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In this paper, we investigate the effect of unequal injection rates on totally asymmetric simple exclusion processes

(TASEPs) with a 2-input 1-output junction and parallel update. A mean-field approach is developed to deal with the

junction that connects two sub-chains and the single main chain. We obtain the stationary particle currents, density

profiles and phase diagrams. Interestingly, we find that the number of stationary-state phases is changeable depending

on the value of a; (1 is the injection rate on the first sub-chain). When a; > 1/3, there are seven stationary-state

phases in the system, however when a; < 1/3, only six stationary-state phases exist in the system. The theoretical

calculations are shown to be in agreement with Monte Carlo simulations.
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1. Introduction

Totally asymmetric simple exclusion process
(TASEP) as a basic model has been widely used to
study many non-equilibrium systems.l' =71 Recently,
parallel two-lane TASEP has been studied, for exam-
ple, TASEP with coupling to two reservoirs,¥ TASEP

8:9] as well

with symmetric and asymmetric couplings
as the motion of kinks in a two-lane model in Ref. [10].
More recently, the TASEP on lattice chains with
junctions has been studied in Refs. [11]-[15]. Junc-
tions in these models are regarded as bottlenecks
which can lead to traffic jams. It has been proposed
that some human diseases can be caused by traffic con-
gestion of molecular motors.['517 Additional fuel con-
sumption and environment pollution are also results of
vehicle traffic congestion. Reference [13] introduced a
wide range of possible applications of junctions and in-
vestigated the dynamics of synchronous TASEP with
a multi-input multi-output junction. However, the
injection rates of all sub-chains were assumed to be
equal. In reality, these injection rates may be differ-
ent, e.g., different road priorities in vehicular traffic
or different bandwidth requirements in internet traf-
fic. Therefore, it would be interesting to study the
effect of unequal injection rates on such systems.

In this paper, we investigate the effect of unequal
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injection rates on synchronous TASEP on lattices with
a 2-input l-output junction. We obtain particle cur-
rents, density profiles and phase diagrams via a simple
approximate theory and extensive Monte Carlo simu-
lations. The domain wall theory!'¥l is used to calcu-
late density profiles at phase boundaries. Extensive
Monte Carlo computer simulations are supportive to
the theoretical results.

This paper is organized as follows. In Section 2,
we describe the model and investigate the stationary
properties by a simple approximate theory. In Section
3, theoretical and simulation results are presented. Fi-
nally, we give summary and conclusions in Section 4.

2. Model and simple approximate

theory

A synchronous TASEP on lattices with the junc-
tion under unequal injection rates is shown in Fig. 1.
There are three equal-size chains (i.e. two parallel sub-
chains and one main chain); each of which contains L
sites. Particles can enter sub-chain 1 or 2 at rate oy
or « if the first site at the corresponding sub-chain
is empty. Two sub-chains merge together at site L +
1 and form main chain 3. The particle can leave the
system at rate 3 from the right end of the main chain
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(see Fig. 1). Inside the lattice chains the particle can
move only one step forward if the neighbouring site is
empty.

sub-chain 1

ai main chain
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. O O]
o= 19 1O o] L+1

1 L

B
[O=0
2L

sub-chain 2

Fig. 1. Schematic diagram of the model for an unequal
injection rate synchronous TASEP on a lattice with a junc-
tion.

When as = 0 (or a; = 0), the model reduces
to a normal TASEP on a single lattice, for which the
full description of the stationary properties has been

obtained.[19:20,21]

We briefly recall these exactly theo-
retical results of this simplest model.

For a < B <1, the system is found to be in a low
density (LD) phase, we can obtain
e e

J:’ = = —, = -, 1
i e e Ty (1)

where J is the system current, p is the bulk density
and p; (pn) is the particle density at the first (last)
site.

For 8 < a <1, the stable stationary state for the
system is a high density (HD) phase, we can obtain

1
T=1op p=m =i
3
L= Sa+9 2)

Finally, for 8 = a = 1, the stationary state for the

PN =

system is in a maximal current (MC) phase, we can

obtain

J=05p=05. (3)

Three stationary phases can exist in each lattice chain
(i.e. LD, HD or MC); since the unequal injection rates
for each sub-chain, the total number of possible sta-
tionary phases of the system is equal to 3% = 27. Ac-
cording to the current conservation through the sys-
tem, we obtain

J3 = J1 + Ja. (4)

From Eq. (4), we can see that the MC phase can-
not exist in either of two sub-chains, since the max-

imal possible current in the system is no more than

0.5. Therefore, the total number of possible station-
ary phases of system is reduced to 2 x 2 x 3 = 12.

Each of the two sub-chains can be seen as a syn-
chronous TASEP with injection rates o and as, re-
spectively and ejection rate Jef, while the main chain
can be seen as a synchronous TASEP with injection
rate aer and ejection rate 3 (see Fig. 2). ceg and Seg
can be expressed as

Ooff = 2PN,  LBef =1 — pn1. (5)
o Bett
OOl O[T | [0
oy L1 2L B
=[O IO | [0=0
1%} Bett
o= [0 [dd [O=
1 L

Fig. 2. Model mapping three homogeneous TASEPs with
different injection rates and ejection rates.

Due to the symmetry of a; and as, we study only
the case of a; < as. The existence of different sta-
tionary phases can be investigated as follows.

The (LD/LD/LD) phase, which can be specified
by the following conditions:

a1 < Pe <1, a2 <fegr <1, aeg <B<1. (6)

The stationary currents are given by

aq Q2 Qleft
= J = J . 7
1+ o ’ 2 ’ 3 ( )

J =
! 1+05eff

Using Eq. (4) for currents, the effective rate aeg can

be expressed in terms of the entrance rates oy and ap

as

a1 + o + 20[1 (65)
1-— 10 '

(8)

Qeff =

Thus aeg always satisfies the conditions in expression
(6) and we can obtain

170[1

< —.
az 1+ 31

(9)

Thus the system is in the (LD/LD/LD) phase when

a1 + ag + 20 a0
1-— Q1002

1—041

< <1, B>
a2 ].+3041 a1 ﬁ

. (10)

For the (LD/LD/HD) phase the conditions of exis-
tence can be written as

a1 < Ber <1, a2 <feg <1, f<aeg <1. (11)
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The stationary currents are given by

a Qi B

J1 = , Jo = , Jg=——.
YTl P 1tar P 148

(12)

Because the particle current is stationary, equation (4)
implies that

2
6 _ a1 + ag + 051012. (13)

1-— 109

Thus the system is in the (LD/LD/HD) phase when

a1 + ag + 20&10&2
1-— 102

170[1
1-’-30&1

Qg < , ap <1, p= (14)

The (LD/LD/MC) phase, the allowed parameters for
this phase are specified by

a1 < P <1, ag < fer <1, e =p=1. (15)

The stationary currents are given by

o . Q2
T 140 P 1tay

J1 J3 = 0.5. (16)
Because the particle current is stationary, equation (4)
implies that

1-— a1

= . 17
a2 1+ 3a1 ( )

Thus the system is in the (LD/LD/MC) phase when

1—0[1
Qo =

=—0, <1,
1+ 30y a

B=1. (18)
For the (LD/HD/LD) phase, we have
aq <Beff§17 ﬁeﬂf<042gl, aeﬂ<ﬁ§1- (19)

The stationary currents are given by

a1 ﬂeff Qeff
= s J = s J =
T+’ 2 1468 72 1+ e

Because the particle current is conserved, equation (4)

J1

. (20)

implies that

a _ ay + ﬁeﬁ + 204166& (21)
off 1— o Bem ’

According to Eq. (5), we can obtain

1

—_— 22
1 + Qoff ( )

Beff =1 — PL+1 =

However, these two equations have no real solutions
together and therefore the (LD/HD/LD) phase does
not exist in the system.

The (LD/HD/HD) phase is determined from the
following conditions:

aq <Beff§17 ﬁeﬁ<a2gla ﬁ<aeff§1- (23)

The stationary currents are given by

o (€3] Jo = ﬂcff o 5
- ) 2 — ’ 3 — .
1+041 1+ﬁeff 1+ﬁ

Because the particle current is stationary, equation (4)

N

(24)

indicates that

B—o

Pett = 1+2a1+ﬁa1'

(25)

It can be seen that B.g¢ always satisfies the conditions
in expression (23), we can have

— V1 1 -1

> ﬁ (€3] 7 +5( +6) (26)
14 2a9 + fBas 2+ 0

Thus the system is in the (LD/HD/HD) phase when

1> ﬂ—OlQ ’
1+2a2+ﬁa2

1+p6(1+p)-1
240 ’

For the (LD/HD/MC) phase, the allowed parameters
are given by

(07

2

(07

B<1. (27

(051 </8eff§13 ﬂeff<012§1; O‘eff:ﬂ:L (28)
The stationary currents are given by

_ aq _ ﬂeff
1+a17 ? ]-"i_ﬂeff7

According to Eq. (4), we obtain

J1

Js =05, (29)

. ].—Ckl
_1—5-3061.

5eﬁ‘ (30)

Bee should satisfy the conditions in expression (28),
and we can have

1—0[2 1
< -. 31
1+3O¢27 (0%) 3 ( )

Thus the system is in the (LD/HD/MC) phase when

o >

1—0{2 < 1
, By
1430, 23

For the (HD/HD/LD) phase, the allowed parameters
are given by

B=1 (32)

o] >

ﬁeff<a1§1; Beff<a2§1; aeff<ﬁ§1- (33)

The stationary currents are given by

J = /Beff o /Beff Ja = Qleff
1 — ) 2 — ’ - .
1+ Begr T+ B’ 7 1+ aen

Because the particle current is stationary, according
to Egs. (2), (4), and (5) we can have

(34)

ot = £V/2. (35)
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Since aeg cannot satisfy the conditions in expression
(33), the (HD/HD/LD) phase cannot exist.

For the (HD/HD/HD) phase, the allowed param-
eters are given by

ﬂcﬁ<a1§13 ﬂcff<042§]-a ﬂ<acff§1- (36)

The stationary currents are given by

ﬁeﬂ _ ﬁeﬁ _ ﬁ
h= e = @)

Jy = ,
! 1"’/6)eff

According to Eq. (4), we have

s

ﬁeﬂC = m

(38)

One can see that feg always satisfies the conditions in
expression (36), we can have

B B
o) > m, g > m (39)

Thus the system is in the (HD/HD/HD) phase when

B B
1>m, 042>m7

The (HD/HD/MC) phase is determined from the fol-
lowing conditions:

a B<1. (40)

Beg <1 <1, Beg <az <1, aeg=0=1. (41)

The stationary currents are given by

ﬂeﬁ ﬁeff

Jp = Ty = . J3=05. (42
! 1+ ﬁeﬂc 2 1+ ﬂeff ? ( )
According to Eq. (4), we obtain
1
ﬁeff = g (43)

Thus Beg always satisfies the conditions in expression
(41), we can have

1
= > —. 44
3’ Qa2 3 ( )

Thus the system is in the (HD/HD/MC) phase when

o] >

1

oy > Qg > 57 B =1 (45)

3
From the above analyses, one can see that there are
seven possible phases in this system. The calculated
phase diagram is shown in Fig. 3.

It can be seen that the phase diagram includes two
sections; one is the main bulk phases as the phases
(Lb/LD/LD), (LD/HD/HD), and (HD/HD/HD);
the other is the phase boundaries as the phases

(LD/LD/MC), (LD/LD/HD), (LD/HD/MC), and
(HD/HD/MC) (see Fig. 3).

1.0 A X i
g HD/HD/MC
osf 2 LD/HD/MC
[ LD/LD/MC
061 LD/LD/HD
< HD/HD/HD
04
LD/HD/HD
0.2}
a; =04
O L L L L
0 0.2 0.4 06 0.8 1.0
a2

Fig. 3. Phase diagram for the synchronous TASEP with
the junction under a; = 0.4.

When «a; > 1/3 , with a; increasing, the regions
of the phases (LD/LD/LD) and (LD/LD/HD) shrink,
while the regions of the phases (LD/HD/HD) and
(LD/HD/MC) expand, but the regions of the phases
(HD/HD/MC) and (HD/HD/HD) do not change (see
Fig. 4) as compared with Fig. 3.

ag = 0.143 a2 =0.273

1.0

081 o] = 0.4

0.6 a1 = 0.6

Rl
0.4
0.2}
0 ) . A )
0 0.2 0.4 0.6 0.8 1.0

a2

Fig. 4. Phase boundaries (i.e., the LD/LD/HD phase)
for ag = 0.4 and 0.6.

When oy < 1/3, we can find that there is an inter-
esting phenomenon, that is, the total number of sta-
tionary phases reduces to six, i.e. the (LD/HD/MCQC)
phase vanishes. With «a; decreasing, the regions
of the phases (LD/LD/LD) and (LD/LD/HD) ex-
pand, while the regions of the phases (LD/HD/HD),
(HD/HD/MC), and (HD/HD/HD) shrink. When
a1 = 0, the phase diagram becomes the one of the
normal synchronous TASEP (see Fig. 5(b)). We note
that the existence of a threshold has been reported
by Wang et al.l) In Ref. [4], TASEP with a I-input-
2-output junction and random update is investigated.
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In that junction, particles hop with a reduced rate at
branching points. When the reduce rate is larger than

the threshold, the number of phases reduces from 5 to
4.14]

ag = 0.5
1.0 A T
HD/HD/MC
0.8 LD/LD/LD LD/LD/MC
LD/LD/HD
0.6
@
04l HD/HD/HD
0.2 LD/HD/HD
(a)
O L L L L
0 0.2 0.4 0.6 0.8 1.0
%)
1.0
0.8 r
LD MC
0.6
Q.

0.4 r

HD
02}

(b)
0 L L L L
0 0.2 0.4 0.6 0.8 1.0
a2
Fig. 5. Evolution of the phase (i.e., the LD/LD/HD

phase) boundaries with different injection rates (a) a1 =
0.2 and (b) a1 = 0.

3. Monte Carlo simulations and

discussion

We perform extensive computer Monte Carlo sim-
ulations to check the validity of our approximate the-
ory. Here, the injection rate of sub-chain 1 is fixed, i.e.
a1 = 0.4. Each of two sub-chain and main chain both
include 1000 sites. In simulations, stationary density
profiles are obtained by averaging 10% samplings at
each site. The first 10® time steps are discarded as
transients.

The density profiles for the main bulk phases are
shown in Fig. 6. It is found that mean-field analyses
are in agreement with Monte Carlo simulations well
(see Fig. 6).

The density profiles of the phase boundaries can
be calculated by domain wall (DW) theoryl'4) (see
Fig. 7). These results are shown to be in agreement
with the computer simulations.

1.0

MFA

= MCS

0.8

0.6 -

Density

0.4

0.2

1.0
MFA

= MCS

Ly Lo

0.8

L3
0.6

Density

04r

021

Density

Fig. 6. Density profiles obtained from mean-field ap-
proximation (MFA) and Monte Carlo simulations (MCS)
when a1 = 0.4. Panel (a) shows the phase (LD/LD/LD)
with a2 = 0.1 and 8 = 0.8; panel (b) displays the phase
(HD/HD/HD) with e = 0.6 and 8 = 0.6; and panel
(c) exhibits the phase (LD/HD/HD) with as = 0.1 and
B =04

The analysis of the stationary properties of the ef-
fect of unequal injection rates on synchronous totally
asymmetric simple exclusion process is shown to be in
good agreement with the theoretical predictions (see
Figs. 6 and 7). However, due to the ignorance of the
correlation, there are still some discrepancies between
the theoretical calculations and simulation results, es-
pecially around X = 1.0 and X = 0.0. Nevertheless,
the phase boundaries, stationary currents and bulk

density profiles are not affected qualitatively.
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1.0 1.0
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Fig. 7. Density profiles obtained by the domain wall theory and Monte Carlo simulations when a; = 0.4. Panel
(a) shows the (LD/LD/HD) phase with a2 = 0.1 and 8 = 0.604; panel (b) displays the (LD/LD/MC) phase
with ag = 0.273 and 8 = 1.0; panel (c) exhibits the (LD/HD/MC) phase with a2 = 0.3 and 8 = 1.0, and panel
(d) indicates the phase (HD/HD/MC) with ag = 0.6 and 8 = 1.0.
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Fig. 8. Particle currents each as a function of the entrance rate az. In panel (a) the exit rate is fixed, i.e.,
B = 0.8 and the inject rate of sub-chain 1 is fixed, i.e., a1 = 0.6; in panel (b) the exit rate is fixed, i.e., 3 = 0.9
and the inject rate of sub-chain 1 is fixed, i.e., @1 = 0.3; in panel (c) the exit rate is fixed, i.e., 8 = 0.9 and the
inject rate of sub-chain 1 is fixed, i.e., a1 = 0.273; in panel (d) the exit rate is fixed, i.e., 8 = 0.6 and the inject
rate of sub-chain 1 is fixed, i.e., a3 = 0.1.
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Fig. 9. Density profiles in Monte Carlo simulations with parallel and random updates, with (a) a1 = 0.07,
az =0.1, and 8 =0.8; (b) @1 = 0.07, @ = 0.3, and 5 =0.8; (c) a1 = 0.4, ap = 0.6, and 8 = 0.4; (d) a1 = 0.4,

ag = 0.6, and B = 0.6.

The differences in density profile between the
synchronous update scheme and the random update
scheme are shown in Fig. 9. In Fig. 9(a), the two
systems are in the (LD/LD/LD) phase when «; =
0.07, a = 0.1, and g = 0.8.
creased to 0.3 but a; and B keep unchanged, the

When a5 is in-

system with the synchronous update scheme is still
in the (LD/LD/LD) phase, while the phase of the
system with random update scheme changes to the
(HD/LD/MC) phase (see Fig. 9(b)). Similarly, both
systems in the (HD/HD/HD) phase are shown in
Fig. 9(c) when oy = 0.4, as = 0.6, and 5 = 0.4.
While 8 is increased to 0.6 but o1 and as keep un-
changed, the phase of the system with random update
scheme changes to the (HD/HD/MC) phase, while the
other system stays in the (HD/HD/HD) phase (see
Fig. 9(d)). This result still exhibits that different up-
date procedures can lead to different traffic dynamics,
which has been indicated in Refs. [22] and [23].

4. Summary and conclusions

With the help of a simple approximate theory and
extensive Monte Carlo simulations we investigated

the stationary properties of synchronous TASEP on
lattices with a 2-input l-output junction under un-
It is found that the phase
diagram of the system consists of seven stationary

equal injection rates.

phases. There are two different types of phase tran-
sition in this system. On the coexistence line be-
tween (LD/LD/LD) and (LD/HD/HD) there are den-
sity jumps in all lattice segments that correspond to
the first-order phase transitions. At the phase bound-
ary between (HD/HD/HD) and (HD/HD/MC) the
density profile changes continually in the lattice main
chain. At the phase boundary between (LD/HD/HD)
and (HD/HD/HD) the density profile changes contin-
ually in the lattice sub-chain 2. However, the phase
transition between (LD/LD/LD) and (HD/HD/MC)
has quite an unusual mixed character: a first-order
transformation in the lattice sub-chain 1 and sub-
chain 2 and a continuous change in lattice sub-chain 2
and main chain. This phase behaviour is significantly
different from that of the TASEP on the lattices with
junctions.

When «; > 1/3, the number of possible phases re-
duces from 7 to 6. We also found that the lattice main
chain is always in the HD phase (see Fig. 4). When
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sub-chains 1 and 2 are both in the HD phase, the den-
sity profiles are equal, since in this phase the density is

determined by exit rate Beg. A comparison of density

profile between the system with synchronous update

scheme and the system with random update scheme

is presented.
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