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Spin symmetry in the relativistic modified Rosen—Morse
potential with the approximate centrifugal term
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By applying a Pekeris-type approximation to the centrifugal term, we study the spin symmetry of a Dirac nucleon

subjected to scalar and vector modified Rosen—Morse potentials. A complicated energy equation and associated two-

component spinors with arbitrary spin—orbit coupling quantum number k are presented. The positive-energy bound

states are checked numerically in the case of spin symmetry. The relativistic modified Rosen—Morse potential cannot

trap a Dirac nucleon in the limiting case a — 0.
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1. Introduction

The concepts of spin and pseudospin symmetries
have been suggested since 1969 in nuclear theory,2
which were considered in the context of deformed

nuclei¥ and super-deformation,

magnetic moment
interpretation,®=7 identical bands,®~1% and effec-
tive shell-model coupling scheme.['*) Since the intro-
duction of the spin and pseudospin symmetry con-
cepts, some contribution to this problem has been
made both in nuclear theory and in quantum the-
ory. For example, six years later, Bell and Ruegg
found that pseudospin symmetry is a relativistic sym-
metry of a Dirac Hamiltonian that occurs when the
scalar and vector potentials are equal in magnitude,
but opposite in sign.['?l Ginocchio showed that pseu-
dospin symmetry arises from a relativistic symmetry
of the Dirac Hamiltonian,'3~16 and is identified as
an SU(2) symmetry as discovered in Ref. [12] and
also showed that pseudospin symmetry is exact when
Y = V(r)+ S(r) = 0 or a constant.
Meng et al. have restudied this symmetry when
d(V(r) + S(r))/dr = 0. On the other hand, Zhou
et al.'8 found that spin symmetry is exact when

Moreover,
(17]

d(V(r) — S(r))/dr = 0 and also spin symmetry in
anti-nucleon spectra has the same origin as pseudospin
symmetry in nucleon spectra, but the former is much
more conserved in real nuclei. In addition, Alhaidari et
al." investigated in detail physical interpretation on
the relativistic Coulomb, oscillator and Hartmann po-
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tentials in the case of spin symmetry limit V(r) ~ S(r)
and pseudospin symmetry limit V(r) ~ —S(r). Other
studies related to this subject have also been carried

out [20-26]

[27] showed that a Dirac Hamil-

Recently, Leviatan
tonian with spherically symmetric scalar and vector
potentials exhibits supersymmetric patterns in three
cases of the Coulomb, spin and pseudospin limits,
respectively. Leviatan[?®29 further explored the su-
persymmetries of the Dirac Hamiltonian in 3+1 di-
mensions in pseudospin and spin limits with axially-
deformed scalar and vector potentials. Finally, it
should be mentioned that Typell®® presented an al-
ternative supersymmetric description for pseudospin
symmetry in order to overcome the difficulties of
conventionally relativistic description for pseudospin
the difference between two partner

Hamiltonians H (k) and H(—k — 1) involved in lower

symmetry, i.e.

component G(r) cannot be considered small in com-
parison with the difference potential A =V (r)—S(r).
Consequently, the relativistic description for pseu-
dospin symmetry is not a good measure for the sym-
metry breaking. Motivated by recent interest and ad-
vance on this line, we are going to study the spin sym-
metry for the modified Rosen-Morse potentiall®!:32]
with arbitrary spin—orbit coupling quantum number

k, which is the main purpose of this work.

© 2011 Chinese Physical Society and IOP Publishing Ltd

http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn

062101-1



Chin. Phys. B Vol. 20, No. 6 (2011) 062101

2. Analytical solutions to spin k=+(+1/2). (2)
symmetry . . _
The substitution of Eq. (2) into Eq. (1) yields two
For spherically symmetric potential, the Dirac  coupled differential equations as follows:

equation of a nucleon with mass M moving in an at-

tractive scalar potential S(r) and a repulsive vector <C(li + k) Fo(r)
potential V(r) can be written as (h =c=1) "
= [M + Bue +8(r) =V(r)] Gur(r),  (3)
{a-p+B[M+ S} ¢(r) =[E-V(r)]dr), (1) ( d k) ()
5. nk(T"
where FE is the relativistic energy of the system and dr 7

o and B are the 4 x 4 Dirac matrices. As shown = [M = Ep + S(r) + V()] Far(r). (4)
in our recent works,[®334 the spherically symmetric
Dirac spinor wave functions is taken as By eliminating Gni(r) in Eq. (3) and F,k(r) in

Eq. (4), one can obtain two second-order differential

Yk (1) = 1 Frk (r)Yé-fn(G, ¢) equations for the upper and lower components as fol-
"\ iGuk(r)YE (0, 0) lows:
|

dA(r) ( d . k

a2 k(k+ 1) o \ar T
D 4 B A~ B+ S0+ e R B =0 )

o (o)

d?  k(k-1) dr dr r

@—T—[M+Enk—A(T)][M—Enk+E<T)]— M — Epn + 5(r) Gnk(r)—o, (6)

where A(r) = V(r) — S(r) and X(r) = V(r) 4+ S(r). The spin—orbit quantum number k is related to the orbital
angular momentum quantum number [. For given k = +1,4+2,£3,..., we have j = |k|-1/2,1 = |[k+1/2|-1/2,
I=|k—1/2]—1/2, and I(I + 1) = k(k + 1),1(l + 1) = k(k — 1).

Now, we study the spin symmetry for modified Rosen—Morse potential, i.e., dA(r)/dr =0 or A(r) =C =

constant and the sum potential X(r) as modified Rosen—Morse potential,3!:32

Vi — Vasinh(ar) Vi —Vaz
cosh?(ar) 1+22 7

Xr)= z = sinh(ar), (7)
where parameters V; and V5, describe the property of potential well, while parameter « is related to the range
of this potential.

Substituting Eq. (7) into Eq. (5) allows us to obtain the following Schrodinger-like equation for the upper
component,

dQFnk(Z) 2 ank(z)

of (1+42%) — 5= +a?z—— + [Ely = M? + C(M + )] Fui(2)
M+ FE,, —C) (Vi —Va(z a?k(k+1
1+=2 arcsinh”(2)
It is shown that equation (8) cannot be solved exactly except for k = —1. Thus, we must use a proper approxi-

mation to the spin—orbit coupling term. For this purpose, we noticed that the modified Rosen—-Morse potential
has a minimum value at 29 = Vi + \/V;? + Vi /Va. Therefore, by adopting a Pekeris-type approximation®®! to
the centrifugal term similar to our recent work, 3% we may express the centrifugal term as follows:

1 1 1 2z
arcsinh?(z)  arcsinh®(zp +2) arcsinhz(zo) (1 + 22)1/2arcsinh®(2g)
3 20

+
(1 4 z3)arcsinh®(20) (1 + 22)3/2arcsinh® ()

@® + o(x), (9)
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where © = z — zg is used. On the other hand, we may also approximately express it in the form of

1 _ctci(zt2)te (z + 20) (10)
arcsinh?(z) 1+ (z+2)° .
Comparing Eq. (10) with Eq. (9), we obtain the expansion coefficients cg, ¢1, co as follows:
322 (22 —2)z 1
co = — )
0 arcsinh?(z) /22 + larcsinh®(2) arcsinh?(zg)
1—2z2 3
Cc1 = -2 ZO 3 + N 204 )
/28 + larcsinh®(zp)  arcsinh®(zo)
1 3z 3
cr = - 0 + . (11)

arcsinh®(z0) /22 + larcsinh®(z) arcsinh? (o)

Now we use the approximate centrifugal term (10) to solve Eq. (8). Inserting Eq. (10) into Eq. (8) yields

(1+2%)

d2F,k(2) dFk(2) Eon Vi — 2Vy k(k+1)(co + c12 + c22?)
a2 a?(1+42?) 1422

dz? Tz w2 - ) Fu(2) =0,  (12)

where

Ene=[E% —M?*+C(M —En)], Vi=(M+Eu, —C)\WVi, Vo= (M+ Ey—C)Va. (13)

After a further variable substitution s = iz, equation (12) can be rearranged as

1—s2 —
( 3) s 1—82

d2F,.(s) dF,x(s) U1 + uss + uss?
ds? as | +

:| Fnk(s) =0, (14)

where
ug = Eng/0?, uy = =V1/0® — cok(k+ 1), ug = i(cik(k +1) — Va/a?), us = cok(k + 1). (15)

Take the trial wave function of the form
Fa(s) = (1= s)M2HA(1 4 )12/ 1, () (16)

with

1 1
)\:75\/1+4u1—4u2+4u;3, n:f§\/1+4u1+4u2+4u;3. (17)
Inserting Eq. (16) into Eq. (14) allows us to obtain
(1=8*) fr(s)+ =X = 2+n+N)s] for(s) + [us —uo — (L+n+N)>2/4] fur(s) =0, (18)
whose solutions can be expressed by hypergeometric function!3” as follows:

14+n+ X 1+n+ X 1—s
frk(s) = 2Fy (g— Us—uo;g+\/u3—uo;1+)\;2>- (19)

The finiteness of the wave function demands that the hypergeometric series f,(s) must terminate as a poly-
nomial, this cannot be fulfilled unless

%(1+77+)\)—\/m:—n, (n=n,.=0,1,2,...), (20)
from which and together with Eqgs. (13) and (15) we obtain the energy equation of the system as
E2.— M?+C(M — Ep,) = o [eok(k +1) — (1 +2n+ X+ 1n)?/4] . (21)
The corresponding upper component Fyx(r) can be finally expressed as

Fop(r) = (1 - isinh(ar)))‘/2+1/4 (1+ isinh(ozr))"/2+1/4 oF1 (—n, 14+ n+n+ A1+ A (1 —isinh(ar))/2).
(22)
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By using the recurrence relation of hypergeometric function, 3]

d
dz

b
—[2F1(a; b5 ¢;2)] = <ac) oF1(a+1;0 4+ 1;¢+ 15 2),

and inserting Eq. (22) into Eq. (3), one is able to obtain the corresponding lower component G, (r) as

F(r)

k  ia(l+ 2n)cosh(ar)

ia(1+ 2X) cosh(ar)

Gnk(r): M+ E, —C |:+

r 4(1 + isinh(ar))

4(1 — isinh(ar))

N ian(1+n+n+ ) cosh(ar)(1 — isinh(ar))M2+1/4(1 + i sinh(ar))"/?+1/4
20+ X)) (M + Ey, — C)

X 2F1 (1_n72+n+n+)\72+)‘7(1_ISth(ar))/Q)

Thus by inserting F,x(r) and G (r) into Eq. (2), we
can obtain the Dirac spinors for the modified Rosen—

Morse potential with spin symmetry.

3. Numerical results and discus-

sion

First, we study the energy levels based on the en-
ergy equation (21), in order to impose the spin sym-
metry for modified Rosen—Morse potential. For this
purpose, we must study numerical energy eigenvalues
since we cannot directly obtain the explicit expres-
sion for energy levels from complicated energy equa-
tion (21). To this end, we take a set of parameters
C =10,V; =4,V =3, M = 2,a = 0.5 to calcu-
late numerically energy levels as shown in Table 1.
It is found that, under the condition of spin symme-
try, there exist corresponding degenerate states such
as (0,—2) and (0,1). This is because this quantum
system keeps symmetry by interchanging k <« —k — 1

in the case of spin symmetry.

Table 1. The bound state energy levels E,; are shown
in the case of spin symmetry.

(nr, k) En, k<0 (nr, k) En, k>0
(0,-1) 5. 83231 (0,1) 5. 58465
(0, -2) 5. 58465 (0,2) 5. 19254
(0, —3) 5. 19254 (0,3) 4. 73854
(0,—4) 4. 73854 (0,4) 4. 26674
(0, -5) 4. 26674 (0,5) 3. 80347
(1,-1) 4. 89082 (1,1) 4. 74096
(1,-2) 4. 74096 (1,2) 4. 47444
(1,-3) 4. 47444 (1,3) 4. 13379
(1,—4) 4. 13379 (1,4) 3. 75501
(1,-5) 3. 75501 1,5) 3. 36620

(24)

Second, we consider the effects of potential pa-
rameter o on energy levels. Since this quantum sys-
tem keeps symmetry by interchanging k < —k — 1 in
the case of spin symmetry. We calculate energy eigen-
values only for positive k with the same parameters as
listed in Table 1 but different o as shown in Table 2.
It is found that the energy levels will approach a con-
stant E, = (1/2) (2M +Vi+ V2 + V22> for given
parameters when parameter « tends to zero.

Table 2. The numerical results show that the energy lev-
els approach a constant when potential parameter o goes

to zero.
(nr, k) a=0.5 a=0.25 a = 0.05
0,1) 5. 58465 6. 04552 6. 41199
0,2) 5. 19254 5. 89784 6. 40314
0,3) 4. 73854 5. 70622 6. 39004
(0,4) 4. 26674 5. 48740 6. 37289
(0,5) 3. 80347 5. 25253 6. 35196
(1,1) 4. 74096 5. 49114 6. 25832
(1,2) 4. 47444 5. 38643 6. 25067
(1,3) 4. 13379 5. 24228 6. 23932
(1,4) 3. 75501 5. 06876 6. 22440
(1,5) 3. 36620 4. 87447 6. 20609

Now, we interpret this case theoretically. It is
found that, under the condition of spin symmetry, the

energy levels will approach the following limiting val-

ues:
OlziLnO E.,.=C—-M,
or
lim By = % <2M+V1 +4/V2 +V22> . (25)
However, the limiting value E,; = C — M is not

physically acceptable since it makes the lower com-

ponent G,i(r) diverge. Actually, another limiting
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value limy o Eny = (1/2)2M + Vi — /VZ +V3) is
also not acceptable. This is proved by the numeri-
cal calculations as shown in Table 2. On the other
hand, when the parameter a goes to zero the mod-
ified Rosen-Morse (mRM) potential reduces to the
value lim, o ViarMm (1) = V1. It means that this quan-
tum system is independent of parameter Vo which
becomes a constant potential. Substituting this re-
sult into Eq. (5) and considering that A(r) = C' and
Y(r) = Vi1, we are able to obtain the correspond-
ing results as F(r) = /rJort1))2 (—ir\/ﬁ) with
E=(M+FE—C)M — E+V,). This implies that
the bound state solutions will not exist. Therefore,
we may conclude that the relativistic mRM potential
cannot trap a Dirac nucleon in this limit. Actually, it
is impossible to understand how a constant potential

Y = V; traps a particle.

4. Conclusions

In this paper we have studied the spin symme-
try of a Dirac nucleon subjected to scalar and vec-
tor mRM potentials including a Pekeris-type approx-
imation to the centrifugal term. The complicated en-
ergy equation and associated two-component spinors
have been obtained by functional analysis method.
It is shown that there exist positive-energy bound
In addition,

the numerical results and theoretical analysis show

states in the case of spin symmetry.

that the energy spectra tend to a constant E,; =
(1/2) (2M+ i+ \/m) when o — 0, i.e., the
relativistic mRM potential cannot trap a Dirac nu-
cleon in the limiting case @« — 0. There also exist
corresponding degenerate states involved in symme-
try by interchanging k& <+ —k — 1 in the case of spin

symmetry.
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