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The phase diagrams in the mixed spin-3/2 and spin-2 Ising system with two alternative layers on a honeycomb
lattice are investigated and discussed by the use of the effective-field theory with correlations. The interaction of the
nearest-neighbour spins of each layer is taken to be positive (ferromagnetic interaction) and the interaction of the
adjacent spins of the nearest-neighbour layers is considered to be either positive or negative (ferromagnetic or anti-
ferromagnetic interaction). The temperature dependence of the layer magnetizations of the system is examined to
characterize the nature (continuous or discontinuous) of the phase transitions and obtain the phase transition temper-
atures. The system exhibits both second- and first-order phase transitions besides triple point (7'P), critical end point
(E), multicritical point (A), isolated critical point (C) and reentrant behaviour depending on the interaction param-
eters. We have also studied the temperature dependence of the total magnetization to find the compensation points,
as well as to determine the type of behaviour, and N-type behaviour in Néel classification nomenclature existing in the
system. The phase diagrams are constructed in eight different planes and it is found that the system also presents the
compensation phenomena depending on the sign of the bilinear exchange interactions.
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1. Introduction

Over the last few decades, the magnetic prop-
erties of various magnetic multilayers, layered struc-
ture and thin films have attracted significant atten-
tion, because of their great potential for technolog-
ical applications, such as the high-density magneto-
optical recording. These materials also present inter-
esting novel magnetic properties, such as giant mag-
netoresistance, surface magnetic elastic coupling, en-
hanced surface magnetic moment and surface mag-
netic anisotropy. Experimentally, the structural and
magnetic properties of the multilayers were investi-
gated, such as Fe/Ni,[!l Fe/Ni and Fe/Co,? Ni/Au,!
Co/Cu/NiggFeyo."! Theoretically, progressive atten-
tion has been paid to the examination of the spin ar-
rangement as well as the types of couplings governing
the magnetic behaviour of these systems. In order to

obtain a theoretical understanding of various phenom-
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ena that arise from these materials, it is instructive
to consider simple models such as the two-sublattice
Ising model that allows us to calculate exactly or real-
istically observable quantities.[’! Most of these studies
related to magnetic multilayer systems have been re-
stricted to Ising or Heisenberg systems consisting of
only spin-1/2 where each layer has a coupling con-

[6—8] The restriction on

stant of a different magnitude.
only spin-1/2 is too idealized. It is necessary to discuss
magnetic multilayers with higher and different spins.

On the other hand, higher and mixed spin sys-
tems, also called the extended Ising systems, are
still an interesting subject of study because new be-
haviours, such as the tricritical points and the reen-
trant phenomenon, have been observed, which are not
the case where pure spin-1/2 or the conventional Ising
model holds. In particular, because of the syntheses
of many new magnets like the poly-layer magnet, the
thin-film magnet and the molecular-based magnet, the
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emphasis has been placed on the layered mixed spin
Ising model.[) Most of these studies were confined to
layered mixed spin-1/2 and spin-S Ising system be-
cause of its relative simplicity and its similarity to
many layered magnets (see Refs. [10]-[12] and the ref-
erences therein). There are also a few investigations
on the layered mixed spin Ising system consisting of
both high spins.!'14 However, many more compli-
cated magnets with many high spins have been synthe-
sized recently; therefore the theoretical studies with
many high spins should be extended. Moreover, one
of the high mixed spin Ising systems is the spin-3/2
and spin-2 mixed system besides the mixed spins Ising
systems with spins (1, 1/2) with spins (1/2, 3/2), with
spins (1, 3/2). An early attempt to study the mixed
spin-3/2 and spin-2 Ising model with a crystal-field
interaction was made by Bobdk and Dely!'® within
the framework of a mean-field theory (MFT) based on
Bogoliubov inequality for the free energy. They pre-
sented the phase diagrams and found that the system
exhibits the tricritical point, triple point and isolated
Albayrak!'®l also studied the mixed
spin-3/2 and spin-2 Ising system with two different

critical point.

crystal-field interactions on the Bethe lattice by us-
ing the exact recursion equations. He calculated the
phase diagrams and found that the system only con-
tains the tricritical point and isolated critical point.
Recently, phase transitions and multicritical points in
the mixed spin-3/2 and spin-2 Ising model with differ-
ent single-ion anisotropies were studied by the use of a
mean-field theory based on the Bogoliubov inequality
for the Gibbs free energy by Miao et al.['”]

Despite these studies, as far as we know, the
mixed spin-3/2 and spin-2 Ising system with alterna-
tive layers on honeycomb lattice has not been inves-
tigated. Therefore, the purpose of the present work
is to study the magnetic behaviour of the mixed spin-
3/2 and spin-2 Ising system with alternative layers
on honeycomb lattice with crystal-field interaction by
the use of the effective-field theory (EFT) with cor-
relations. The temperature dependence of the layer
magnetizations of the system is examined to charac-
terize the nature (continuity or discontinuity) of the
phase transitions and obtain the phase transition tem-
perature. The temperature dependence of the total
magnetization is also investigated to find the compen-
sation points, as well as to determine the type of be-
haviour. The phase diagrams are constructed in seven
different planes and we find that the system exhibits
both second- and first-order phase transitions besides

triple point (TP), critical end point (FE), multicriti-
cal point (A) and isolated critical point (C'), which
It is worth
while mentioning that the EFT can include some ef-

depend on the interaction parameters.

fects of spin—spin correlations by using the van der
Waerden identity and it provides the results that are
much superior to those obtained within the MFT.[8]
The EFT has been successfully applied to a variety of
Ising spin problems and a good review has been found
in Ref. [19]. Finally, we should also mention that this
mixed spin (3/2, 2) system corresponds to the Prus-
sian blue of the type Fell,[Cr'™(CN)g]-nH,0.120)

The outline of the rest of the paper is as follows.
In Section 2, we introduce briefly the basic framework
of the EFT with correlations and give the formula-
tion for the mixed spin-3/2 and spin-2 Ising system
with alternative layers on the honeycomb lattice. The
detailed numerical results and discussion are given in
Section 3, followed by a brief summary.

2. Formulation

We consider a mixed spin-3/2 and spin-2 Ising
system with alternative layers on a honeycomb lat-
tice. The lattice is formed by alternate layers of o
and S spins; hence the two different types of spins
are described by Ising variables, which can take the
values 0 = +3/2, +1/2 and S = +2, +1, 0. The
o and S spins are distributed in alternate layers of a
honeycomb lattice as seen in Fig. 1 where A and B
layers are occupied by spins ¢ and S, respectively. In
Fig. 1, open and solid circles represent o and S spins,
respectively. The Hamiltonian of the system is given
by

Ho==JuY 0:05=Tp Y SmSn—Jab Y 0iSm
(i) (im)

(mn)
—A (Zaf +ZS,2”>
—h (Zdz—FZSm) R (1)

where the first three summations are carried out only
over nearest-neighbour pairs of spins, i.e., (ij), (mn),
and (im). J, and J}, are the intralayer coupling con-
stants taken to be positive, i.e., couplings between the
spins, 0—o and S-S, in each of the layer are assumed
to be ferromagnetic. Jy,p is the interlayer coupling con-
stant of the adjacent 0—S spins of the layers between A
and B, which is taken to be either positive or negative;
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thus, ferromagnetic or anti-ferromagnetic coupling be-
tween the layers is assumed. A is the crystal-field
interaction or a single-ion anisotropy constant and h
represents the longitudinal magnetic field.

f'\ ye O ! 4

o | |
i ilayer A &)
D
0
i, ‘A‘:
layer B .

Fig. 1. Sketch of the alternative layers. J, and J}, each
are the intralayer coupling constant of each layer and J,,
is the interlayer coupling constant of the adjacent spins of
the layer between A and B. The open () and solid circle
(e) denote the spins of o; = 3/2 and Si, = 2, respectively,
for honeycomb lattice.

The problem is now to evaluate the mean val-
ues my = (o;) and mp = (S;,). The starting point
for statistics of the present spin system is the exact
relation.?!l' As discussed in Ref. [22], for the evalua-
tion of mean values (o;) and (S,,) we can use the ex-

act Ising spin identities and the differential operator

13 sinh[3 B(x + h)/2] + sinh[B(z + h)/2] exp(—28 A)

technique introduced by Honmura and Kaneyoshi.[??!

Within the framework of the EFT, the magnetizations
per A and B layers are given by

o) = ( T[AG.Y) + BT o

i=1

+C(J, V) o2+ D(J, V) o?}

< [J{1+ K(Jan V) SmL(Jan V) S2,

+M(Jap V) S2 + N(Jap, V) an}> T() |o=0,
(2)
(Sky = < [[{1+K(V)SmL(JV) S,

m=1

+M(J,V)S2 + N(J, V) St}

X ﬁ{A(Jab V) + B(Jab V) 0;

Oy V)02 + D(Juy V) o?}>gk<x> oo,
3)

where V = 0/0x is the differential operator. If one
defines z; as the coordination number that nearest-
neighbours of every spin on each layer and z5 as the
coordination number that the next nearest-neighbours
of every spin are all the adjacent layers; hence z; = 3
and zo = 2 for the alternative layers on a honeycomb
lattice, easily seen from Fig. 1. The functions fi(x)
and gi(z) are defined by

hi@) = 2 cosh[3B(z + h)/2] + cosh[B(z + h)/2] exp(—26A4) (4a)
folw) = 19 cosh[33(x + h)/2] + cosh[B(z + h)/2] exp(—284) (4D)
2 2cosh[36(z + h)/2] + 2 cosh[B(x + h)/2] exp(—2B8A)"°
oy 127 sinh[3 3(x + h)/2] + sinh[3(x + h)/2] exp(—23 A) 4
fa(@) 2 4cosh[33(x + h)/2] + 4cosh[B(z + h)/2] exp(—28A)’ (4c)
1 4 sinh[28(x + h)] + 2 sinh[B(z + h)] exp(—35 A)
() = 2 cosh[26(x + h)] + cosh[B(z + )] exp(—33 A) + exp(—43 A)’ (5)
o(z) = 1 8 cosh[20(x + h)] + 2 cosh[B(x + h)] exp(—35AQ) (5b)
2 2 cosh[26(z + h)] + cosh[B(x + h)] exp(—33 A) + exp(—48A4)°
( 1 16 sinh[23(z + h)] + 2 sinh[B(z + )] exp(—38 A) .
9a() 2 cosh[26(z + h)] + cosh[B(z + h)] exp(—38 A) + exp(—48A4)’ (5¢)
01(x) 1 32 cosh[26(x + h)] 4+ 2 cosh[G(x + h)] exp(—35A) (5d)
: 2 cosh[26(z + h)] + cosh[B(z + h)] exp(—33 A) + exp(—48A4)°
where 6 = 1/kT, k is the Boltzmann constant, T is the absolute temperature, the coefficients A(J, V), B(J, V),

C(Ja V), D(Jy
N(Jp V), and K(Jap V),

V), and A(Jap V),
(Jab V),

( abv) O( abv)
(Jab V),

( ab V) for Spin—3/2, and K(Jb V), L(Jb V), M(Jb V),

N(Jap V) for spin-2 are given in Appendix A.
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The expressions (2) and (3) are also exact and
are valid for any lattice. If we try to exactly treat all
the spin—spin correlation for that set of equations, the
problem quickly becomes intractable. A first obvious
attempt to deal with it is to ignore correlations; the
decoupling approximations:

(0 07 o0h) 2 (o) (0F) - (oh)s
(5; 87 .. S;‘ )2 (Si)(SP) -+ (S}),
with i # i/ # -+ # " and j # j # --- # j°

have been introduced within the effective-field theory
with correlations.[?3] In fact, the approximation cor-
responds essentially to the Zernike approximation!?4
in the bulk problem and has been successfully ap-
plied to a great number of magnetic systems including
the surface problems.?223] On the other hand, in the
mean-field theory all the correlations, including the
self-correlations, are neglected. Based on these ap-
proximations, equations (2) and (3) are reduced to

ma = [(A(Ja V) + B(J. V) (o)
+C(J, V) (02) + D(J, V) (03)) 3
X (1+ K(Jap V) (Sm)
+ L(Jab V) (S2,) +
+ N(Jab V) (Sp))?
qa = [(A(Ja V) + B(Ja
+C(Ja V) {07) +
)
)+

M (Jap V) (S3,)
1£1(2) la=o,
V) {os)

D(J, V) (07))?

)

(7)

x (14 K(Jap V) (S
+ L(Jan V) (S3) + M (Jap, V) (S3)
+ N(Jab V) (Sp))?1 f2() la=0,
[(A(Ja V) + B(Ja V) (04)

+C(Ju V) (07) + D(Ja V) (07))

X (1 4+ K(Jap V) (Sin)

+ L(Jap V) (S7) + M (Jap, V) (S3)
+ N(Jab V) (S5))?) f3(2) la=0,

mp = [(14+ K(Jy V) (Sm) + L(J, V) (S3,)

(8)

A =

(9)

+ M(J, V) (S3) + N(J, V) (SE))?
X (A(Jab V) + B(Jap V) (04)
+C(Jap V) (07) + D(Jab V) {0
X 91(33) |m:0=

[(1+ K (Jo V) () + L(J, V) (S2)
+ M(Jy V) (S3) + N(Jp V) (S4))?3
X (A(Jab V) + B(Jap, V) (07)
+ C(Jan V) (07) + D(Jap V) (0
X g2() [z=0,

(14 K (Jy V) (Sw) + L(J, V) (52)
+ M(Jy V) (S3) + N(J, V) (S4))3
X (A(Jab V) + B(Jab V) {07)

+ C(Jab V) (07) + D(Jab V) {0
X g3(z) |z=0,

[(1+ K (Jy V) (S) + L(J, V) (S2)
+ M(J, V) (S2) + N(Jy V) (S4))?
x (A(Jab V) + B(Jab V) (07)
+C(Jap V) (07) + D(Jab V) {0
X g4(2) |z=0-

N

gB =

)]

B =

N

B =

N
(13)

So far we have discussed the basic formulation
of the mixed spin-3/2 and spin-2 Ising system with
a crystal-field in a longitudinal magnetic field; hence
equations (7)—(13) can be used to investigate the ther-
mal variations of the layer magnetizations and then
phase diagrams can be calculated. As one can see, in
our treatment new order parameters ga, q, TA, TB,
and vp naturally appear which can be evaluated. This
is not the case of the standard MFT where all corre-
lations are neglected. This is one of the reasons why
the present framework provides better results than the
standard MFT.[2%]

Expanding only the terms on the right-hand sides
of Egs. (7) and (10), one can obtain the following set
of coupled equations for the layer magnetizations:

ma = Ao+ Arma+AsmA +Azmi +Asmi+Asmi +Aemi +Armi +Agmi +Agmi

4
+ Ajgmp+Anmamp+Amimp+Azmimp+Aamimp+Aismi mp+AigmS mp

+ A17m7AmB —I—AlgmimB +A19m%mB +A20m]23+A21mAm% +A22mim2B+A23mim%

+ AggmiAmi+Assmim3+ AggmSmi+ Agrm i mi+ Asgmi mi + Aggmim3

2

3 3 2,3 3,3 4.3 5.3 6,3
+ A30m3+A31mAmB +A32mAmB+A33mAmB +A34mAmB +A35mAmB+A36mAmB

7.3 8,3 9,3 4 4 2 4 3, 4
+ Azrmymp+Assmymp+Asgmymp+Asomp+Assmamp+Agpmiamp+Agzmamy

4 4 4 4 4 4 4
+ A44mAmB +A45m‘ZmB +A4GmgmB —|—A47m2mB +A4gmimB +A49m%mB —|—A50m%

2 4
+ Asimamy+Asomam+ Assmi my+Asamimy + Assmimg+Asemimy +Asrmamy
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+ A58m8Am%+A59m%m%—i—AGOmGB—FAGl mAm%—l-A@QmZAmGB—I—Aggmim%—FAmmimﬁB
+ A65m5AmGB+A66mgm%+A67m2m6B+A68mim%+A69m%mﬁB+A70m]73+A71mAm7B
+ Argmimp+Azsmimp+Azamimp+Azsmimp+ Azgmimp+Azzmimp+ Azgmi mp
+ Azgmimp+AgomE+Agimams,+ Agomi m+ Agzsmi my+ AggmimS+ Agsmim

6,8 7,8 8,8 9 8
+ AgGmAmB+A87mAmB+AggmAmB+A89mAmB,

mg = Bo+BlmA+BngAJngmquB4m4A+B5mi+Bﬁmg+B7mB+BSmAmB+BgmimB

4 2 2 2.2
+ Blom?’AmB+B11mAmB—i—BlgmsAmB—i—BlgmgmB—l—BMmB—|—Bl5mAmB+BmmAmB

+ Bnm‘zm%—i—Blgmim%+B19m5Am2B+BgomngB+B21m%+ngmAm%+B23mim%
+ Bogm3mi+BosmAmE+ BagmAmi,+BormSme+ Bogmg+ Bagmampy+BsgmAamy
+ Byim3mp+Bsamimp+Bsgmimp+Baam§mb+Basm+Bsgmam$+Baymimy
+ Bsgm3m+BagmAmE+Byymimy+Bamimy+BiomE+ Bysmam$+Byym3im,
+ BismimE+BagmimE+Bazmimy+BasmQ m$+Bagmi+Bsomamp+Bsimimy
+ B52m‘;’;m7B+B53m4Am7B+B54mim]73+B55m6Am]73+B56m%+B57mAm8B+B58m2Am%
+ B59m3Am%—I—BﬁomimSB+BGlm5AmSB+BGQm6Am8B+Bg3m%+Bg4mAmgB+BG5mim%

3..,,9 4 9 5,9 6,9 10 10 2 10
+ Bggmymp+Bermamp+Besmiamp+Beomamp+Bromy +Brimamyg +Bramiymp

(14)

+ Brsmimi 4+ Bramiymiy +Brsmimil + BremSmiy +Brrm +Brsmami + Bromimi

3. 11 4, 11 511 6, 11 12 12 2
+ Bgomamp +Bgimaymp +Bgaomamg +Bgzmamy +Bgamg +Bgsmampy +Bggmimp

11

12

312 412 5 12 6 12
+ Bgrmaymy +Bggmamp +Bggmjamy +Bogmamyg’, (15)

where the coefficients 4; (¢ = 0,1,...,89) and B;
(j = 0,1,..
ematical relations exp(aV) f(z) =

.,90) are calculated by using math-
flz+«) and
exp(aV)g(x) = g(x + «) and given in Appendix B.
Solving the coupled equations (14) and (15), we can
obtain the layer magnetization curves. We will per-
form this calculation in the next section.

On the other hand, the average total magnetiza-
tion of the system is given by

mr = (ma £ mp)/2. (16)

The average total magnetization (mr) vanishes at the
compensation temperature T¢omp. The compensation
point then, can be determined by looking for the cross-
ing point between the absolute values of the sublat-
tice magnetizations. Therefore, at the compensation
point, we must have

[ma(Teomp)|=1mB (Teomp) |, (17)

and
sgn [mA(Tcomp)] = —sgn[msp (Tcomp)]- (18)

We also require that Teomp < T, where T¢ is the
critical temperature.

The order parameters determing the different
phases of the mixed spin-3/2 and spin-2 Ising system
at zero temperature are given as follows:

ma = mp = 0.
ma # mp # 0,

(i) The paramagnetic phase (p):
phase (i1): ma =

(
)

(ii) The ferrimagnetic phase (i

a) The ferrimagnetic (3/2, 2

3/2, mB = 2;
b) The ferrimagnetic (-3/2, 2) phase (iz): ma =
—3/2, mp = 2;

c¢) The ferrimagnetic (3/2, 1) phase (iz): ma =
3/2, mp = 1;

d) The ferrimagnetic (1/2, 2) phase (iq): ma =
1/2, mp = 2;

e) The ferrimagnetic (1/2, 1) phase (i5): ma =
1/2, mp = 1.

(iii) The non-magnetic phase (nm): ma # 0,
mp = 0.

The similar phase definitions have been also used
by various researchers, see Refs. [26]-[28].

3. Numerical results and discus-
sion

In this section, we examine some interesting and
typical results for the mixed spin-3/2 and spin-2 Ising
system with alternative layers with a crystal-field in
a longitudinal magnetic field. Since the zero temper-
ature phase diagram can be exactly obtained and it
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can be used to check the reliability of the theoretical
results, we start our investigation by calculating the
zero temperature phase diagram. The zero tempera-
ture phase diagram is obtained in the h/zoJ,p versus
A/ zoJap plane for J, = 2.0, Jy, = Jap, = 1.0 from the
condition of the values of the minimum energy of the
configuration by comparing with the energies of the
other configuration for a given set of the parameters
as seen in Fig. 2. Each one of these configurations for
the given system parameters corresponds to the sta-
ble state of the model. Hence, we have eight possible
spin configurations for J, = 2.0, J, = Ja = 1.0. All
possible spin configurations are also indicated in the
ground-state phase diagram as seen in Fig. 2. It has
three multicritical points where more than one phase
can coexist, namely A, As, and Ajs.

2

h/z2Jap

A/ZQJab

Fig. 2. Zero temperature phase diagram of the mixed
spin-3/2 and spin-2 Ising system with alternative layers in
the (A/z2Jap, h/z2Ja,) plane for Jo = 2.0, J, = Jup =
1.0. Aj, A2, and As are the multicritical points where
more than one phase can coexist.

We investigate the thermal behaviours of layer
magnetizations (ma and mg) on the honeycomb lat-
tice by solving Eqs. (14) and (15) numerically and
as a result, the nature (continuity and discontinu-
ity) of tramsitions can be obtained. After the de-
tailed investigations of the behaviour of layer mag-
netizations, we present the phase diagrams in seven
different planes. Figure 3(a) shows the thermal be-
haviours of layer magnetizations for J,/J, = 0.1,
zoJab/21Ja = 0.66, and A/zJ, = 0.33. In this figure,
ma = 3/2 and mp = 2 are at zero temperature and
they decrease to zero continuously as the temperature
increases; hence a second-order phase transition oc-
curs at kT'/z;J, = 2.113. The transition is from the
ferrimagnetic-(3/2, 2) phase (i1) to the paramagnetic
phase (p). Figure 3(b) is obtained for the negative
Jab/Ja, 1€, Jp/Ja = 0.1 and 29Jan/21Ja = —0.66.
In this case, my = —3/2 and mp = 2 are at zero

temperature and they go to zero continuously as the
temperature increases, therefore a second-order phase
transition also occurs at k7T'/z,J, = 2.113. The tran-
sition is from the ferrimagnetic-(—3/2, 2) phase (i2)
to the p phase. It can be seen from Figs. 3(a) and
3(b), changing the sign of Ju,/J, does not affect
the phase transition temperature. Actually, chang-
ing the sign of Ju,/Js is compensated by changing
only the sign of one of the magnetization values,
i.e., ma. Moreover, from the behaviour of the total
magnetization, one compensation temperature or N-
type behaviour occurs in the system that exhibits
the same behaviour as that classified in the Néel
theory[?”! as the N-type behaviour.®”) Figure 3(c)
is obtained for zoJap/21Ja = 0 and Jp/J, = 0.1
In this figure may = 3/2 and mp = 2 are at zero
temperature and mp goes to zero continuously as
the temperature increases; the transition occurs at
kT /z,Ja = 0.376. If the temperature increases further

(2)

I : 7l\Tc.om}f) Il\TC

0 0.5 1.0 1.5 2.0 2.5
kT/zl Ja

mA,mB, mr

) 0.4 0.8 1.2 1.6

Fig. 3. Temperature dependences of the magnetizations
of each layer ma, mp and mT on honeycomb lattice for
Jb/Ja = 0.1 and Z2Jab/21Ja = 0.66 (a), Jb/Ja = 0.1
and zoJ,,/21Ja = —0.66 (b), and J,/Ja. = 0.1 and
z2Jab/21Ja = 0.0 (c).
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ma goes to zero continuously while mp equals zero
up to kT'/z;J, = 1.476. These transition points cor-
respond to the isolated critical point (C4) and multi-
critical point (A7) shown by comparing Fig. 3(c) with
Fig. 5(a).

We also investigate the behaviours of layer mag-
netizations as a function of the internal parameter
Jab/Ja and present two representative graphs as seen
in Fig. 4. Figure 4(a) is illustrated for the values of
Jv/Jo = 0.1 and kT/z,J, = 2.0. In Fig. 4(a), ma
starts from —3/2 and mgp starts from 2 for negative
values of Ja1,/J.; hence we have the i5 phase; as the in-
ternal parameter J,,/J, increases, mp decreases and
mp increases continuously and finally they become
zero at zoJan/z1Ja = —0.573; hence the system un-
dergoes a second-order phase transition and the tran-
sition is from the iy phase to the p phase. The p phase
exists between the values of zoJa1,/21Ja = —0.573 and
29Jab/21Ja = 0.573. As the internal parameter J,p,/J,
increases further, the layer magnetizations start to in-
crease at zaJuh/21Ja = 0.573 and finally ma becomes
3/2 and mp becomes 2; hence, we have i; phase. Thus,
the transition is from the p phase to the 7; phase. Fig-
ure 4(b) shows a first-order phase transition and it is
obtained for J,/J, = 0.1 and kT/z,J, = 0.33. In
this figure my = —3/2 and mp=2 for negative val-
ues of internal parameter J,,/J,, then, as the Juy,/J,
increases, ma and mp present a jump discontinu-
ities at zoJap/21Ja = 0. Then, as the internal pa-
rameter J,,/J, increases ma and mp increase and
they become 3/2 and 2, respectively; hence the sys-
tem undergoes a first-order phase transition from the
io phase to the 7; phase. The system also exhibits
two compensation points. Figure 4(c) is obtained for
Jy/Ja = 0.1 and kT /z,J, = 0.833. While figure 4(c)
is the same as Fig. 4(b), but differs from Fig. 3(b) in
which mp goes to zero continuously and meets with
zero at zoJdan/21Ja = 0; if Jap/Ja increases further
mp continuously increases and becomes 2. At this
point, we should emphasize that within the present
effective-field framework and based on the differen-
tial operator technique it is not possible to determine
the first-order phase transitions because the complete
function for the free energy has not obtained analyt-
ically. Therefore, we determine the first-order phase
transition temperature as well as the first-order tran-
sition line to investigate the thermal behaviour of the
order parameters. More precisely, if the order param-
eters decrease to zero discontinuously as the reduced
temperature increases a first-order phase transition

occurs. The first-order phase transition temperature
is the temperature at which the discontinuity takes

place.
mB T
E
Ev
g ....... e
< mr
g
. . @)
0 1 2 3
z2Jab/21Ja
mp mp
2
N T
e 1
E mT
& of—r B
< mr
S
ma
(b)
—1.0 —0.5 0 0.5 1.0

ZQJab/ZlJa

E(
g
m
E»
2
g
—2 —1 0 1 2
z2Jab/21Ja

Fig. 4. Variations of the magnetizations of each layer
ma, mp and mr with internal parameter Jup/Ja on the
honeycomb lattice for Jy,/Ja = 0.1 and kT'/z1Ja = 2.0 (a),
Jb/Ja = 0.1 and kT/z;Ja = 0.33 (b), and J,/Ja = 0.1
and kT'/z, Ja = 0.833 (c).

We are now ready to present the phase dia-
grams in the interaction parameters and the reduced
temperature planes, namely (kT/z1Ja, 22Jab/21Ja),
(kT/z0dap, 21Ja/22Jan), (ET/z2Jan, 21Ju/22 ab),
(A/z2Jan,  21da/z2dab),  (A)22Jab,  210b/22Jan),
(z1Ja/22dab, kT /z0Jap), and (210w /22Jab, KT/ 20 dan)
planes for h = 0 as seen in Figs. 5, 6 and 7. Figure 5
expresses the finite temperature phase diagram in the
(kT/z1Ja, z2Jab/z1Ja) plane. In the figure, the solid,
dashed and dash-dot-dot lines represent the second-,
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first-order phase transition and compensation temper-
ature lines, respectively. The open circles indicate the
isolated critical points at which the first-order phase
transition lines terminate along the z9Ja1,/21J, = 0.0
and the solid circles denote the multicritical points.
These points are labeled with C;, i = 1, 2, 3, and 4
(isolated critical); and A;, j = 1, 2, 3, and 4 (multi-
critical) for J,/J, = 0.1, 0.5, 1.0, and 2.0, respectively.
Figure 5(a) is obtained for Jy/J, < 0.62, namely
Jb/Ja = 0.1 and 0.5. In the phase diagram, the phase
boundary between the i; and is phases is a first-order
phase line for 0 < kT'/z1J, < C;. The system does not

15 —
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(b)
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<
] Cs=0Cy
\% opb————-— ©x xx
.H-
o
I 1}
i9
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AJz1Ja = 0.33
-3 ) \ A ) )
0 2 4 6
kT/z1Ja
Fig. 5. Phase diagrams in the (kT/z1Ja, 22Jab/21Ja)

plane for the Ising system with alternative layers on the
honeycomb lattice. Solid, dashed and dash-dot-dot lines
indicate the second-, first-order phase boundaries and
compensation temperature lines, respectively; the isolated
critical (C;) and multicritical (A;) points are marked with
open and solid circles, respectively. The isolated critical
points (C3 = C4) for J,/Ja = 1.0 and 2.0 and the multi-
critical points (A1 = A») for Jy/Ja = 0.1 and 0.5 occur
at the same temperature. Internal parameters are Jy,/Ja
and J,1,/Ja which measure the strength of exchange inter-
action between intralayer and interlayer, respectively, for
honeycomb lattice for A/z1Ja = 0.33, J,/Ja = 0.1 and
0.5 (a), and A/z1Ja = 0.33, Jp/Ja = 1.0 and 2.0 (b).

undergo any phase transition for C; < kT/J, < A;
where ma # 0 and mpg = 0. For kT/z1J, > Aj,
the system undergoes a second-order phase transition;
hence the boundaries among the i1, i3, and p phases
are second-order lines. These second-order lines are
symmetrical wing-shape, as seen in Fig. 5. We should
also mention that for Ji,/J, < 0.62A4; points occur at
the same temperature, i.e, Ay = A as seen in the
figure. Moreover, for Ji,/J, = 0.62 C; and A; points
exist at the same temperature. Figure 5(b) is calcu-
lated for Jy,/J, > 0.62. This phase diagram is similar
to that in Fig. 5(a), except that the C; points occur
at the same temperature instead of A; points and the
compensation temperatures disappear. Similar phase
diagrams to Figs. 5(a) and 5(b) are also obtained in
the mixed spins (1, 3/2) on the Bethe lattice,431]
the spin-1/2 Ising model on honeycomb and square
lattices for alternative layers(®?! and the mixed spin
(1, 3/2) Ising system with two alternative layers of a
honeycomb lattice®3 within the EFT. Moreover, the
phase diagrams in Figs. 5(a) and 5(b) look similar to
the one obtained for the bilayer Bethe lattices*¥ using
exact recursion relations and the Co/Cu/Ni trilayer
system[®! by using the Green’s function approach.
The phase diagrams in Figs. 6(a) and 6(b) are ob-
tained in the (kT'/z2Jap, 21Ja/22Jap) and (KT /zaJap,
z1Jb/22Jan) planes for given values of Jy/Ja, and
Ja/Jap, respectively. As seen from the figures, the
system always presents second-order phase transi-
tions. The behaviours of the second-order phase tran-
sition lines are similar in both figures, in which they
start from the lower kT'/J,. values for the lower
values of J,/Jap (Jb/Jap) when z1Jn/z0dap = 0
(21Jb/22Jap = 0) and as KT/ J , increases the second-
order phase transition lines increase with respect to
Jao/Jab (Jn/Jap) values as seen in Fig. 6(a) (Fig. 6(b)).
In the end, they all combine and increase linearly.
On the other hand, the behaviour of the compensa-
tion temperature, Tcomp, lines are quite different; in
Fig. 6(a) the Tyomp lines start from the lower kT'/ 25y,
for lower values of J,/Jap, which correspond to T¢
lines and as J,/Ja1, increases they make curves, a lit-
tle bent towards the left side at lower temperatures
and with the further increase in J,/Jap, finally these
lines become constant; but in Fig. 6(b) all the Teomp
lines emerge from the same kT/z5J,, = 1.81 when
z1Jb/22Jan = 0, as Jp/Jab increases their compensa-
tion temperatures increase and terminate on the cor-
responding second-order phase transition lines. Sim-
ilar phase diagrams to Figs. 6(a) and 6(b) are also
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obtained for bilayer model of spin-1 and spin-3/2 on
the Bethe latticel®!] and the mixed spin (1, 3/2) Ising
system with two alternative layers of a honeycomb
lattice.[3!

30

z1Ja /2250

0 10 20 30
KT/ 20 Jap
(b)
12}t
G
NG
& 8r
~
’\:G
N
4 -
ol Afzadap = 0.5
0 10 20 30 40 50

kT /22 Jan

Fig. 6. Phase diagrams when A/z2J,, = 0.5 on the
(kT/z2Jab, 21Ja/22Jap) plane (a) and the (kKT/z2Jap,
z1Jb/22Jap) plane (b), showing the relation between the
layers for compensation.

We also calculate the phase diagrams includ-
ing the compensation behaviours in the (A/zyJ,p,
z1dafz2dan), (A)zadan, 21db/22dap)s (21Ja/22Jab,
kT/z9Jap), and (z1Jy/22Jabs KT/ 22 o) planes. From
these phase diagrams the following interesting phe-
nomena have been observed. (i) Figures 7(a) and 7(b)
are obtained in the (A/zoJup, 21Ja/22Jap) plane for
Jb = Jab = 1.0, kT/ZgJab = 0.57 and k‘T/ZQJab = 2.5,
respectively. Figure 7(a) exhibits the i1, i3, nm, and p
phases, besides the critical end point (F) and isolated
critical point (C'). The phase boundaries among these
phases are first-order phase transition lines, except the
negative high values of A/z5J,1, that the phase bound-
ary between the nm and p phases is the second-order
phase transition line. The lines of the first-order phase
transitions between the ¢; phase and the i3 phase are
found to end at the isolated critical point (C'). The iso-
lated critical point was also observed in the mean field
solution of the general spin Blume-Capel model.3
Moreover, this figure also exhibits a kind of reentrant

behaviour for —3.430 < A/zoJ,p < —3.165; i.e., as the
J, increases, the system passes from the nm phase to
the 73 phase and then back to the nm phase again
and finally passes to the i3 phase. It also displays
the compensation temperature in the i; phase. (ii)
Figure 7(b) is constructed for J, = Ja, = 1.0 and
kT/z2Jan, = 0.5 in the (A/zoJapb, 21Jb/22Jap) plane.
The phase diagram exhibits the i1, i4, ¢5, and p phases,
besides the isolated critical point (C') and the triple
point (T'P) that merge three first-order phase transi-
tion lines. In this case, the system only undergoes a
first-order phase transition and the first-order phase
lines separate all phases from each other as seen in
Fig. 7(b).
the compensation behaviour. (iii) For J, = Ja, = 1.0

In this case the system does not exhibit

and A/zoJ,p = 0.5 the phase diagram is obtained in
(21Ja/22Jan, kT /22Jap) plane; the system contains p
and 47 phases, the boundary between these phases
More-

over, the system also displays the compensation be-

is a second-order line as seen in Fig. 7(c).

haviour. (iv) Figure 7(d) is calculated in (z1J/22Jab,
kT /z2Jap) plane for z1J,/20Jan = 1.33, 29Jap = 0.5,
A/zodar = 0.5, respectively. In this figure, the sys-
tem always undergoes a second-order phase transition
which separates the p phase from the i; phase and it
also exhibits the compensation behaviour. We should
also mention that for low values of J, the phase dia-
gram in this plane does not display the compensation
behaviour. We have also found a similar behaviour
to Figs. 7(c) and 7(d) to the one seen in the previous
studies.[33:37-40]

In summary, we have studied the magnetization
curves and phase diagrams of the mixed spin-3/2 and
spin-2 Ising system with alternative layers on the hon-
eycomb lattice within the framework of the effective-
field theory (EFT) with correlations. It is assumed
that while the intralayer coupling constants of the lay-
ers are J, and Jp, and they are taken to be positive,
the interlayer coupling constant between the layers is
Jap and it is taken to be either positive or negative.
We have investigated the temperature dependence of
the layer magnetizations to obtain the phase transition
points as well as to characterize the nature (continuity
or discontinuity) of transitions. The behaviour of the
layer magnetization as a function of internal param-
eter (zaJan/21Ja), which is the mixing ratio between
interlayer couplings, is also presented. In order to find
the compensation temperatures and to determine the
type of behaviour, the total magnetization is exam-
ined as a function of temperature. From the behaviour
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of the total magnetization, one can see that N-type
compensation temperature occurs in the system.[29’30]
The phase diagrams are constructed in seven dif-
ferent planes and it is found that the system also
presents the compensation phenomenon depending on
the sign of the bilinear exchange interaction. The ob-
tained phase diagrams are constructed in seven differ-
ent planes, namely (kT/2z1Ja, 22Jan/21Ja), (KT /22 Jap,
21 Ja)22dan), (KT /22Jan,  21db/22Jab),  (A/)22Jab,
21da)22dab), (A)z2dan, 21db/22Jap), (21Ja/22Jab,
kT/z9Jay), and (z1Jy/22Jab, kKT /22 ap) planes. The
system exhibits both second- and first-order phase
transitions besides triple point (7'P), critical end point
(E), multicritical point (A), isolated critical point (C),

=z| &)
. 1
N ' [
N ar |
N i H
5 4r \\ |
2 N HE 5T
X > |
< I'd H
~ nm \\ l
8 2F S 3
S |
\\ !
A\
p E
0 1 1 1 A
-5 —4 -3 —2 —1 0
A/z2dap

kT /z2Jap

o

21Ja/22Jab

and reentrant behaviour, which depend on the inter-
action parameters. We should also mention that the
phase diagrams obtained in the present study look
similar to those obtained in the mixed spins (1, 3/2)
on the Bethe lattice,['*3! the spin-1/2 Ising model
on honeycomb and square lattices for three alterna-
tive layers,l®2l the mixed spin (1, 3/2) Ising system
with two alternative layers of a honeycomb latticel®3]
within the EFT, the bilayer Bethe lattice[®¥ by us-
ing the exact recursion relations and the Co/Cu/Ni
trilayer system[®® using Green’s function approach.
Finally, we expect this work to stimulate further ex-
perimental and theoretical investigations and also help

technological researches.
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Fig. 7. Phase diagrams of the mixed spin-3/2 and spin-2 Ising system in the (A/z2Jap, 21Ja/22Jab), (A/22Jab,

z21Jp/22Jab), (21Ja/22Jab, kT/22Jap), and (21Jp/22Jab, kT/2z2Jap) planes.

Dashed and solid lines are the first-

and second-order phase boundaries, respectively. The dash—dot—dot line illustrates the compensation temperatures

in (A/z2Jap, z1Ja/22Jap) plane for Jy = Jup, = 1.0, kT/22Ja = 0.5 (a), (A/2z2Jap, z1Jb/22Jap) plane for Jo=
Jap = 1.0 and kT/z2J,p = 0.5 (b), (21Ja/22Jap, kT/22Jap) plane for J, = Jp= 1.0 and A/z2J,, = 0.5 (c), and
(z1Jp/22Jab, kT /22J,1) plane for z1Ja = 0.66, 22,1, = 0.5, and A/z2J,p = 0.5 (d).

Appendix A

The coefficients A(J, V), B(J, V), C(Ja V), D(J. V), and A(Jap, V), B(Jap V), C(Jap V), D(Jap, V) for spin-
3/2, and K(J, V), L(Jy V), M(Jy V), N(Jy V), and K (Jap V), L(Jap V), M (Jap V), N (Jap V) for spin-2 in Eqgs. (2)
and (3), are defined as follows:
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49 = & e (7)o (P47

AU V) = ¢ {9 cosh( ) <3Jﬂ,v>]
B(J,V) = % [27smh( ) ( )]
B(Jap V) = % [27sinh( ) (3Jab v

C(J. V) :% —cosh<Jazv>+co h( 3Ja

)l

1 Ja
C(Jap V) = 3 [ cosh( ;

)|

V)+cosh<3(]a2bv)}7

F(=9J4/2)—=27f(=7Ja/2)+216 f (=5, /2) 240 f (—3.J /2)— 1998 f (—

[~70f(—9J4/2)4630f(—7.J./2)—2520 f(—5J 4 /2)+5880 f (—3.J./2)

K(Ju V) = é 8 sinh(Juy V)—2sinh(2J V)],
L V) = % [16cosh(.Jy, V)= cosh(2.J,, V) —15),
L(Juy V) = % [16cosh (T, V) — cosh(2up, V)—15],
M(Jy V) = % [sinh(2J, V)—2sinh(J, V)],

M(Jy V) = % [sinh(2Jy, V)—2sinh(Ja, V)],
N, V) = %2 fcosh(2J, V)—4 cosh(Jy V)+3],
N(Jap V) = 1—12 [cosh(2J,1, V)—4 cosh(Jay, V)+3].
Appendix B

The coefficients A; (1 = 0, 1, ..., 89) and B,
(j=0,1,...,90) in Egs. (14) and (15) are defined as
follows:

Ja/2)

—8820f(—J4/2)

D(J.V) = % _—3sinh<‘]a2v>+sinh<3'];v>} 7
D(Jap V) = % [—3Sinh(Ja;v)+sinh(3JaZbv)} ,
K(J,¥) = % [$sinh(J, V)-2sinh(2;, 7)),
1
0=~ G096
— 1998 (Ja/2)—240f(=3J./2)+216 £ (5.Ja/2) — 27f(7Ja/2)+ £ (9] /2)],
Aso = 5116

+ 8820 (Ja/2)—5880f(3.J./2)+2520 (5], /2)
= f(=(97a/2)=4Tap)+ 9f (—(TJa/2) =4 T ap) —
—4J ) —84F (3.2
— AT )48 (—(9T0/2) =3 ) —T2f (= 7] 0 /2 —
—3.J,,)+1008f(—J./2 —
3J,)+T2f (TJa)2 — 3J 1) —8F(9.a/2
2.7, )—1008f(—5J,/2 —

— 126 f(—(Ja/2)—4Jab)+126 f (Ja/2
— 9f(TJa/2 — 4T )+ f(9]a/2
+ 288f(—5J,/2 —
+ 672f(3J./2 —
— 28f(—9J./2 -2
— 3528f(—
— 252f(7Ja/2 — 2J,,)+28f(9Ja/2 —
+ 2016 f(—5J./2 —
+ 4704f(3J./2 —

3J,,)—672f(—3J,/2
3J,,)—288(5.J,/2 —
J ) +252f(=7Ja)2 —
Ja)2 — 20, )+3528f (Ja /2 — 27, ) —2352(3J./2 —
2J ) +56f(—9.J./2 —
J ) —4T04f (—38.J0/2 — J 1 )+T7056 f (—J /2 —

J ) —2016f(5J,/2 —

/2~
J 0 )+504f(70./2 —

—630f(7J4/2)+70£(9.J,/2)
36f(—(5Ja/2)—4Jap)—84f(—(3Ja/2) 4 ap,)

—4J ) +36f(5 Jaj2 — 4T ,,)

3J )
3J,,)—1008f(Ja/2 — 3J )
- 3Jab)

2J ) +2352f (—3J./2 — 2J )
2J,)+1008f(5.J./2 — 2.J,,)
) —BOAL(~TJ 0 /2 = J )

J ) —=T056f(Ja/2 — J )
Jap)=56£(9a/2 = J )

+ 56 (—=9J0/2 4 J ) —504f (=TT a/2 + J,)+2016f (=50 /2 + J,;,)—4T0Af (=3 J./2 + J )

+ 7056 (—

Ja)2+ J ) =T056 f(Ja/2 4 J 0 )+ATOAf (3] a/2 + J 1) —2016 £ (510 /2 + J ;)

o+ 504f(TTa/2 4 J ) =56 (9Ta/2 + J ) —28F(—=9.J0/2 + 2, )+252f (=TT /2 + 2 )

— 1008f(—5J0/2 + 2J,,)—2352f(—3J./2 + 2., )—3528 f (—
— 2352f(3.Ja/2 + 2J,,)+1008(5.J./2 + 2.J,,,)—

Ja/2 4 2J ) +3528f (Ja/2 +2J,,)
252 (7Ja)2 + 2J,,)+28F (9] /2 + 2J,,)

+ 8F(=9J0/2 4 3J ) —T2f (—TJa/2 + 3J,, )+288 (=50 /2 + 3], )+672f(—3J./2 + 3] )

+ 1008f(—

+ T2f(TJa)2+3J,)—8F(9]a/2 4 3] )~ f

Ja)2+ 37, )—1008f(Ja/2 + 3.J,,)+6T2f (3]4/2 + 3.J,,)—288f (54 /2 + 3.,
(—=90/2 + 4T L )+9f (=TT /2 + 4T )

— 36 (—5J0/2 4+ 4] )+84f (—3Ja/2 + 4T, ) =126 f (—J /2 + 4T, )+126 f(Ja/2 + 4T )
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— 8Af(3Ja/2 + 4, )+436£(5 /2 + 4T ) =9 f (7T /2 + 4 )+ F(9Ta/2 + 4T )],

1
Bo = 55 [1649(0)+ g(—3.7ab)—188(—2/an)+63(— o) +639(Ja) ~188(2 a0 ) +9 (3T ),

Byy = [—18480g(0)—20g(—6Jp)4+240g(—5J1)—1320g(—4J1,)+44009(—3.J )

497664
— 9900g(—2.Jp)+15840g(—J1,)+15840g(.J,) —9900g(2.]1,)+4400g(3.7 )

1320g(4.Jy,)+240g(5.J,) — 20g(6.J1,)+924g(—3J a,) —5544g(—2.J a1,) +13860g(—J apy)
+ 13860g(Jan) —55449(2J a1, )+9249(3J ap ) +9(—6J 5 —3J ab ) —129(—5J 5 —3J ap)

+ 669(—4Jp—3Ja1)—220g(—3Jp—3Jab)+4959(—2J, —3J ap) — 7929(—J1—3J ap)

— 7929(Jb—3Jab)+4959(2J —3J ap ) —2209(3.J1,—3J ab ) +669(4.J1,— 3 aby)

— 129(5Jp—3J ap)+g(6Jp—=3J ap) —69(—6J,—2J ap ) +729(—5Jp —2J ab)

— 396g(—4Jp—2Jap)+13208(—3J,—2J ap ) —29709 (=25, —2J a1, ) +47529(— T, —2J a1,)
+ 47529 (Jp—2J a,) —29708(2J 5, —2J a1, ) +13209 (3T —2J ap, ) =396 g (4., —2J a1,

+ 729(5Jb—2Jab) =68 (61, —2J ap, ) +159(—6Jp—Ja,) = 180g(—5J 1, —J ab)

+ 990g(—4Jp—Jap)—3300g(—3Jp—J ab ) +74259(—2J 1, — J ar,) —11880g(— J 1, — J ap)
11880g(Jb—Jab)+74259(2J 1 —J ab) —33009(3J1,—J ab ) +990g (41, — J ap,)

— 1809(5Jb—Jab)+159(6J1,—J ap)+15g(—6Jp+J ap ) —180g(—5Jp+J ap)

+ 990g(—4Jp+J ap) —3300g(—3Jp+J ap ) +74259(—2J b +J ) —11880g(— Jp+J any)

— 11880g(Ju+J ap ) +74259(2Jb+J ab) —33009(3J 1+ ap, ) +990g (41, + S ap,)
180g(5Jb+J ab)+159(6Jb4J ab) —69(—6Jb+2J ap ) +729(—5 T b +2.J a1

— 3969(—4Jp+2J ap)+1320g(—3J, +2J ) — 29709(—2Jp+2J a1, ) +47529(— 1 +2J ab)
+ 47529 (Jp+2J a,) —29709(2J b +2J a1, ) +13209 (3T +2.J ap, ) =396 (4.1, +2J a1, )

+ 729(5Jb+2Jab) —68(61+2J ap ) +9(—6J1+3J ap) —129(—5Jp+3J ap )

+ 669(—4J1+3Jap)—220g(—=3Jp+3Jab ) +4959(—2Jp+3Jab) = 7929(—J1,+3J ab)

— 7929(Jo+3Jab)+4959(2J 5 +3J ab) —2209(3J 1, +3J ap ) +669(4T b, +3 ab)
129(5Jp43J an)+8(6Jb+3J ap )]
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