and
their definitions. For example, figure 2(a) is the direct
trajectory, propagating away from the atomic nucleus
towards the metal surface. The electron passes over
the saddle points and hits the detector without en-
circling the nucleus. While in Fig. 2(b), the electron
crosses the negative z axis and then encircles the nu-
cleus before impacting the detector. The four types
of trajectories shown in Fig. 2 are stable and have ev-
ident contribution to the interference pattern in our
calculation.

Fig. 2. Some typical trajectories for hydrogen atoms near metal surface at scaled energy ε = −0.4. The

orbital type is labeled in each panel.

3. Result and discussion

The variation of the impact radius R as a func-
tion of the ejection angle θ is illustrated in Fig. 3.
There exists a critical angle θc. If electrons launched
at an angle smaller than θc, they will never escape
the Coulomb attraction and cannot reach the detector
within the given time T0. An infinite number of trajec-
tories launching at the initial angle θ > θc can impact
on the detector. These trajectories can be classified
into a few types. The types of trajectories that will
emerge and contribute to the interference pattern de-
pend on the scaled energy ε. In Fig. 3(a), for the elec-
trons at an initial angle θ > 2, they move towards the
detector, pass through the saddle point and hit the de-

tector without crossing the negative z axis. These tra-
jectories are defined as direct trajectories. In the cal-
culation, the direct trajectories dominantly contribute
to the interference patterns. When θ is around 1.93,
the electron crosses the negative z axis and then en-
circles the nucleus before its second crossing with the
negative z axis, finally hitting the detector. This type
of trajectories is labeled by −o. When the scaled en-
ergy ε = −0.1 as depicted in Fig. 3(b), the critical
angle θc is very small and most of the electrons can
find their way to the detector. Two types of indirect
trajectories, −o and −oo, appear when the launching
angle θ is small. In the calculation, we set the maxi-
mal time T0 = 20. If we have a larger T0, we will have
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more types of indirect trajectories. The trajectories
corresponding to the extremely sharp peaks labeled
by stars in Fig. 3 are very unstable and nearly have
no effect on the structure of the interference pattern.
The difference between Figs. 3(a) and 3(b) can be ex-
plained clearly with the potential energy surface of
the electron in Fig. 1(b). When ε is small, the ioniza-
tion channel is very narrow and only trajectories with
large launching angle can reach the detector. When ε

increases to −0.1, the ionization channel gets broader
and nearly all trajectories can arrive at the detector
directly or reflected by the potential and encircle the
nucleus at least once.

Fig. 3. The dependence of the impact radius R of imag-

ing electrons on the ejection angle θ at different scaled

energies, (a) ε = −0.9 and (b) ε = −0.1. The types of the

trajectories relevant to the corresponding region are indi-

cated. Electrons launched at an angle smaller than θc can

never escape the Coulomb attraction. The sharp peaks

labeled by stars correspond to the trajectories extremely

unstable and nearly have no effect to the structure of the

interference pattern.

In order to have a clear insight into the building
up of the interference pattern, the total radial distri-
bution of the electron flux is decomposed into its di-
rect and indirect components as shown in Figs. 4(a)–
4(c) with atom–surface distance d = 1200 a.u. The
electron flux is proportional to the square modulus of
the wave function.[1] The radial distribution of total
flux, shown in Fig. 4(a), is the coherent superposition
of different trajectories’ contributions. For the case
with ε = −0.1, the launching angles with θ > 0.77
correspond to the contribution of direct electrons (see
Fig. 3(b)), giving rise to a clearly beating pattern and
a peak at R = 6.2 (at which dθ/dR has its maximum),
as seen in Fig. 4(b); while the launching angles with
θ < 0.77 correspond to the indirect electrons’ contri-
bution. There are two types of indirect trajectories
contributing to the interference pattern, as shown in
Fig. 4(c). As the launching angle θ for indirect tra-
jectories is small, this will lead to a small sin θ. Thus,

according to Eqs. (6) and (7), the contributions of in-
direct trajectories are very weak compared to that of
direct trajectories. Meanwhile, the phase χi for the
indirect trajectories varies very slowly compared to
the variation of dθ/dR, resulting in that we cannot
see clear beating pattern from the contribution of the
indirect electrons. A contour plot of electron flux dis-
tribution at ε = −0.1 is drawn in Fig. 4(d). It displays
the 3D-contour of the radial distribution of the total
electron flux in Fig. 4(a) and can be recorded by the
position-sensitive detector in the experiment.

Fig. 4. Radial distributions of electron flux on the detec-

tor at ε = −0.1, shown in panels (a)–(c). Panel (a) is for

the total contribution of direct and indirect electrons; (b)

and (c) are for the contributions of direct electrons and in-

direct electrons, respectively; (d) is the contour plot of the

total electron flux distribution (a) in the plane of detector

surface.

The radial distribution of the electron flux is de-
pendent on the excitation energy. Figure 5 shows
the radial distributions of the electron flux at vari-
ous scaled energies. The labels 1, 2, and 3 denote
the types of trajectories: direct, −o and −oo, respec-
tively. The evolutions of most patterns are smooth
with increasing scaled energy, as expected for the as-
sumption of an isotropic initial distribution of the
ejected angles.[3,16] When the scaled energy is be-
low ε = −1.1, the radial spectrum of the electron
flux is dominated by the pattern 1, corresponding
to the direct orbital. The contribution of the tra-
jectories −o, labeled by 2, begins to take effect at
ε = −1.1 ≈ 0.77εsp, which is similar to trajectories −
in the case of parallel electric and magnetic fields.[19]

063203-5



Chin. Phys. B Vol. 20, No. 6 (2011) 063203

Fig. 5. Radial distributions of electron flux at the

scaled energies varying between saddle point energy εsp =

−1.499 and ε = 0. The distance between atom and sur-

face is set to d = 1200 a.u. The evolutions of radial peaks

resulting from the contribution of the same type of trajec-

tories are plotted in dotted line and labeled by numbers

1, 2 and 3 (see text for details).

For the orbit −o, the radius of the electrons impacting
on the detector decreases smoothly to its minimum at
ε = −0.7 and then increases when ε increases. With
the increase of ε, the electrons are more and more
easily influenced by the electrostatic image potential.

The electrons with smaller ejected angle is strongly
deflected by the effective potential. When it comes to
ε = −0.5, the trajectories −oo labeled by 3 comes to
emerge as seen in Fig. 5. At this moment, the elec-
trons will first cross the negative z axis and then en-
circle the nucleus twice before hitting the detector. If
we have the maximum time T0 > 20, the trajectories
encircling the nucleus more times will appear. The
emergence of the trajectories encircling nucleus with
the increase of ε is similar to the case of the hydrogen
atom in parallel electric and magnetic fields.[19]

Radial distributions of the electron flux at differ-
ent atom–surface distances are shown in Fig. 6 from
which we can investigate the similar “diamagnetic ef-
fect” on the radial spectrum. When d2 À r2, retaining
only the quadratic terms in the binomial expansions,
we can approximate the Hamiltonian of the hydrogen
atom near a metal surface, i.e. Eq. (1) by[32]

H =
p2

2
− 1

r
+

1√
ρ2 + (2d + z)2

− 1
4(d + z)

=
p2

2
− 1

r
− 1

8d3
z2 − 1

16d3
ρ2. (8)

Examining the last term in Eq. (8), it can be un-
derstood as a diamagnetic effect of an external mag-
netic field.[39] In our case, if we take the principal

Fig. 6. Radial distribution of the electron flux at different atom–surface distance d. The variation of the impact radius R

as a function of the launching angle θ is shown in the inset. The integers 1, 2, 3, and 4 represent the types of trajectories

−o, −oo, −ooo, −oooo, respectively.
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quantum number of the final state to be n = 20,
then the excited state energy will be E = −1/2n2 =
−1.25×10−3 a.u. Matching ε = Ed and (1/16d3)ρ2 =
(1/8)γ2ρ2, at a given atom–surface distance d (atomic
unit), we can obtain the scaled energy ε and the cor-
responding equivalent magnetic field B. For example,
for the various values of d as shown in Fig. 6(a)–6(d),
the corresponding magnetic field B is 5.25, 7.34, 11.31,
and 29.02 T, respectively. For the case of d = 1000
a.u. in Fig. 6(a), the variation of R versus θ is plot-
ted in the inset. It can be seen that only the direct
trajectory is stable and has dominant contribution to
the radial distributions of the electron flux, so there
is only one evident peak in the radial distribution as
shown in the main figures. When the atom–surface
distance d decreases to 800 a.u. (equivalent to a mag-
netic field B = 5.25 T), there appears a new trajectory
−o, which is chaotic due to the “diamagnetic effect”,
labeled by integer 1 in Fig. 6(b). When d = 600 a.u.,
corresponding to B = 11.31 T, more chaotic trajecto-
ries, such as −o, −oo, appear, as labeled with 1 and
2, respectively in Fig. 6(c). When the atom–surface
distance d decreases down to 320 a.u. (equivalent to
B = 29.02 T), the diamagnetic effect term is strong
enough to make the system deeply chaotic. The tra-
jectory encircling nucleus up to four times appears, la-
beled by integer 4 as shown in Fig. 6(d). Thus, with in-
creasing scaled energy ε and decreasing atom–surface
distance d, more complicated trajectories appear and

the interference patterns get more complex, which is
a manifest of the classical chaos. Then, we can draw
the similar conclusion in the spatial domain like the
case in time domain, in which the classical chaos is
manifested by the existence of pulse trains.[39]

4. Conclusion

We have performed a theoretical calculation of
the ionization microscopy of the hydrogen atom near
a metal surface. The results show that different types
of trajectories contribute predominantly to different
manifold in a certain interference pattern. With the
increase of the scaled energy or the decrease of the
atom–surface distance, more indirect trajectories will
emerge, accompanied by classical chaos. Therefore
atom near a metal surface is a good simulation system
to investigate the strong diamagnetic effect that is not
available in real laboratory magnetic field. The calcu-
lation also shows that the ionization of atom near the
metal surface has a similar spectral structure in spa-
tial domain, as the case of ionization of atom in par-
allel electric and magnetic fields. The calculation is
based on the approximation that electrons are ejected
isotropically in all directions, implying that only the
so-called background contribution is considered. This
approximation is rational as the chaos can be induced
by the diamagnetic effect term generated by the metal
surface.
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