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Spin-weighted spheroidal equation in the case of s = 1*
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We present a series of studies to solve the spin-weighted spheroidal wave equation by using the method of super-

symmetric quantum mechanics. We first obtain the first four terms of super-potential of the spin-weighted spheroidal

wave equation in the case of s = 1. These results may help summarize the general form for the n-th term of the

super-potential, which is proved to be correct by means of induction. Then we compute the eigen-values and the eigen-

functions for the ground state. Finally, the shape-invariance property is proved and the eigen-values and eigen-functions

for excited states are obtained. All the results may be of significance for studying the electromagnetic radiation processes

near rotating black holes and computing the radiation reaction in curved space-time.
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1. Introduction

The spin-weighted spheroidal function was first
defined by Teukolsky!! in the study of the perturba-
tions of the Kerr black hole, which is indispensable
in the study of quantum field theory in curved space-
time, black hole perturbation theory, etc. Its differen-
tial equation isl*—4

1 d ., d 2 2 9
Linﬁd@ <Sm9d€> + s+ a“w” cos” O — 2asw cos O

2

Sty elew) —o, 0
where F is an eigenvalue to be found by imposing
appropriate boundary conditions and the parameter
s, which is the spin-weight of the perturbation fields,
can be s = 0, :I:%7 +1, j:%, +2, corresponding to
scalar, neutrino, electromagnetic, Rarita—Schwinger’s
The

boundary conditions require that © is finite at 6 = 0,

and gravitational perturbations respectively.

7. For a recent review on the spin-weighted sphoidal
functions, readers can refer to Refs. [3] and [4] and ref-
erences cited there. In a series of papers, the pertur-
bation methods in the super-symmetric quantum me-
chanics (SUSYQM) are used to study the spheroidal
equations and many useful results are obtained.[>~?!

When s = 0, there are two types of the super-
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potentials in Refs. [5]-[9], that is,

n—1 N
o An k . 2k—+1 -
W, = ———sinf cos 0, n=1,2,...,(2)
;) (2m + 3)"
n
W, = Zan,k cosfsin®*710, n=1,2,.... (3)

k=0

In Ref. [9], the spin-weighted equation with arbitrary
spin s was studied, the super-potential W = Wy +
Yoo Won(m, s;0)c™ is obtained, with Wy ,,(m, s; )
written as Wy ,(m, s;6) = sind 22;01 an.e(m, s)cos’ 0
(note that the parameter ¢ in Refs. [9] and [10] is writ-
ten as ( in other Refs. [9]-[12]. So do we in the present
paper). They are the extension of the result (2) in
Ref. [9]. However, they are not the extension of the
result (3) in Ref. [8].
equation is very important in its own right and it is

The spin-weighted spheroidal

still worth while further re-investigating, which will be
the extension of the result (3) in Ref. [8]. In the world
of physics, the spins of the fields only take the values
s =0, j:%, +1, :I:%7 42, it would be more appropriate
to treat these cases of the spin-weighted equations.
So, references [9]-[12] dealt with the spin-weighted
spheroidal equations with different spins. Only first
several results in the super-potential were given in
Refs. [9] and [11] for s = 3,
vided a complete super-potential in the form as the

2. Reference [12] pro-

extension (3) in the case of s = %, from which the
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eigen-function of ground state is obtained. Further-
more, it proved the shape-invariance property of the
corresponding equations, which we regard as the most
important work and showed that the eigen-functions
for excited states could be obtained from it. Here we
continue the study in the same way as that in Ref. [12]
to treat the electromagnetic one, which is the spin-
weighted equation in the case of s = 1. As before,
defining ©() = ¥(#)//sinf and introducing an ar-
tificial small parameter f = aw, equation (1) leads
tol5—15]

2
(ciiﬁf [ + s+ (% cos? 0 — 253 cos b
(m—l—scos@ _1/4+E}I/:O. ()
sin” 6

Thus, the corresponding boundary conditions are
Ulg—o = ¥|gp=r = 0. The potential in Eq. (4) is
1 2. .2
Vo,p,s) = — 1 + s+ 3 cos” 0 — 258 cos b

(5)

(m + scosf)? — 1/4]
sin” § '
Superpotential W is an important concept in SUSYQ

and it can be determined by potential from the

relation/?]
W2 —-W' =V(6,83,s) — E. (6)

And the ground state wave function ¥, can be ob-
tained from the super-potential as

o = Nexp [_ / Wdz} . 1)

Both equations (6) and (4) are difficult to solve, so
that we look for the approximation methods. In this

oo
Eo =Y EomnmB", (9)
n=0
where n refers to the n-th order item of the series
expansion and m in FEg ., denotes parameter m
in Eq. (4) and the index 0 means belonging to the
ground state energy. Substituting Egs. (8) and (9)
into Eq. (6), one can easily obtain

1 0)2 —1/4
WOI—WOZZEO,O;m+S+*—(m+SCOS) /

4 sin? 0
= f0<'9)7
Wll - 2WOW1 = E071;7n —2scosf = fl(ﬁ),
Wy — 2WoWa = Eg o.m + cos? 0 + WE = fo(6),
n—1
W, = 2WoWo = Eonan + Y Wik
k=1
= fu(0) (n=3). (10)

When s = 1, it is straight forward to obtain('?

EO,O;m = m2 +m — 2
14+ (m+ 1/2)(:050
sin 6

Wo = (11)

From Eq. (10) it is easy to see that

—2
W,.(0) = (tan Z) sin ™2™~ 0A,(0)

= (1+cosf)?*sin 2" 304,(0), (12)

A, () = / fn(0)(1 — cos0)?sin*™ "1 odg.  (13)

We introduce the following formulae to simplify the
calculation in Eqgs. (12) and (13):[*6]

paper, we will resolve the spin-weighted spheroidal P(2m +1,0)
equations by expanding the super-potential W into _ / sin2™*! 9dp
a Taylor series in powers of (3, so can be done the
eigen-value Ey for ground state °~15] as follows: _ 0059 i I(2m + 1,k)sin>™ 26 9| | (14)
0 k=
W = wW,08", 8
nE::O h (®) where
(2m+2)(2m)--- (2m + 2 — 2k) FE>0
I(2m—|—1,k): (2m+1)(2m71)(2m72k+1)’ =7 (15)
0, if £ <0.

Here, we give some recurrence relations between P(2m + 2n + 1,6) and P(2m — 1,0) for later use. Assuming

that

P(2m +2n+1,6)

=P (2m+2n+1,0) + P.(2m +2n+1,0), (16)
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where
Pi2m42n41,0) = — %0 Zn: I(2m +2n + 1, k) sin2m+2n—2k ¢ (17)
! ’ 2m+2n+2 | &~ ’ ’
—cosf [t St 2m—2k
_ : m—+2n—2k
Lk=n+1
__—eosh _mz_lf(2m+2n+1 p+n41)sin?m"2P=2¢
2m +2n + 2 = ’
2m—1DI2m+2n+1,n+1)
= P(2m —1,0). 18
2m + 2n + 2 (2m —1,6) (18)

So P (2m+ 2n +1,6) contains the item like sin®”*% § with j = n —k > 0, which is the convergent item at 0,
and Py(2m + 2n + 1,0) can be expressed by P(2m — 1,0). Hence P(2m + 2n + 1,0) can be rewritten as

—cosf -
P@m+2n+1,0) = ————— Y I(2m+2n+1,k)sin®" 272k
20410 = 5SS a1
2m—-1DI2m+2n+1,n+1)
P(2m —1,0). 1
+ 2m+2n+2 (2m »9) (19)
By using Eq. (19), the calculation of A; could be further simplified into
A1(0) = /(Eo,1;m —2cos6)(1 — cos )% sin®™ 1 9dh
Eo15m +2 sin®” 2 ¢
= (2Bo.1m + 4)P(2m — 1,0) — (Eoam + 4)P(2m +1,0) — % sin2™ § %
Zm(EO 1;m +4)
= (2Ey .y +4— Z020Em TH ) poy, 1 g
( 015m %+ 2m + 1 (2m = 1,6)
Eo1m +2 in?" 20 Eq., + 4
_Zom+ 2 sin?™ @ + S i 0.1im + cos 0sin®™ 6. (20)
m m+1 2m 41
\
From Egs. (12) and (14) the term P(2m—1,0) in A;(0) _ 1 sinf. (23)
m+1

can make Wi (0) blow up at the boundaries § = 0, m,
that is to say, unless the coefficient of the divergent By gimilar calculations, one can obtain W3(6) and
term P(2m — 1,0) in Ay is zero, the eigen-function W;5(6) as

¥ (0) cannot be finite at the boundaries. So
m(m + 2) cos O sin 0

. Wo(0) =
2E01.m+4_w:0, 2(0) (2m + 3)(m + 1)2
T 2m +1 ( 2) sin 6
m(m + 2) sin
i - 24
that is, @m+3)m+ 1) (24)
2 . .
Eoim=———. (21) We(0) — — 2m cos fsin 6§ 2m sin 6
mt1 ) = )i em+3) T mr 1 Em+3)

Equation (19) can simplify A; into the concise form msin® 0 -
sin®™6 ., (m+1)3(2m +3)’
Aq(0) = 1 [sin®f — 2+ 2cosf].  (22)
m

and the corresponding Ey 2., and Ey 3., are
Owing to Eq. (12), it is easy to obtain Wi (0) as
m3 +7m? 4+ 11m + 3
Wi(0) = Ay (8)(1 + cos 0)2(sin §) 2~ Bozm = = 5 @m 1 3)
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4m?(m + 2)

(m+1)3(2m +3)° (26)

<EQ3m1::_

2. General formula of the n-th

super-potential W,

In this section, we summarize the general formula
for W,, from the results of W7—-W3 as follows:

(5]

W, (6) = cosb A,k sin?*~1 ¢
k=1
(244]
+ Z bk sin?f =14, (27)
k=1

where the coefficients a, , and b, are required to
satisfy

ank =0,ifk<lork> {Z],
+1 (28)

buk =0, if k< 1ork> [”2}
Equation (27) has a form different from the super-

potential W, in Ref. [9], that is,

n—1
Wy (0) =siné Z ngcos?® O n=1,2,....(29)
k=0
The next step is to prove its correctness by math-
ematical induction. Obviously Wy for N =1, 2, 3 sat-
isfies Eq. (27). Assuming that when N < n, Wy meets

the general form, we need to verify whether W, (6) also
satisfies the general formula. Back to Eq. (10), com-
bining Wy (0) and W,,_x(6) into 2;11 WiW,—1, that

is,

n—1 [(31+1
ZWkWn—k = Z hn,p sin??~2 ¢
k=1 p=2
(5141
+ Z Gn.psin® 20 cos, (30)
p=2

where h,, and g,, are constant coefficients, that
iq [13]
is,

n—1p—1

hop = § § (Akp—jUn—k,;

k=1 j=1

— Qk,p—1—jn—k,j + Ok,p—jbn—k. ;)
n—1p—1

= 3 (akpibnkj + brpjank;)- (31)

k=1 j=1

In,p

In order to simplify calculations, the maximum limit
of p can be written uniformly as [Z] + 1, because of
Eq. (28), we can obtain

hnp=0,if p<2orp> [Z}—l—l,
(32)
. n+1
gnp=20,ifp<2orp> [2]

Substituting f,(0) = Eonm + Zz;ll WiW, i into
Eq. (13) yields

[3]+1 [2]+1
An(0) = / Eo nym + Z B psin? =2 0 + cos 0 Z Gnpsin®? 20| (1 — cos0)? sin®™ 1 9do
p=2 p=2
sin®™ 6
= Eonm [2P(2m —1,0) — P(2m +1,0) —
m
n [il _Gnp sin?™mt2r g (gnp — Pnp) sin?mt2r—2¢
2 2m + 2p m+p—1

[31+1

+ Z [2(hnp = Gnp)P(2m +2p — 3,0) + (2gnp — hnp) P(2m + 2p — 1,0)] .
p=2

We simplify the above result according to Eq. (19), that is,

. :2m
0
An(0) = P(2m —1,0) % by + Eomim | — — + cosezl::l — J
2]41
n [Q]ZJF Gnp sin®?™t2p g (Gnp — Pnp) sin?mt2r—2 ¢
2m + 2p m+p—1
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pat —cosf K2
—+ (2hl’b,P — 29’”,])) m Z I(2m —+ 2p — 3,p — 2 — ]) Sin2m+2j 9
p=2 7=0
[%]-‘rl p—1
+ (29n,p — hnp) ﬂZI (2m+2p—1,p—1—j)sin?™+2 ¢ (34)
mp P2 om 4+ 2p ’
p=2 7=0
where by is the coefficient of the term P(2m — 1,6),
[51+1
2(m+ 1)Eg nim hnp — Gn.p
by = | DT IT0mm (g g Zmp Z I T2 42 ~1
! 2m +1 +(2m );::2 m+p—1 (2m+2p=3,p—1)
[5)+1 2
+(2m—1) Bnp = Mg pg 4 on g
DY 2 e o 2 1) (35)

Through a similar analysis of A1(#), W,,(6) blows up at the boundaries § = 0, = when b; # 0. We must set the
coefficient by of the term P(2m — 1,0) in A,, to be zero in order that the eigen-function ¥y() can be finite at
the boundaries. Thus b; = 0 gives

[5]+1
2m+1)(2m —1) [ ha, » ]
Eonm = — 7’I2m+2 -3,p—1
[5]+1
2m+1)(2m—1) 20n,p — hnp
- =P TP I 2p—1 36
2(m + 1) 2 om 2y 1EmE =Ly (36)
By the result of Eq. (36), 4, (9) can be simplified into A, (0) = R, (0) + cos 0T, (), where
3]+t 2m+2p—2 . 2m+2 [5]+1
EOnm 9 (gnp — hnp)sin P20 gnpsin PO . 9md42
R,(0) = n“" 6 : — = = R, mr g (37
with R, 0 = —Ep n;m/m and le = (gn,2 — hn2)/(m+1). And when p > 2, R, ,, is
29np+1 — 2hnpt1 — g
R, , = 2Jmp n,p n,p 38
P 2m+ 2p ) ( )
and
E [721]+1 h p—2
_ Bonm . om Inp — Nnyp _ 9 A\ wn2mt2j
Tn(ﬁ)—2m+151n 0+ Z m = ZI(Qm—FQp 3,p—2—j)sin 70
p=2 7=0
B, —2 E
In.p 2m+42j 0,nm . 2m
Dnp = 290 NP 1o 4 op —1,p—1— ig| = Zomm 0
+p§::2 2m+2p Z} m+2p—1,p j)sin o 1
g [lgg b
+ |:gn,p P 1(2m 4 2p — 3,p — 2 — j) sin®" T 9}
m+p—1
J=0 p=j+2
S el SR } 3] ,
+ Anp T 29D [y 4 9p — 1, p— 1 — j)sin2™ 2 0| =S T, sin2m 0 (39)
2m +2p , '
J=0p=j+1 J=0
with
5 B4 B B
T _ 0,n;m 9n,p — ”710] 9 D) 3 2 gn,pI 2 20 — 1 —1 40
7,0 2m+1+}§7m+ [1@m+2p—3,p— 2:: 2m+2 2m+2p—1,p-1)|, (40)
and when j > 1, T}, ; being abbreviated as
B h AN
Gn,p — Mnp 29n.p
Th; = ——J(2 2 3,p—2— b ZIWPI(9 2p—1,p—1-— .(41
J p;Q{mﬂLp—l (2m+2p—3,p J)}er;j s sy [@m+2—1p J)} (41)
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Due to Eq. (28), one can have

1
R,,;=0,ifj<-lorj> [”;]
(42)
T,;=0,ifj<—-lorj> [Z}
According to Eq. (12), we have
Wi(0) = [Rn(0) + cos 0T, (0)] (1 + cos 0)*sin™*™ 20 = X,, + cos 0Y,,, (43)
with
X, = [(2R, +2T,) — (R, +2T},) sin® 0] sin™>""2 ¢
(5]+1 _ _ [5]+1
=) [(2Rn,j + 2T, ;) sin? 20 — (R, j + 2T}, ;) sin® ! 9} > Xpsin¥ o, (44)
j=0 j=—1
where
_ E: [(2m + 2p) Ry — 2gn pl[(2m +2p — 1,p — 1 — ) Inj (45)
5 m+j+ 1)(2m + 2p)(2m + 2p — 2) 2m + 25’
and Y,, can be expressed as
Y, = [(2Rn +2T,) - T, sin? 9] sin~2m=3¢
(5]+1 ' (5]+1 _
== Z [2Rn,j+1 + 2Tn,j+1 - Tn,j] SiIlQJ?1 0= Z Yn,j SiD2J71 0. (46)
j=—1 j=—1
From Egs. (35) and (38), we can obtain
Yn,j == 2Rn ,J+1 + 2Tn J+1 — Tn’]
_ Z (m+7)[2m+2p)hpp — 290 p/I(2m+2p—1,p— 1 — j) (47)
V5 m+]+1)(2m+2p)(2m+2p—2)
|
Obviously, in the case of j = —1,0, the items in X,, ; ~ boundary region. W,,(6) now becomes
and Y, ; of A, (0) may cause W, () to be divergent, (2141
then we need to check whether the following items can Wi (0) = ZZ X, sin2i—1g
exist:
[5]+1
. 2j—1
X1 = 2Ry +2T50 = 0, +cosf 3, Yo,sin¥ 0
j=1
Xn,O = 2Rn,1 + 2Tn,1 - Rn,O - 2Tn,0 = 07 2141
Yn-1=2R, 0+ 27,0 =0, = Z b1 sin?~1¢
Y0 = 2R + 2T, 1 — Too = 0. (48) i
+ cosd Z g sin? 71, (49)

Hence, all the items which can make W,,(6) divergent =1

do not exist, so that W, can be convergent in the  where
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Bl
= (m+NI2m+2p)hnp — 200l I2m +2p—1,p— 1 — )
anl:YrLj:_ Z . ) (50)
’ ’ S (m+j+1)(2m + 2p)(2m + 2p — 2)
Bl
[(2m + 2p)hy, p — 2gn plI(2m +2p —1,p — 1 — j) Gn.j
bn,l = Xn,j = Z . -, (51)
i (m+j+1)(2m+2p)(2m +2p —2) 2m + 2
\
Note that the maximum limit of [ in Eq. (49) is differ- (23]
ent from the general formula Eq. (27). By the relation + Z b sin® 10 (55)

Eq. (42) we can analyse the maximum limit of [ with =1

the parity of n. When n is even, [ has the maximum  (;p, (2] 4+1 = [nT-H] Through comparing Eq. (53)
l=[n/2] +1=mn/2+1, then with Eq. (55) the super-potential W,, () can be rewrit-

On, 241 = 2Rn’%+2 + 2Tn77—5+2 - Tn,%+l = Oa ten as

bn,%+1 = 2Rn,%+2 + 2Tn,L2L+2 [3]

W, (0) = cosf Y ay,,;sin® 10
but when [ = [§] = §, ap,z and b, » are both (23]
nonzero. Hence on the condition that n is even, W,,(9) + Z bn.1 sin?~1 9. (56)
becomes =1
(5] This completes the derivation of the general formula

- 201
W, (0) = cosf Z Qp, S 0 W,,. That is to say, for any n > 1, W,, can satisfy the
=1

=) form of Eq. (27). And the coefficients of a,,; and b,
B . . .
n Z b sin2 19, (53) are given in Egs. (50) and Eq. (51) respectively.

=1
when n is odd, [ has the maximum [ = [3]+1 =23, 3. Eigen-value and eigen-function
then

for ground state
- 2Rn7nT+3 +2TTL,L

n+1
2
b oni1 = 2R nis +2T . From the super-potential
e n, n,

2
— R, ng = 2T, nay #0, (54) oo (%]
_ . 2k—1
and when k£ = [%] = nT_17 an,"T_l and bn,"T_l are W = W(]"‘nzz:l [COSQ};an,k sin 0
nonzero. While when n is odd, W,,(6) has the new [nt ]
2

form + Z bk gin2k—1 9] g, (57)

(5] k=1

W, (0) = cosb Z ey sin?~1¢
=1 |

¥y = Nexp [—/Wdz}

the eigen-function of ground state becomes

) (5] (%3]
14 (m+ 3)cosf " o 2k—1
= Nexp / - dg—> 8 / (cosOY ans+ Y bng)sin® ' 6do
n=1 k=1 k=1
) oo (5] sin?* ¢ (5]
— in™mt3 n
= N(1—cosf)sin™"2 fexp |— Z 8 Uk % + Z bnkP(2k —1,0) , (58)
n=1 k=1 k=1
and the eigen-value of ground state is
o0 (o)
EO;m = EO,O;m + Z 6nEO,n;m = m2 +m—-2+ Z EO,n;mﬁna (59)
n=1 n=1

where Eg . can be obtained from Eq. (36).
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4. Eigen-values and eigen-

functions for excited states

In this section, we check whether the spheroidal
equation has the shape-invariance. If the answer is
yes, we can obtain the eigen-values and the corre-
sponding eigen-functions of the excited state from the
ground one by the recurrence relations derived from
the property of the shape-invariance. The potentials

VT are determined by super-potential W as!'7]
V() = W?(0) F W'(0). (60)

If the pair of partner potentials V* () may be written
as

VT(0;a1) =V~ (0;a2) + R(ay), (61)

where a; is a set of parameters, as is determined by
a1, that is as = f(a1) and the remainder R(aq) is in-
dependent of 6, they have the property of the shape-
invariance.

In order to study the shape-invariance properties
of the spin-weighted spheroidal equations, the super-
potential W is written as

W(An,j7 Bn7j7 6)

1
= —Aoo(m+ 5) cotf — By gcscd

+ Zﬁnwn(AnJ,Bn,]ae)? (62)
n=1
where
(3]

Wi(Apj, Bp,j,0) = cosf Z n,j sin?~19
j=1

(251 ‘
= > byysin¥ 1o (63)
j=1

with
Gnj = Anjan i, bnj = By jbn ;. (64)
Then, V*(A,,;, By ;,0) are defined as
VE(Anj, Bpj, 0) = W?(Ayj, By, 0) £ W

= Y B"V;E(Aij, Bnj,0) (65)
n=0

where the subscripts of A; ; and B; ;, ¢ and j, are re-
quired to satisfy ¢ < n and j < n. Now the problem
changes into trying to find some quantities C; ;, D; ;
to make the relations

V,F(Aij, Bn,j,0)
=V, (Cij,Dnj,0) + Rpm(Aij, Bnj) (66)

hold with Ry (Aij, Bn,j) = Rpum pure quantities.
Now, we will prove that it is true for the special cases
n=0, 1, 2010

Vot (40,0, Bo,o,0) = Vi (Co,0, Do o, 0) + Roym, (67)
Vit (A11,B11,0) = Vi (Ci1,D11,0) + Ri;m, (68)
Vo' (Bai, A21,0) = Vo (Co1,D21,0) + Roym. (69)

In order to make the above equations hold, one must

B 32B§ , — 8[(2m + 1) Ao, — 1][(2m + 1) Ag,0 + 3]

A=

[(2’[7’1, + 1)A0)0 + 3]3[(27’71 + 1)A070 + 4] ’

B 2433’0 — 2[(2m + ]-)AO,O — 1][(2m + ]-)AO,O + 3]

have
Co,o = Ao+ SRS (70)
Do = 2By, (71)
(2m + ].)A() 0o— 1
D, = : 2
11 (2m + 1)A0,0 +3 L1 (7 )
(2m +1)Ago — 1
Dy = : B
2,1 (2m + 1)140)0 +3 21
n 12307032,1
[(2m +1)Ag o + 3][(2m + 1) Ao,0 + 4]
B 16[(2m + 1)A0,0 + 1]Bo7oBi1 (73)
[(2m +1)Ag o + 3]3[(2m + 1) Ao + 4]’
C _ 8[(2m + 1)14070 + I]Bfl
2L 0@m+ 1) A0 + 3P[(2m + 1) Ao + 4]
(2m + 1)140 0— 2
. A 74
(2m+ 1) Agg+ 4~ > (74)
with
Ro;m(Aoo) = (2m + 1) Ao + 1, (75)
8Bo,0B1,1
Ri.,,(Ap 0, Boo, B = — o , (76
1;m (40,0, Bo,o, B1,1) @m + 1)Age +3 (76)
RQ;m(AO,Oa B0,07 Bl,17 B2,1; AQ,l)
8By.oB
= ~Gm +01’;JA§’; —+ AB}, + BAs;, (77)
where
(78)

[(2m + 1) Ag 0 + 3][(2m + 1) Ag o + 4]

061101-8
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In order to prove Eq. (66) for general n, one uses the induction method. Here the details are omitted (readers

can refer to Ref. [12] for details). The results are that the shape-invariance holds for it too. Therefore, the

shape-invariance property for the spin-weighted equation with s = 1 holds too as in the case of s = % Now the

results are given in the following without further details:

Dy oan U,
Dn’p _ 0,0a’ 4 p _ sP , (79)
opbn p opbr p
2 . D
<ap + %’;’) . p Uy~ 200,
Chp1 = Chp~+ P 80
7= Ty~ Danger O @y~ Dangs (50)
for p=2,3,...,[%]. Notice the following fact (see details in Ref. [12]):
n—1p—1 -~ B
Gnp(Aij,Bij) = l:bk,p—ja'n—k,j +app—jbn_kj|, (81)
k=1 j=1
n—1p—1 . B
Hyp(Aij, Bij) = [bk,pjbnk,j + Gkp—jln—k,j = Gkp—1—j0n—k,j |, (82)
k=1 j=1
Qi = A@j@@j, Biﬂ' = Bi,jbi,j; (83)
Unyp = Gup(Aij, Bijj) — Gnp(Cij, Dij) + Pl ) (An gy B j), (84)
Un,p = Hnp(Aijs Bij) = Hup(Ci gy Dij) + QF ,(Anjs Bnj), (85)
ap = {(Qm +1)Coo + (2p — 1)] . (86)
\
According to n’s parity, we note the following discus- a1 = (A, Bij), a2 =(Cij,D;j),..., (89)

sion : with p = [2+1] and Dn’[%Hl = Cp,2)41 =0,

(i) when n is odd, Cn’[nTH] = 0 and one can obtain

D,, (nz1) from Eq. (79)1 and O, =) from Eq. (80) under
2

the condition p = | ; (il) when n is even, one needs

to calculate Cp, » from Eq. (80) under the condition
p= [nT—H]a C

(L] = 0. Then, it is easy to calculate

the others subsequently. Then, the eigen-values E.,

for excited states can be obtained as
l

Ey,, = Eom + Y _ Rlak,by)

k=1
= m(m + 1) -2+ Z EO,n;m/Bn
n=1
l
+3° R(ar, br), (87)
k=1
R(ak, bk;) = Ro;m + Z ﬁan;m(aka bk:)a (88)

n=1

and the corresponding eigen-function ¥, is obtained
by the following recurrence relation:

6
¥y o< exp {— W (A, ;,Bn,j,0)d0|, (90)
0o
n d
Al = —@ + VV(AnJ7 Bn’j,9)7 (91)

as

U, = AT (A5, Bujs )%, _1(Cn.j, Duj, 0),
n=1,23,... (92)
In the above proof, we have used the shape-invariance
properties to calculate the eigenvalue and eigen-
function of the spin-weighted equations for excited
states in the case of s = 1 by the above recurrence
relation.

References

[1] Teukolsky S A 1972 Phys. Rev. Lett. 29 1114
[2] Teukolsky S A 1973 Astrophys. J. 185 635
[3] Marc Casals and Adrain C 2005 Phys. Rev. D 71 064025

[4] Berti E, Cardoso V and Casals M 2006 Phys. Rev. D 73
024013

[6] Tian G H and Zhong S Q 2009 arXiv:
0906.4685v2

[6] Tian G H 2005 Chin. Phys. Lett. 22 3013

0906.4687v2,

061101-9



Chin. Phys. B Vol. 20, No. 6 (2011) 061101

Tian G H and Zhong S Q 2010 Chin. Phys. Lett. 27 040305
Tian G H 2010 Chin. Phys. Lett. 27 030308

Tang W L and Tian G H 2011 Chin. Phys. B 20 010304
Zhou J, Tian G H and Tang W L 2010 The Spin- Weighted
Spheroidal Wave Functions in the Case of s = %, submit-
ted to J. Math. Phys.

Li K, Sun Y, Tian G H and Tang W L 2010 A Tenta-
tive Study of the Spheroidal Wave Function in the Case
of s =2, to appear in Sci. Chin. G No. 6 (in Chinese)
Dong K, Tian G H and Sun Y 2010 Study of the Spin-
weighted Spheroidal Wave Equation in the Case of s =
1/2 arXiv: 1011.2579

13]

14]

[15]
[16]

(17]

061101-10

Tian G H and Zhong S Q 2009 ArXiv: 0906.4687 V3: In-
vestigation of the Recurrence Relations for the Spheroidal
Wave Functions, preprint

Dong K, Tian G H and Sun Y 2010 Study of the Spin-
weighted Spheroidal Equation in the Case of s=3/2 sub-
mitted to Frontiers of Physics in China

Cooper F, Khare A and Sukhatme U 1995 Phys. Rep. 251
268 and references therein

Gradsbteyn I S and Ryzbik L M 2000 Table of Integrals,
Series, and Products 6th edn. (Singapore: Elsevier)

Lu F L and Chen C Y 2010 Chin. Phys. B 19 100309



