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Cluster synchronization in a network of non-identical dynamic systems is studied in this paper, using two-cluster

synchronization for detailed analysis and discussion. The results show that the common intercluster coupling condi-

tion is not always needed for the diffusively coupled network. Several sufficient conditions are obtained by using the

Schur unitary triangularization theorem, which extends previous results. Some numerical examples are presented for

illustration.
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1. Introduction

The phenomenon of dynamic synchronization
exists ubiquitously in nature, which has a great
potential application in diverse areas of science
and technology.[1−4] Theoretical studies of the phe-
nomenon include the synchronization of two identi-
cal or different systems[5−8] and the synchronization
in various types of complex networks.[2,9−14] In par-
ticular, the synchronization in a complex network
composed of identical dynamic systems has been ex-
tensively studied in the past decade.[15−18] Among
several important and interesting topics, the ques-
tion of how the synchronizability of a network is af-
fected by the network topology has been carefully
studied,[19−24] which is usually described by a con-
stant coupling matrix[25−31] or more generally by a
Laplacian matrix.[32,33]

Complete synchronization of a dynamic com-
plex network can take the form of the global
synchronization[34−37] or the cluster synchroniz-
ation.[38−44] In the global synchronization, all the
nodes of the network are mutually synchronized. The
network may be split into several groups by certain
partition rules. When the dynamic nodes synchronize

each other in each group but no synchronization ap-
pears between any two different groups, cluster syn-
chronization is observed. In Ref. [38], the existence
and the stability of unconditional clusters in some
networks with identical nodes were studied. An un-
conditional cluster is defined as the cluster that its
existence does not depend on the state of the other
nodes. The authors of Ref. [39] studied the transi-
tion from incoherent behaviour to global synchroniza-
tion via a cluster synchronization regime as coupling
strength increased. The problem of driving a general
network to a selected cluster synchronization pattern
by pinning control was studied in Ref. [40], where suf-
ficient conditions were obtained to guarantee the real-
ization of the cluster synchronization. The projective
cluster synchronization of a drive-response dynamical
network with coupled partially linear chaotic systems
was studied in Ref. [41], in which it is shown that the
projection cluster synchronization can be realized by
controlling only one node in each cluster. In most
of those studies considered was the cluster synchro-
nization in dynamic networks with identical nodes.
Noticeably, cluster synchronization in a network of
non-identical dynamic systems is substantially differ-
ent from and indeed much more difficult than in iden-
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tical systems. On the other hand, the cluster synchro-
nization in a network composed of non-identical sys-
tems is especially phenomenal, such as those in com-
munity networks with non-identical nodes.[44] Clus-
ter synchronization in a network of non-identical sys-
tems is even more complex and difficult. Assuming
that all the identical dynamical systems as nodes in a
network form a sub-network, cluster synchronization
means that all of the different sub-networks, each of
which consists of identical dynamic systems, achieve
synchronization individually within each sub-network,
but typically the synchronous states of these sub-
networks are mutually different, which is quite differ-
ent from the “outer synchronization” of two coupled
complex networks.[45] It is shown in Ref. [46] that clus-
ter synchronization regimes persist when the chaotic
oscillators have slightly different parameters. An ef-
fective pinning control scheme to realize the cluster
synchronization in community networks was proposed
in Ref. [44]. In Ref. [47], the relation between cluster
synchronization and the unweighted graph topology
for non-identical nodes is investigated and conditions
guaranteeing cluster synchronization were provided,
showing that the common intercluster coupling condi-
tion and the intracluster communication play key roles
in cluster synchronization. Based on their analyses,
adaptive feedback algorithms which can synchronize
any bi-directed networks satisfying the conditions of
common intercluster coupling and intracluster com-
munication was proposed.[47]

In the present paper, the cluster synchronization
of non-identical systems is further studied, showing
that the common intercluster coupling condition is
not needed for the diffusively coupled networks for
cluster synchronization, this is quite different from
the case of the networks studied in Ref. [47]. Sev-
eral sufficient conditions for cluster synchronization
are obtained by using the Schur unitary triangular-
ization theorem, which extends the previous results.
In particular, for a network consisting of two different
types of dynamical systems, its sub-network cluster
synchronization is called two-cluster synchronization.
N -cluster (or multi-cluster) synchronizations are simi-
larly defined. Since two-cluster synchronization is sim-
ple in notation and yet representative, in this paper
the focus is on the two-cluster synchronization in a
network composed of two different kinds of dynamic
systems. The analytical results can be easily extended
to the cases of N -cluster synchronization.

The rest of this paper is organized as follows. In
Section 2, the concerned network model of two clusters

of different dynamic systems is presented. In Section
3, we analyse the phenomenon of two-cluster synchro-
nization, some criteria for two-cluster synchronization
are obtained by using the Schur unitary triangulariza-
tion theorem and some simulation examples are given
for illustration.

2. Two-cluster network of non-

identical systems

Cluster synchronization is studied in this paper,
but for simplicity of notation and presentation, only
a network with two clusters of different dynamic sys-
tems is considered, where the two different systems
are named system-1 and system-2, respectively.

The network discussed here is assumed to be con-
nected with totally M+N nodes including M nodes of
system-1, x1(t), . . . , xM (t) and N nodes of system-2,
xM+1(t), . . . , xM+N (t), described respectively by

ẋi(t) = f1(xi(t)) + σ

M+N∑

j=1

gijAxj(t),

i = 1, . . . , M, (1)

and

ẋi(t) = f2(xi(t)) + σ
M+N∑

j=1

gijAxj(t),

i = M + 1, . . . , M + N, (2)

where xi(t) ∈ Rn is the state vector of node i,
ẋi(t) = f1(xi(t)) and ẋi(t) = f2(xi(t)) describe the
dynamics of system-1 and system-2, respectively, with
f1 6= f2, A = (aij) ∈ Rn×n is a constant inner-
coupling matrix, σ is a constant coupling strength,
and G = (gij) ∈ R(M+N)×(M+N) is a constant outer-
coupling matrix with gij ∈ R defined as follows:

(i) 1 ≤ i ≤ M : if there is a connection from node
j to node i, j 6= i and 1 ≤ j ≤ M , then gij > 0, while
the whole sub-network-1 is diffusively connected in the
sense of having internal energy balance:

gii = −
M∑

j=1,j 6=i

gij , i = 1, . . . , M ; (3)

and, for M + 1 ≤ j ≤ M + N ,

M+N∑

j=M+1

gij = 0, i = 1, . . . , M ; (4)

(Note that equations (3) and (4) together imply that
M+N∑
j=1

gij = 0, i.e., matrix G has zero row-sums when
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1 ≤ i ≤ M). All the nodes of system-1 and their
couplings together form a sub-network, called sub-
network-1 and all the nodes of system-2 and their
couplings together form another sub-network, called
sub-network-2. In physics, equation (4) indicates ex-
ternal energy balance of sub-network-1, that is, the
sum of energy transmission from sub-network-2 to
sub-network-1 is zero, though positive or negative en-
ergy may be transmitted from nodes of sub-network-2
to those of sub-network-1.

(ii) M + 1 ≤ i ≤ M + N : if there is a connection
from node j to node i, i 6= j and M +1 ≤ j ≤ M +N ,
then gij > 0 and the whole sub-network is diffusively
connected in the sense of having internal energy bal-
ance:

gii = −
M+N∑

j=M+1,j 6=i

gij , i = M + 1, . . . , M + N ; (5)

and, for 1 ≤ j ≤ M ,

M∑

j=1

gij = 0, i = M + 1, . . . , M + N ; (6)

(Similarly, equations (5) and (6) together imply that
M+N∑
j=1

gij = 0 i.e., matrix G has zero row-sums when

M +1 ≤ i ≤ M +N). Similar to Eq. (4), equation (6)
indicates the external energy balance of sub-network-
2, that is, the sum of energy transmission from sub-
network-1 to sub-network-2 is zero, though positive
or negative energy may be transmitted from nodes of
sub-network-1 to those of sub-network-2.

The objective here is to achieve the network com-
plete cluster synchronization, in the sense that all
the nodes of system-1 completely synchronize to each
other and all nodes of system-2 completely synchro-
nize to each other, while the synchronous states of the
two clusters of nodes are generally different, which are
denoted by s1(t) and s2(t) respectively, with s1(t) 6=
s2(t). Clearly, if s1(t) = s2(t) then this network com-
plete cluster synchronization reduces to the regular
network complete synchronization.

In a more precise description, if ||xi(t)−s1(t)|| →
0 for i = 1, . . . , M and ||xi(t) − s2(t)|| → 0 for
i = M + 1, . . . , M + N , as t → ∞, where || · || is
the Euclidean norm of vectors, then sub-network-1 of
system-1 and the sub-network-2 of system-2 are said
to achieve two-cluster complete synchronization.

Note that, in general, these two synchronous
states s1(t) and s2(t) can have equilibrium, periodic or
even chaotic orbits. However, if they are both in equi-
librium, namely s1(t) = s∗1 ∈ Rn and s2(t) = s∗2 ∈ Rn

with s∗1 6= s∗2, then by taking time limit in Eq. (1)
and then using the zero row-sum properties (3) and
(4), one has ṡ∗1 = f1(s∗1) = 0; similarly, from Eqs. (2),
(5) and (6), one has ṡ∗2 = f2(s∗2) = 0. For simplicity
of notation and discussion, this particular case will
be considered in the following, although with a little
more effort most results below can be extended to the
more general case with non-trivial orbits of s1(t) and
s2(t).

Next, therefore, we denote the synchronous state
vector of the entire two-cluster network by S =
(s∗T1 , . . . , s∗T1 , s∗T2 , . . . , s∗T2 )T ∈ Rn(M+N), which is the
synchronization manifold of the two-cluster network.
Since the outer-coupling matrix G has zero row-sums,
zero is an eigenvalue of G, denoted as λ1 = 0, which is
associated with eigenvector (1, . . . , 1)T ∈ RM+N . The
outer-coupling matrix G may have complex eigenval-
ues in general (λi ∈ C) and Theorem 1 in Section 3 is
general for cluster synchronization without requiring
the eigenvalues to be real. However, the special case
where G has only real eigenvalues (λi ∈ R) is very
interesting . If λi ∈ R, without loss of generality they
can be ranged in descending order as[48,49]

0 = λ1 ≥ λ2 ≥ λ3 ≥ · · · ≥ λM+N .

Note that in Eqs. (4) and (6) there is no require-
ment of nonnegative couplings due to the fact that
negative energy transmission is allowed in our net-
work, so the matrix G may not be irreducible in a gen-
eral discussion. Therefore G may have more than one
zero eigenvalue. Denote the largest non-zero eigen-
value of G by λmax in the following.

To this end, by combining Eqs. (1) and (2) to-
gether, the entire network can be described by the
following system of differential equations:

ẋi(t) = f(xi(t)) + σ
M+N∑

j=1

gijAxj(t),

i = 1, . . . , M + N, (7)

where f(xi(t)) = f1(xi(t)). Equation (7) actually is
Eq. (1) for 1 ≤ i ≤ M , while f(xi(t)) = f2(xi(t)) so
equation (7) actually is Eq. (2) for M+1 ≤ i ≤ M+N .
Furthermore, by using the Kronecker product, net-
work (7) can be equivalently expressed in a more com-
pact form as

Ẋ(t) = f(X(t)) + σ(G⊗A)X(t), (8)

where G⊗A denotes the Kronecker product of matri-
ces G and A,

X(t) = (xT
1 (t), . . . , xT

M+N (t))T ∈ Rn(M+N),

060503-3



Chin. Phys. B Vol. 20, No. 6 (2011) 060503

f(X(t)) = (fT
1 (x1(t)), . . . , fT

1 (xM (t)),

fT
2 (xM+1(t)), . . . ,

fT
2 (xM+N (t)))T ∈ Rn(M+N).

The coupling matrix of sub-netowrk-1 is denoted
by G11 which is a sub-matrix of the outer-coupling ma-
trix G. Similarly, the coupling matrix of sub-netowrk-
2 is denoted by G22 which is also a sub-matrix of
the outer-coupling matrix G. As a result, the outer-
coupling matrix G can be decomposed into four blocks
as follows:

G =


 G11 G12

G21 G22


 , (9)

where G11 ∈ RM×M , G12 ∈ RM×N , G21 ∈ RN×M and
G22 ∈ RN×N , with G12 describing the couplings from
sub-network-2 to sub-network-1 and G21 denoting the
couplings from sub-network-1 to sub-network-2 and
both being sub-matrices of the outer-coupling matrix
G. In the case of G12 = G21 = 0, the entire network is
split into two separated self-connected sub-networks.

The eigenvalues of G11 are denoted by λ11
i , i =

1, . . . , M . Hereafter, assume that the off-diagonal el-
ements of G11 are nonnegative, thus it is irreducible.
According to Lemma 2 in Refs. [48] and [49], the real
parts of the eigenvalues of G11 are non-positive and
zero is an eigenvalue of G11 with multiplicity one as-
sociated with eigenvector (1, . . . , 1)T ∈ RM . For sim-
plicity, let λ11

1 = 0. If the coupling matrix G11 has
only real eigenvalues, then they are denoted as

λ11
i = 0 > λ11

2 ≥ . . . ≥ λ11
M . (10)

Similarly, the eigenvalues of G22 are denoted as
λ22

i , i = 1, . . . , N . Also assume that the off-diagonal
elements of G22 are nonnegative, thus it is irreducible.
Then, the real parts of the eigenvalues of G22 are non-
positive and zero is an eigenvalue of G22 with multi-
plicity one associated with eigenvector (1, . . . , 1)T ∈
RN . Likewise, always assume λ22

1 = 0. If G22 has
only real eigenvalues, then they are denoted as

λ22
i = 0 > λ22

2 ≥ · · · ≥ λ22
N . (11)

There are no requirements that the off-diagonal
elements of G12 and G21 are nonnegative, thus the
outer-coupling matrix G of the entire network still
may not be irreducible.

3. Analyses about two-cluster

synchronization

As mentioned above, since two-cluster synchro-
nization is simple in notation, it is representative.
Only two-cluster synchronization in network (7) is dis-
cussed. We analyse the phenomenon of two-cluster
synchronization in several cases.

Case 1 The simplest case. Sub-network-1 and
sub-network-2 are completely synchronizable individ-
ually to s∗1 and s∗2, respectively, and G21 = 0 or
G12 = 0. In this case, analysis shows that network
(7) is of two-cluster completely synchronization also
to s∗1 and s∗2.

Suppose that G12 = 0, then sub-network-2 will
not affect the synchronizability of sub-network-1. By
assumption, sub-network-1 is completely synchroniz-
able therefore will self-synchronize to its equilibrium
s∗1. No matter whether sub-networ-1 affects sub-
network-2 in the synchronization process, as soon
as sub-network-1 achieves its complete synchroniza-
tion to s∗1, it follows from Eq. (6) that the complete
synchronization of sub-network-2 to s∗2 will also be
achieved, which is independent of the effect of sub-
network-1. The case of G21 = 0 is similar to that of
G12 = 0.

Case 2 The general case. Whether the network
is two-cluster synchronizable depends on the non-zero
eigenvalues of the outer-coupling matrix. We have the
following criterion for two-cluster synchronization.

Theorem 1 The synchronization manifold S of
the two-cluster network (7) is asymptotically stable
if the zero solutions of the following two time-varying
single-node systems are asymptotically stable for both
cases of f(s∗) = f1(s∗1) and f(s∗) = f2(s∗2):

ẇ(t) = (Df(s∗) + σλiA) w(t), i = 2, . . . , M + N, (12)

where Df1(s∗1) is the Jacobian of f1(xi(t)) at xi(t) =
s∗1 and Df2(s∗) is the Jacobian of f2(xi(t)) at xi(t) =
s∗2, with w(t) ∈ Cn.

The proof of the Theorem 1 is standard but
lengthy. We shall present it in Appendix A of this
paper for convenience of readers but here we only dis-
cuss its physical meanings. Theorem 1 indicates that
for a network featuring reducible or irreducible and
symmetric or asymmetric outer-coupling matrix, if the
zero solution of Eq. (12) is asymptotically stable for all
the non-zero eigenvalues of G, then the network is of
two-cluster synchronization. In the general case, the
eigenvalues may be scattered in the complex plane;
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we need to examine all the evolutionary dynamics of
Eq. (12) for non-zero eigenvalues. In the case that the
outer-coupling matrix has only real values, the situa-
tion can be dramatically simplified.

Case 3 The outer-coupling matrix has only real
eigenvalues.

A complex network with a symmetric outer-
coupling matrix is very important and interesting,
and has only real eigenvalues. If the outer-coupling
matrix of network (7) has only real eigenvalues and
the symmetric form of A is positive-definite, namely
As = 1

2 (A+AT) Â 0, then it is not necessary to verify
all the systems of Eq. (12) with non-zero eigenvalues.
Only the stability of the one system of Eq. (12) with
the largest non-zero eigenvalue is enough.

Corollary 1 If λi ∈ R, i = 2, . . . , M + N , and
As Â 0, then the two-cluster synchronization man-
ifold of network (7) is asymptotically stable if the
zero solution of the following time-varying system is
asymptotically stable for both f(s∗) = f1(s∗1) and
f(s∗) = f2(s∗2):

ẇmax(t) = (Df(s∗) + σλmaxA) wmax(t), (13)

where λmax is the largest non-zero eigenvalue of matrix
G, and wmax(t) ∈ Rn. The detailed proof of Corollary
1 is presented in Appendix B.

Corollary 1 indicates that the two-cluster syn-
chronizability of network (7) is determined by the
largest non-zero eigenvalue λmax of matrix G, if all
λi ∈ R and As Â 0. This is due to the fact that
the stability of the zero solution of Eq. (13) with the
largest non-zero eigenvalue is sufficient to guarantee
the stability of all the other equations in expression
(12) with non-zero eigenvalues.

On the other hand, as to the case of As ≺ 0
(negative-definite), similar to Corollary 1, it is also
not necessary to verify all the systems in expression
(12) with non-zero eigenvalues. Only the stability of
the one system in expression (12) with the smallest
non-zero eigenvalue can guarantee the stability of all
the other systems in expression (12).

Corollary 2 If λi ∈ R, i = 2, . . . , M + N , and
As ≺ 0, then the two-cluster synchronization man-
ifold of network (7) is asymptotically stable if the
zero solution of the following time-varying system is
asymptotically stable for both f(s∗) = f1(s∗1) and
f(s∗) = f2(s∗2):

ẇM+N (t) = (Df(s∗) + σλM+NA) wM+N (t),

wM+N (t) ∈ Rn. (14)

The proof is similar to that of Corollary 1 and hence
is omitted here.

Corollary 2 indicates that the two-cluster syn-
chronizability of network (7) is determined by the
smallest eigenvalue λM+N of matrix G.

In general, regardless of the definiteness of As, if
all the eigenvalues of the matrix G are real, it is also
not necessary to verify the stability of all the systems
in expression (12). It will suffice to verify the stability
of the zero solution of system (12) for only the largest
non-zero eigenvalue λmax and the smallest eigenvalue
λM+N of matrix G. In other words, if the zero solu-
tion of system (12) is stable for both λi = λmax and
λi = λM+N , then it will be stable for all the other
eigenvalues of matrix G.

Corollaries 1 and 2 are similar to Corollaries 1 and
2 in Ref. [50], which states that complete synchroniza-
tion in network of identical systems is determined by
the largest non-zero eigenvalue when As Â 0 and is
determined by the smallest eigenvalue when As ≺ 0.

It can be easily noticed from Eqs. (4) and (6)
that after network (7) achieves two-cluster synchro-
nization, the coupling from all nodes of a sub-network
to any node of another sub-network becomes zero. In
other words, after network (7) achieves two-cluster
synchronization, the two sub-networks achieves com-
plete synchronization, so mutual influence no longer
exists. Thus the evolving process to two-cluster syn-
chronization is a process from two mutually coupled
sub-networks to two “uncoupled” sub-networks and
the two sub-networks are completely synchronized
themselves. The external energy balance conditions
(4) and (6) are necessary to guarantee the stability
of the state that two sub-networks synchronized in-
dividually but no influence on each other. However,
the converse may not be true: the individual complete
synchronization of the two sub-networks does not nec-
essarily guarantee the two-cluster synchronization of
the entire network.

In Theorem 1 and its corollaries, the synchroniz-
ability of the network is estimated by the eigenvalues
of the outer-coupling matrix. Eigenvalue estimation
is the open research problems for many matrices.[51]

From Corollaries 1 and 2 of Theorem 1, the eigenval-
ues of a matrix can be estimated by the two-cluster
synchronizability of the network described by the ma-
trix as follows.

Corollary 3 If λi ∈ R, i = 2, . . . , M + N , then

λmax ≥ λmax
2 , λM+N ≤ λmin

M,N ,

λmax
2 = max

{
λ11

2 , λ22
2

}
,
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λmin
M,N = min

{
λ11

M , λ22
N

}
, (15)

where λmax and λM+N are the largest non-zero eigen-
value and the smallest eigenvalue of matrix G, respec-
tively, λ11

2 and λ22
2 are the second largest eigenvalues

of G11 and G22, respectively and λ11
M and λ22

N are the
smallest eigenvalues of G11 and G22, respectively.

The correctness of Corollary 3 is due to the fact
that the two-cluster synchronization of the entire net-
work guarantees the complete synchronization of the
two sub-networks, but the converse may not be true.

Specially, if G21 = 0 or G12 = 0, the complete
synchronization of the two sub-networks is sufficient
to ensure the two-cluster synchronization of the entire
network by the discussion of Case 1. Therefore, by
Theorem 1 and the corollaries, one has

λmax = λmax
2 , λM+N = λmin

M,N . (16)

To illustrate these conclusions for eigenvalue esti-
mation, a simple example of a network with two kinds
of different systems is shown in Fig. 1, where the cou-
pling matrix G11 of sub-network-1 is

G11 =



−2 1 1

1 −2 1

1 1 −2


 ,

which has eigenvalues λ11
1 = 0, λ11

2 = λ11
3 = −3. The

coupling matrix G22 of sub-network-2 is

G22 =




−2 1 1 0

1 −2 0 1

1 0 −2 1

0 1 1 −2




,

which has eigenvalues λ22
1 = 0, λ22

2 = λ22
3 = −2 and

λ22
4 = −4. Thus, the overall outer-coupling matrix of

the entire network is

G=




−2 1 1 1 0 −1 0

1 −2 1 0 0 0 0

1 1 −2 −1 0 1 0

1 0 −1 −2 1 1 0

0 0 0 1 −2 0 1

−1 0 1 1 0 −2 1

0 0 0 0 1 1 −2




,

which has eigenvalues λ1 = λ2 = 0, λ3 = −0.7639,
λ4 = −2, λ5 = λ6 = −3 and λ7 = −5.2361. Here,
it is noticed that λmax

2 = −2, λmin
3,4 = −4, λmax =

λ3 > λmax
2 and λM+N = λ7 < λmin

3,4 , consistent with
Corollary 3.

In the network shown in Fig. 1, if the couplings
are changed such that G12 = 0, with G11, G21 and G22

unchanged, then the outer-coupling matrix has eigen-
values λ1 = λ2 = 0, λ3 = λ4 = −2, λ5 = λ6 = −3,
and λ7 = −4. In this case, λmax = λ3 = λ4 = λmax

2

and λM+N = λ7 = λmin
3,4 , consistent with expression

(16).

Fig. 1. A network with two kinds of different systems,

where sub-network-1 has three nodes of system-1 and sub-

network-2 has four nodes of system-2.

It can be similarly verified that if the outer-
coupling matrix is changed such that G21 = 0, with
G11, G12, and G22 unchanged, then the result is con-
sistent with expression (16) too.

This example also motivates the following concept
and study.

Definition 1 Given two sub-networks: sub-
network-1 of system 1 with coupling matrix G11 and
sub-network-2 of system 2 with coupling matrix G22.
By exchanging the two systems at the nodes of the
network, two new sub-networks are obtained: sub-
network-3 of system 1 with coupling matrix G22 and
sub-network-4 of system 2 with coupling matrix G11.
If the synchronization manifolds of all the four sub-
networks are asymptotically stable, then sub-network-
1 and sub-network-2 are said to be exchangeably syn-
chronizable.

Based on the exchangeably synchronizable con-
cept, another sufficient condition for two-cluster syn-
chronization is derived based on the complete synchro-
nization of the two sub-networks of identical systems.

Theorem 2 If two sub-networks are exchange-
ably synchronizable, with λi ∈ R, i = 2, . . . , M + N

and expression (16) holds, then the two-cluster syn-
chronization manifold of network (7) is asymptotically
stable.

Detailed mathematical proof of Theorem 2 can
be found in Appendix C of this paper, here, we only
discuss its physical meaning. Because of expression
(16), the range of eigenvalues of the outer-coupling
matrix of the entire network is not enlarged compared
with that of the two sub-networks, so the two-cluster
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synchronization of entire network can be guaranteed
by the synchronization of all the four sub-networks.
Without expression (16), the two-cluster synchroniza-
tion of the entire network can guarantee the synchro-
nization of its two sub-networks, but conversely, even
the synchronization of the four sub-networks cannot
guarantee the two-cluster synchronization of the entire
network.

In the following, a simple example is given to il-
lustrate and verify Theorem 2.

Consider a 20-node network of two different
systems, i.e., the Lorenz system[52] and the Chen
system.[53] The Lorenz system is described by





ẋ = a(y − x),

ẏ = cx− xz − y,

ż = xy − bz,

which has a chaotic attractor when a = 10, b = 8/3,
and c = 28; the Chen system is described by





ẋ = a(y − x),

ẏ = (c− a)x− xz + cy,

ż = xy − bz,

which has a chaotic attractor when a = 35, b = 3 and
c = 28.

Sub-network-1 is a nearest-neighbour coupled 10-
node network with the coupling matrix

G11 =




−2 1 0 . . . 0 1

1 −2 1
. . . . . . 0

0 1
. . . . . . . . .

...
...

. . . . . . . . . 1 0

0
. . . . . . 1 −2 1

1 0 . . . 0 1 −2




,

which has eigenvalues λ11
1 = 0, λ11

2 = λ11
3 = −0.382,

λ11
4 = λ11

5 = −1.382, λ11
6 = λ11

7 = −2.618, λ11
8 =

λ11
9 = −3.618, and λ11

10 = −4.
Sub-network-2 is a star-shape 10-node network

with the coupling matrix

G22 =




−9 1 1 . . . 1 1

1 −1 0
. . . 0 0

1 0
. . . . . .

...
...

... 0
. . . . . . 0 0

1
...

. . . 0 −1 0

1 0 . . . 0 0 −1




,

which has eigenvalues λ22
1 = 0, λ22

2 = · · · =
λ22

9 = −1, and λ22
10 = −10. It is clear that

λmax
2 = max

{
λ11

2 , λ22
2

}
= −0.382 and λmin

N,M =
min

{
λ11

10, λ
22
10

}
= −10.

The 10 × 10 matrices G12 and G21 are given as
follows:

G12 =




0 −1 1 0 . . . 0

0 0 0 0 . . . 0
...

...
...

...
. . .

...

0 0 0 0 . . . 0

0 1 −1 0 . . . 0




,

G21 =




0 0 0 0 . . . 0

0 −1 1 0 . . . 0

0 0 0 0 . . . 0
...

...
...

...
. . .

...

0 0 0 0 . . . 0

0 1 −1 0 . . . 0

0 0 0 0 . . . 0




.

The outer-coupling matrix G has only real eigenval-
ues λ1 = λ2 = 0, λ3 = −0.382, λ4 = −0.4679, λ5 =
−0.5858, λ6 = λ7 = λ8 = λ9 = λ10 = λ11 = λ12 =
−1, λ13 = −1.382, λ14 = −1.6527, λ15 = −2.618,
λ16 = −3, λ17 = −3.4142, λ18 = −3.618, λ19 =
−3.8794, and λ20 = −10. Here, it is noticed that
λmax = λ3 = λmax

2 = −0.382, λ20 = λmin
10,10 = −10.

Numerical simulations show that
1) sub-network-1 (consisting of the Lorenz system

with coupling matrix G11) synchronizes when σ ≥ 9.9
and desynchronizes when σ ≤ 9.8 (see Fig. 2);

2) sub-network-2 (consisting of the Chen system
with coupling matrix G22) synchronizes when σ ≥ 2.3
and desynchronizes when σ ≤ 2.2;

3) sub-network-3 (consisting of the Lorenz system
with coupling matrix G22) synchronizes when σ ≥ 2.7
and desynchronizes when σ ≤ 2.6;

4) sub-network-4 (consisting of the Chen system
with coupling matrix G11) synchronizes when σ ≥ 5.4
and desynchronizes when σ ≤ 5.3.

From the above simulations, it is obvious that the
four sub-networks are completely synchronizable when
σ ≥ 9.9. Simulations also show that two-cluster com-
plete synchronization of the entire network is achieved
when σ ≥ 9.9 but is not achievable when σ ≤ 9.8 (see
Fig. 3).
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Fig. 2. Numerical results of sub-network-1 for complete

synchronization. Panel (a) shows synchronization errors

when σ = 9.9 and panel (b) indicates synchronization er-

rors when σ = 9.8.

Fig. 3. Numerical results of the entire network for two-

cluster synchronization at σ = 9.9 (a) and 9.8 (b).

From Corollary 3 and Theorem 2, one can see that
the two-cluster synchronizability of a network with
two different systems is never better than its two in-
dividual subnetworks. The structure which satisfies
condition (16) is optimal for two-cluster synchroniza-
tion.

In Ref. [47], the cluster synchronization in a net-
work without the diffusive coupling conditions (4) and

(6) was studied, showing that the common interclus-
ter coupling condition (Eq. (7) in Ref. [47]) is neces-
sary for cluster synchronization in such networks. The
common intercluster coupling condition implies that if
a node of sub-network 1 is connected to a node of sub-
network-2, then each node of sub-network-1 should be
connected to a certain node of sub-network-2 and vice
versa. In this paper, the common intercluster coupling
condition is not required for cluster synchronization,
which is due to the diffusive coupling conditions (4)
and (6) (see Fig. 1 for an example). So in this pa-
per the result and analyses in Ref. [47] are somewhat
extended.

From the analysis of Case 1, one can also see that
if a number of synchronizable sub-networks are con-
nected together by unidirectional couplings from one
sub-network to the other, whose structure is shown in
Fig. 4, then the entire network is of N -cluster syn-
chronization.

Fig. 4. A network composed of different systems con-

nected from several sub-networks by unidirectional cou-

plings.

Appendix A: Proof of Theorem 1

Proof Let the synchronization error vectors be

ei(t) = xi(t)− s∗, i = 1, . . . , M + N, (A1)

where s∗ is an equilibrium solution of an isolated node
system, s∗ = s∗1 for 1 ≤ i ≤ M and s∗ = s∗2 for
1+N ≤ i ≤ M +N . Thus, the problem of two-cluster
synchronization in network (7) can be converted into
the stabilization problem for systems (A1).

Substituting Eq. (A1) into Eq. (7) and noticing
that f(xi(t))− f(s∗) = Df(s∗)ei(t), one obtains

ėi(t) = Df(s∗)ei(t) + σ
M+N∑

j=1

gijAej(t),

i = 1, . . . , M + N. (A2)
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By using the Kronecker product, equation (A2) can
be written as

Ė(t) = (IM+N ⊗Df(s∗) + σG⊗A)E (t), (A3)

where E(t) = (eT
1 (t), . . . , eT

M+N (t))T ∈ Rn(M+N) is
the error vector between X(t) and S.

According to the Schur triangularization in ma-
trix theory,[54] for any ε > 0 there is a nonsingular
matrix Pε ∈ C(M+N)×(M+N) such that P−1

ε GPε =
Hε = (hij(ε)) is upper triangular and |hij(ε)| < ε for
1 ≤ i < j ≤ M+N , with the diagonal entries hii = λi,
i = 1, . . . , M + N , namely,

Hε =




λ1 h1,2 . . . h1,M+N

0 λ2
. . .

...
...

. . . . . . hM+N−1,M+N

0 . . . 0 λM+N




,

in which |hij(ε)| < ε. Thus, G = PεHP−1
ε . Let

E(t) = (Pε ⊗ I)Ẽ(t), (A4)

where Ẽ(t) = (ẽT
1 , . . . , ẽT

M+N )T ∈ Rn(M+N). It fol-

lows from Eq. (A4) that Ė(t) = (Pε ⊗ I) ˙̃E(t).
Now, by substituting Eq. (A4) into Eq. (A3) and

then performing some algebraic computation, one ob-
tains

˙̃E(t) = IM+N ⊗Df(s∗) + σ(Hε ⊗A)Ẽ(t). (A5)

The stability of the zero solution of Eq. (A5) is equiv-
alent to that of Eq. (A3). Rewrite Eq. (A5) as follows:




˙̃e1(t) = (Df(s∗) + σλ1A) ẽ1(t) + σh1,2Aẽ2(t)

+ · · ·+ σh1,M+NAẽM+N (t),
...
˙̃eM+N−1(t) = (Df(s∗) + σλM+N−1A) ẽM+N−1(t)

+σh
M+N−1,M+NAẽM+N (t),

˙̃eM+N (t) = (Df(s∗) + σλM+NA) ẽM+N (t).

(A6)

Since |hij | < ε and ε can be arbitrarily small, the ef-
fects of ẽi(t) on the stability of ˙̃ei−1(t), . . . , ˙̃e1(t) can be
arbitrarily small, i = 2, . . . , M+N . More importantly,
from Eq. (12) and the last equation in expression (A6),

one can see that ẽM+N (t) will converge to zero asymp-
totically. Thus, in the second equation from the bot-
tom in expression (A6), since ẽM+N (t) asymptotically
decays to zero, one can see that ẽM+N−1(t) will also
converge to zero asymptotically. More precisely, one
has

‖ẽM+N−1(t)‖ =
∥∥∥∥eΦtẽM+N−1(0)

+

t∫

0

eΦ(t−τ)ΨẽM+N (τ)dτ

∥∥∥∥

≤∥∥eΦt
∥∥ ||ẽM+N−1(0)||

+

t∫

0

e‖Φ(t−τ)‖ ‖Ψ‖ ||ẽM+N (τ)||dτ

≤
∥∥eΦt

∥∥ ||ẽM+N−1(0)||

+
∥∥∥∥

t∫

0

eΦτdτ

∥∥∥∥||ẽM+N (t)|| → 0,

where || · || is the super-norm,[54] Φ =
(Df(s∗) + σλM+N−1A) is asymptotically sta-
ble by assumption, ‖ẽM+N−1(0)‖ and ||ψ|| =

||σh
M+N−1,M+NA|| are constants,

∥∥∥
t∫
0

eΦτdτ
∥∥∥ ≤ 1,

with
∥∥eΦt

∥∥ → 0 and ‖ẽM+N (t)‖ → 0 as t →∞.
Continuing to proceed this way, one can verify

that all ẽi(t) functions will converge to zero asymp-
totically, i = 1, 2, . . . , M + N . Finally, since ˙̃e1(t) =
Df(s∗)ẽ1(t) corresponds to one of the two-cluster syn-
chronous state, it follows from Eq. (A4) that Ẽ(t) con-
verges to zero asymptotically as well, implying that
E(t) converges to zero asymptotically. This completes
the proof.

Appendix B: Proof of Corollary 1

Proof Define a Lyapunov function as V (t) =
1
2 ‖w(t)‖2 and, for simplicity and let F denote

F = (Df(s∗) + σλmaxA)T + Df(s∗) + σλmaxA.

From
d
dt
‖wmax(t)‖2 < 0,

one has wT
max(t)Fwmax(t) < 0. Then, from Eq. (12),

one obtains

dV (t)
dt

=
1
2

d ‖w(t)‖2
dt

=
1
2

d(wT(t)w(t))
dt
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= wT(t)
(

(Df(s∗) + σλiA)T + Df(s∗) + σλiA

2

)
w(t)

= wT(t)
(

(Df(s∗) + σλmaxA)T + σ(λi − λmax)AT + Df(s∗) + σλmaxA + σ(λi − λmax)A
2

)
w(t)

≤ 1
2
wT(t)Fw(t) + σ(λi − λmax)wT(t)

(
AT + A

2

)
w(t) < 0,

for all i = 2, . . . , M + N . By Theorem 1 and the Lya-
punov stability theory, Corollary 1 is proved.

Appendix C: Proof of Theorem 2

Proof Since sub-network-1 itself is synchroniz-
able, the synchronization errors e1

i (t) = x1
i (t) − s∗1,

i = 1, . . . , M , will converge to zero, where x1
i (t) is

the n-dimensional state vector of the i-th node of sub-
network-1.

On the other hand, one has

ė1
i (t) = f1(xi)− f1(s∗1) + σ

M∑

j=1

g11
ij Ae1

j (t)

= Df1(s∗1)e
1
i (t) + σ

M∑

j=1

g11
ij Ae1

j (t), i = 1, . . . , M.

First, let E1(t) = (e1T
1 , . . . , e1T

N )T ∈ RnM be the er-
ror vector between X1(t) and S1, where X1(t) =
(x1T

1 , . . . , x1T
N )T ∈ RnM and S1 = (sT

1 , . . . , sT
1 )T ∈

RnM . Then, for an arbitrary ε > 0, triangularize
the coupling matrix by G11 = PεHεU

−1
ε , where Hε =

(hij) ∈ CM×M is upper triangular, with |hij | < ε for
1 ≤ i < j ≤ M and Pε is nonsingular one has

E1(t) = (Pε ⊗ I)Ẽ(t), (A7)

where Ẽ(t) = (ẽT
1 , . . . , ẽT

M )T ∈ RnM . Clearly,
E1(t) → 0 implies Ẽ(t) → 0. In a similar way as

that from Eq. (A1) to Eqs. (A6), one obtains




˙̃e1(t) =
(
Df1(s∗1) + σλ11

1 A
)
ẽ1(t)

+σh1,2Aẽ2(t) + · · ·+ σh1,MAẽM (t),
...
˙̃eM−1(t) =

(
Df1(s∗1) + σλ11

M−1A
)
ẽM−1(t)

+σhM−1,MAẽM (t),
˙̃eM (t) =

(
Df1(s∗1) + σλ11

MA
)
ẽM (t).

(A8)

Since |hij(ε)| < ε and ε can be arbitrarily small, the
effects of ˙̃ei(t) on the stability of ˙̃ei−1(t), . . . , ˙̃e1(t) can
be arbitrarily small, i = 2, . . . , M . More importantly,
in a similar way to that for the proof of Theorem 1, it
can be easily verified that the asymptotic stability of
the zero solution of system (A8) is equivalent to the
asymptotic stability of the zero solution of the follow-
ing system:





˙̃e1(t) =
(
Df1(s∗1) + σλ11

1 A
)
ẽ1(t),

...
˙̃eM−1(t) =

(
Df1(s∗1) + σλ11

M−1A
)
ẽM−1(t),

˙̃eM (t) =
(
Df1(s∗1) + σλ11

MA
)
ẽM (t).

(A9)

Likewise, this same argument can be applied to
sub-network-2, sub-network-3, and sub-network-4.

Now, comparing Eq. (A9) with Eq. (12), for the
two cases of f(s∗) = f1(s∗1) and f(s∗) = f2(s∗2), it is
obvious that the zero solution of Eq. (12) is asymptot-
ically stable for both cases with the largest non-zero
eigenvalue λmax and the smallest eigenvalue λM+N ,
respectively. This completes the proof.
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[15] Lü J and Chen G 2005 IEEE Trans. Automatic Control

50 841

[16] Qi G X, Huang H B, Shen C K, Wang H J and Chen L

2008 Phys. Rev. E 77 056205

[17] Chen T P, Liu X W and Lu W L 2007 IEEE Trans. Cir-

cuits Syst. I 54 1317

[18] Xiao Y Z, Xu W, Li X C and Tang S F 2008 Chin. Phys.

B 17 81

[19] Belykh I, Lange E D and Hasler M 2005 Phys. Rev. Lett.

94 188101

[20] Nishikawa T, Motter A, Lai Y C and Hoppensteadt F C

2003 Phys. Rev. Lett. 91 014101

[21] Huang L, Lai Y C and Gatenby R A 2008 Chaos 18 013101
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